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Preface 


This tenth edition is with a new publisher, McGraw-Hill Education. It 
represents a complete overhaul of the textbook, which delivers practical 
coverage designed to introduce readers to the essential concepts of automatic 
control systems. The new edition features significant enhancements of all 
chapters, a greater number of solved examples, labs using both LEGO® 
MINDSTORMS?® and MATLAB*/SIMLab, and a valuable introduction to the 
concept of Control Lab. The book gives students a real-world understanding 
of the subject and prepares them for the challenges they will one day face. 

For this edition, we increased the number of examples, added more 
MATLAB toolboxes, and enhanced the MATLAB GUI software, ACSYS, to 
allow interface with LEGO MINDSTORMS. We also added more computer- 
aided tools for students and teachers. The new edition has been 5 years in the 
making, and was reviewed by many professors to better fine-tune the new 
concepts. In this edition, Chaps. 1 through 3 are organized to contain all 
background material, while Chaps. 4 through 11 contain material directly 
related to the subject of control. The Control Lab material is presented in 
great detail in App. D. 

The following appendices for this book can be found at 


www.ihprofessional.com/golnaraghi: 
Appendix A: Elementary Matrix Theory and Algebra 


Appendix B: Mathematical Foundations 

Appendix C: Laplace Transform Table 

Appendix D: Control Lab 

Appendix E: ACSYS 2013: Description of the Software 
Appendix F: Properties and Construction of the Root Loci 
Appendix G: General Nyquist Criterion 

Appendix H: Discrete-Data Control Systems 


Appendix I: Difference Equations 
Appendix J: z-Transform Table 


The following paragraphs are aimed at three groups: professors who have 
adopted the book or who we hope will select it as their text; practicing 
engineers looking for answers to solve their day-to-day design problems; and, 
finally, students who are going to live with the book because it has been 
assigned for the control-systems course they are taking. 


To Professors 


The material assembled in this book is an outgrowth of junior- and senior- 
level control-systems courses taught by Professors Golnaraghi and Kuo at 
their respective universities throughout their teaching careers. The first nine 
editions have been adopted by hundreds of universities in the United States 
and around the world and have been translated into at least six languages. 


Most undergraduate control courses have labs dealing with time response 
and control of dc motors—namely, speed response, speed control, position 
response, and position control. In many cases, because of the high cost of 
control lab equipment, student exposure to test equipment is limited, and as a 
result, many students do not gain a practical insight into the subject. In this 
tenth edition, recognizing these limitations, we introduce the concept of 
Control Lab, which includes two classes of experiments: SIMLab (model- 
based simulation) and LEGOLab (physical experiments). These 
experiments are intended to supplement, or replace, the experimental 
exposure of the students in a traditional undergraduate control course. 


In this edition, we have created a series of inexpensive control experiments 
for the LEGO MINDSTORMS NXT dc motor that will allow students to do 
their work within the MATLAB and Simulink® environment—even at home. 
See App. D for more details. This cost-effective approach may allow 
educational institutions to equip their labs with a number of LEGO test beds 
and maximize student access to the equipment at a fraction of the cost of 
currently available control-systems experiments. Alternatively, as a 
supplemental learning tool, students can take the equipment home after 
leaving a deposit and learn at their own pace. This concept has proven to be 
extremely successful at Simon Fraser University, Professor Golnaraghi’s 
home university in Vancouver, Canada. 

The labs include experiments on speed and position control of dc motors, 


followed by a controller design project involving control of a simple robotic 
system conducting a pick-and-place operation and position control of an 
elevator system. Two other projects also appear in Chaps. 6 and 7. The 
specific goals of these new experiments are 


° To provide an in-depth, practical discussion of the dc motor speed 
response, speed control, and position control concepts. 


¢ To provide examples on how to identify the parameters of a physical 
system, experimentally. 


° To give a better feel for controller design through realistic examples. 


This text contains not only conventional MATLAB toolboxes, where 
students can learn MATLAB and utilize their programing skills, but also a 
graphical MATLAB-based software, ACSYS. The ACSYS software added 
to this edition is very different from the software accompanying any other 
control book. Here, through extensive use of MATLAB GUI programming, 
we have created software that is easy to use. As a result, students need only to 
focus on learning control problems, not programming! 


To Practicing Engineers 


This book was written with the readers in mind and is very suitable for 
self-study. Our objective was to treat subjects clearly and thoroughly. The 
book does not use the theorem—proof—Q.E.D. style and is without heavy 
mathematics. We have consulted extensively for wide sectors of the industry 
for many years and have participated in solving numerous control-systems 
problems, from aerospace systems to industrial controls, automotive controls, 
and control of computer peripherals. Although it is difficult to adopt all the 
details and realism of practical problems in a textbook at this level, some 
examples and problems reflect simplified versions of real-life systems. 


To Students 


You have had it now that you have signed up for this course and your 
professor has assigned this book! You had no say about the choice, though 
you can form and express your opinion on the book after reading it. Worse 
yet, one of the reasons that your professor made the selection is because he or 
she intends to make you work hard. But please don’t misunderstand us: What 
we really mean is that, though this is an easy book to study (in our opinion), 


it is ano-nonsense book. It doesn’t have cartoons or nice-looking 
photographs to amuse you. From here on, it is all business and hard work. 
You should have had the prerequisites of subjects found in a typical linear- 
systems course, such as how to solve linear ordinary differential equations, 
Laplace transforms and applications, and time-response and frequency- 
domain analysis of linear systems. In this book, you will not find too much 
new mathematics to which you have not been exposed before. What is 
interesting and challenging is that you are going to learn how to apply some 
of the mathematics that you have acquired during the past 2 or 3 years of 
study in college. In case you need to review some of the mathematical 
foundations, you can find them in the appendices, at 
www.inhprofessional.com/golnaraghi. You will also find the Simulink-based 
SIMLab and LEGOLab, which will help you to gain understanding of real- 
world control systems. 

This book has numerous illustrative examples. Some of these are 
deliberately simple for the purpose of showing new ideas and subject matter. 
Some examples are more elaborate, in order to bring the practical world 
closer to you. Furthermore, the objective of this book is to present a complex 
subject in a clear and thorough way. One of the important learning strategies 
for you as a Student is not to rely strictly on the textbook assigned. When 
studying a certain subject, go to the library and check out a few similar texts 
to see how other authors treat the same subject. You may gain new 
perspectives on the subject and discover that one author treats the material 
with more care and thoroughness than the others. Do not be distracted by 
written-down coverage with oversimplified examples. The minute you step 
into the real world, you will face the design of control systems with 
nonlinearities and/or time-varying elements as well as orders that can boggle 
your mind. You may find it discouraging to be told now that strictly linear 
and first-order systems do not exist in the real world. 
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Introduction to Control Systems 


The main objectives of this chapter are 


1. To define a control system. 

To explain why control systems are important. 

To introduce the basic components of a control system. 

To give some examples of control-system applications. 

To explain why feedback is incorporated into most control systems. 


ee 


To introduce types of control systems. 


Over the past five decades, control systems have assumed an increasingly 
important role in the development and advancement of modern civilization 
and technology. Practically every aspect of our day-to-day activities is 
affected by some type of control system. For instance, in the domestic 
domain, we need to regulate the temperature and humidity of homes and 
buildings for comfortable living. For transportation, various functionalities of 
the modern automobiles and airplanes involve control systems. Industrially, 
manufacturing processes contain numerous objectives for products that will 
Satisfy the precision and cost-effectiveness requirements. A human being is 
capable of performing a wide range of tasks, including decision making. 
Some of these tasks, such as picking up objects and walking from one point 
to another, are commonly carried out in a routine fashion. Under certain 
conditions, some of these tasks are to be performed in the best possible way. 
For instance, an athlete running a 100-yd dash has the objective of running 
that distance in the shortest possible time. A marathon runner, on the other 
hand, not only must run the distance as quickly as possible, but, in doing so, 
he or she must also control the consumption of energy and devise the best 
strategy for the race. The means of achieving these “objectives” usually 
involve the use of control systems that implement certain control strategies. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 
1. Appreciate the role and importance of control systems in our daily 
lives. 
2. Understand the basic components of a control system. 
3. Understand the difference between the open-loop and closed-loop 
systems, and the role of feedback in a closed-loop control system. 


4. Gain a practical sense of real life control problems, through the use 
of LEGO* MINDSTORMS’, MATLAB‘, and Simulink’®. 


Control systems are found in abundance in all sectors of industry, such as 
quality control of manufactured products, automatic assembly lines, machine- 
tool control, space technology, computer control, transportation systems, 
power systems, robotics, microelectromechanical systems (MEMS), 
nanotechnology, and many others. Even the control of inventory and social 
and economic systems may be approached from the control system theory. 
More specifically, applications of control systems benefit many areas, 
including 


Control systems abound in modern civilization. 


° Process control. Enable automation and mass production in industrial 
Setting. 

° Machine tools. Improve precision and increase productivity. 

° Robotic systems. Enable motion and speed control. 


° Transportation systems. Various functionalities of the modern 
automobiles and airplanes involve control systems. 

© MEMS. Enable the manufacturing of very small electromechanical 
devices such as microsensors and microactuators. 

¢ Lab-on-a-chip. Enable functionality of several laboratory tasks on a 
single chip of only millimeters to a few square centimeters in size for 
medical diagnostics or environmental monitoring. 

¢ Biomechanical and biomedical. Artificial muscles, drug delivery 
systems, and other assistive technologies. 


1-1 BASIC COMPONENTS OF A CONTROL 
SYSTEM 


The basic ingredients of a control system can be described by 


° Objectives of control. 
* Control-system components. 
° Results or outputs. 


The basic relationship among these three components is illustrated in a 
block diagram representation, as shown Fig. 1-1. The block diagram 
representation, as later discussed in Chap. 4, provides a graphical approach to 
describe how components of a control system interact. In this case, the 
objectives can be identified with inputs, or actuating signals, u, and the 
results are also called outputs, or controlled variables, y. In general, the 
objective of the control system is to control the outputs in some prescribed 
manner by the inputs through the elements of the control system. 


Objectives CONTROL Results 
i 
SYSTEM 


Figure 1-1 Basic components of a control system. 


1-2 EXAMPLES OF CONTROL-SYSTEM 
APPLICATIONS 


Applications of control systems have significantly increased through 
advances in computer technology and development of new materials, which 
provide unique opportunities for highly efficient actuation and sensing, 
thereby reducing energy losses and environmental impacts. State-of-the-art 
actuators and sensors may be implemented in virtually any system, including 
biological propulsion; locomotion; robotics; material handling; biomedical, 
surgical, and endoscopic; aeronautics; marine; and the defense and space 
industries. 

The following represent some of the applications of control that have 
become part of our daily lives. 


1-2-1 Intelligent ‘Transportation Systems 


The automobile and its evolution in the past two centuries is arguably the 
most transformative invention of man. Over the years, many innovations 
have made cars faster, stronger, and aesthetically appealing. We have grown 
to desire cars that are “intelligent” and provide maximum levels of comfort, 
safety, and fuel efficiency. Examples of intelligent systems in cars include 
climate control, cruise control, antilock brake systems (ABSs), active 
suspensions that reduce vehicle vibration over rough terrain, air springs that 
self-level the vehicle in high-G turns (in addition to providing a better ride), 
integrated vehicle dynamics that provide yaw control when the vehicle is 
either over- or understeering (by selectively activating the brakes to regain 
vehicle control), traction control systems to prevent spinning of wheels 
during acceleration, and active sway bars to provide “controlled” rolling of 
the vehicle. The following are a few examples. 


Drive-by-Wire and Driver-Assist Systems 


The new generations of intelligent vehicles are able to understand the 
driving environment, know their whereabouts, monitor their health, 
understand the road signs, and monitor driver performance, even overriding 
drivers to avoid catastrophic accidents. These tasks require significant 
overhaul of past designs. Drive-by-wire technology is replacing the 
traditional mechanical and hydraulic systems with electronics and control 
systems, using electromechanical actuators and human—machine interfaces 
such as pedal and steering feel emulators—otherwise known as haptic 
systems. Hence, the traditional components—such as the steering column, 
intermediate shafts, pumps, hoses, fluids, belts, coolers, brake boosters, and 
master cylinders—are eliminated from the vehicle. Haptic interfaces can offer 
adequate transparency to the driver while maintaining safety and stability of 
the system. Removing the bulky mechanical steering wheel column and the 
rest of the steering system has clear advantages in terms of mass reduction 
and safety in modern vehicles, along with improved ergonomics as a result of 
creating more driver space. Replacing the steering wheel with a haptic device 
that the driver controls through the sense of touch would be useful in this 
regard. The haptic device would produce the same sense to the driver as the 
mechanical steering wheel but with improvements in cost, safety, and fuel 
consumption as a result of eliminating the bulky mechanical system. 


Driver-assist systems help drivers avoid or mitigate an accident by sensing 


the nature and significance of the danger. Depending on the significance and 
timing of the threat, these on-board safety systems will initially alert the 
driver as early as possible to an impending danger. Then, it will actively 
assist or, ultimately, intervene in order to avert the accident or mitigate its 
consequences. Provisions for automatic override features, when the driver 
loses control due to fatigue or lack of attention, will be an important part of 
the system. In such systems, the so-called advanced vehicle control system 
monitors the longitudinal and lateral control, and by interacting with a central 
management unit, it will be ready to take control of the vehicle whenever the 
need arises. The system can be readily integrated with sensor networks that 
monitor every aspect of the conditions on the road and are prepared to take 
appropriate action in a safe manner. 


Integration and Utilization of Advanced Hybrid Powertrains 


Hybrid technologies offer improved fuel consumption while enhancing 
driving experience. Utilizing new energy storage and conversion technologies 
and integrating them with powertrains are prime objectives in hybrid 
technologies. Such technologies must be compatible with combustion engine 
platforms and must enhance, rather than compromise, vehicle function. 
Sample applications include plug-in hybrid technology, which would enhance 
the vehicle cruising distance based on using battery power alone, and 
utilizing fuel cells, energy harvesting (e.g., by converting the vibration 
energy in the suspension or the energy in the brakes into electrical energy) or 
sustainable energy resources, such as solar and wind power, to charge the 
batteries. The smart plug-in vehicle can be a part of an integrated smart home 
and grid energy system of the future, which would utilize smart energy 
metering devices for optimal use of grid energy by avoiding peak energy 
consumption hours. 


High-Performance Real-Time Control, Health Monitoring, 
and Diagnosis 


Modern vehicles utilize an increasing number of sensors, actuators, and 
networked embedded computers. The need for high-performance computing 
would increase with the introduction of such revolutionary features as drive- 
by-wire systems into modern vehicles. The tremendous computational burden 
of processing sensory data into appropriate control and monitoring signals 
and diagnostic information creates challenges in the design of embedded 


computing technology. Toward this end, a related challenge is to incorporate 
sophisticated computational techniques that control, monitor, and diagnose 
complex automotive systems while meeting requirements such as low power 
consumption and cost-effectiveness. 


1-2-2 Steering Control of an Automobile 


As a simple example of the control system, as shown in Fig. 1-1, consider 
the steering control of an automobile. The direction of the two front wheels 
can be regarded as the controlled variable, or the output, y; the direction of 
the steering wheel is the actuating signal, or the input, u. The control system, 
or process in this case, is composed of the steering mechanism and the 
dynamics of the entire automobile. However, if the objective is to control the 
speed of the automobile, then the amount of pressure exerted on the 
accelerator is the actuating signal, and the vehicle speed is the controlled 
variable. As a whole, we can regard the simplified automobile control system 
as one with two inputs (steering and accelerator) and two outputs (heading 
and speed). In this case, the two controls and two outputs are independent of 
each other, but there are systems for which the controls are coupled. Systems 
with more than one input and one output are called multivariable systems. 


1-2-3 Idle-Speed Control of an Automobile 


As another example of a control system, we consider the idle-speed control 
of an automobile engine. The objective of such a control system is to 
maintain the engine idle speed at a relatively low value (for fuel economy) 
regardless of the applied engine loads (e.g., transmission, power steering, air 
conditioning). Without the idle-speed control, any sudden engine-load 
application would cause a drop in engine speed that might cause the engine to 
stall. Thus the main objectives of the idle-speed control system are (1) to 
eliminate or minimize the speed droop when engine loading is applied and 
(2) to maintain the engine idle speed at a desired value. Figure 1-2 shows the 
block diagram of the idle-speed control system from the standpoint of inputs— 
system—outputs. In this case, the throttle angle a and the load torque T| (due 
to the application of air conditioning, power steering, transmission, or power 
brakes, etc.) are the inputs, and the engine speed w is the output. The engine 
is the controlled process of the system. 
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Figure 1-2 Idle-speed control system. 


1-2-4 Sun-Tracking Control of Solar Collectors 


To achieve the goal of developing economically feasible non-fossil-fuel 
electrical power, a great deal of effort has been placed on alternative energy 
including research and development of solar power conversion methods, 
including the solar-cell conversion techniques. In most of these systems, the 
need for high efficiencies dictates the use of devices for sun tracking. Figure 
1-3 shows a solar collector field. Figure 1-4 shows a conceptual method of 
efficient water extraction using solar power. During the hours of daylight, the 
solar collector would produce electricity to pump water from the 
underground water table to a reservoir (perhaps on a nearby mountain or hill), 
and in the early morning hours, the water would be released into the 
irrigation system. 





Figure 1-3 Solar collector field.’ 
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Figure 1-4 Conceptual method of efficient water extraction using solar 
power. 


One of the most important features of the solar collector is that the 
collector dish must track the sun accurately. Therefore, the movement of the 
collector dish must be controlled by sophisticated control systems. The block 


diagram of Fig. 1-5 describes the general philosophy of the sun-tracking 
system together with some of the most important components. The controller 
ensures that the tracking collector is pointed toward the sun in the morning 
and sends a “start track” command. The controller constantly calculates the 
sun’s rate for the two axes (azimuth and elevation) of control during the day. 
The controller uses the sun rate and sun sensor information as inputs to 
generate proper motor commands to slew the collector. 
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Figure 1-5 Important components of the sun-tracking control system. 


1-3 OPEN-LOOP CONTROL SYSTEMS 
(NONFEEDBACK SYSTEMS) 


The idle-speed control system illustrated in Fig. 1-2, shown previously, is 
rather unsophisticated and is called an open-loop control system. It is not 
difficult to see that the system as shown would not satisfactorily fulfill critical 
performance requirements. For instance, if the throttle angle a is set at a 
certain initial value that corresponds to a certain engine speed, then when a 
load torque T is applied, there is no way to prevent a drop in the engine 
speed. The only way to make the system work is to have a means of adjusting 
qa in response to a change in the load torque in order to maintain q at the 


desired level. The conventional electric washing machine is another example 
of an open-loop control system because, typically, the amount of machine 
wash time is entirely determined by the judgment and estimation of the 
human operator. 


Open-loop systems are economical but usually inaccurate. 


The elements of an open-loop control system can usually be divided into 
two parts: the controller and the controlled process, as shown by the block 
diagram of Fig. 1-6. An input signal, or command, r, is applied to the 
controller, whose output acts as the actuating signal u; the actuating signal 
then controls the controlled process so that the controlled variable y will 
perform according to some prescribed standards. In simple cases, the 
controller can be an amplifier, a mechanical linkage, a filter, or other control 
elements, depending on the nature of the system. In more sophisticated cases, 
the controller can be a computer such as a microprocessor. Because of the 
simplicity and economy of open-loop control systems, we find this type of 
system in many noncritical applications. 
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Figure 1-6 Elements of an open-loop control system. 
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1-4 CLOSED-LOOP CONTROL SYSTEMS 
(FEEDBACK CONTROL SYSTEMS) 


What is missing in the open-loop control system for more accurate and 
more adaptive control is a link or feedback from the output to the input of the 
system. To obtain more accurate control, the controlled signal y should be fed 
back and compared with the reference input, and an actuating signal 
proportional to the difference of the input and the output must be sent through 
the system to correct the error. A system with one or more feedback paths 
such as that just described is called a closed-loop system. 


Closed-loop systems have many advantages over open-loop systems. 


A closed-loop idle-speed control system is shown in Fig. 1-7. The 
reference input @. sets the desired idling speed. The engine speed at idle 
should agree with the reference value wm, and any difference such as the load 
torque T is sensed by the speed transducer and the error detector. The 
controller will operate on the difference and provide a signal to adjust the 
throttle angle a to correct the error. Figure 1-8 compares the typical 
performances of open-loop and closed-loop idle-speed control systems. In 
Fig. 1-8a, the idle speed of the open-loop system will drop and settle at a 
lower value after a load torque is applied. In Fig. 1-8b, the idle speed of the 
closed-loop system is shown to recover quickly to the preset value after the 
application of T. 
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Figure 1-7 Block diagram of a closed-loop idle-speed control system. 
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Figure 1-8 (a) Typical response of the open-loop idle-speed control 
system. (b) Typical response of the closed-loop idle-speed control system. 


The objective of the idle-speed control system illustrated, also known as a 
regulator system, is to maintain the system output at a prescribed level. 


1-5 WHAT IS FEEDBACK, AND WHAT ARE 
ITS EFFECTS? 


The motivation for using feedback, as illustrated by the examples in Sec. 
1-1, is somewhat oversimplified. In these examples, feedback is used to 
reduce the error between the reference input and the system output. However, 
the significance of the effects of feedback in control systems is more complex 
than is demonstrated by these simple examples. The reduction of system error 
is merely one of the many important effects that feedback may have upon a 
system. We show in the following sections that feedback also has effects on 
such system performance characteristics as stability, bandwidth, overall 
gain, impedance, and sensitivity. 


Feedback exists whenever there is a closed sequence of cause-and- 
effect relationships. 


To understand the effects of feedback on a control system, it is essential to 
examine this phenomenon in a broad sense. When feedback is deliberately 
introduced for the purpose of control, its existence is easily identified. 
However, there are numerous situations where a physical system that we 
recognize as an inherently nonfeedback system turns out to have feedback 
when it is observed in a certain manner. In general, we can state that 
whenever a closed sequence of cause-and-effect relationships exists among 
the variables of a system, feedback is said to exist. This viewpoint will 
inevitably admit feedback in a large number of systems that ordinarily would 
be identified as nonfeedback systems. However, control-system theory allows 
numerous systems, with or without physical feedback, to be studied in a 
systematic way once the existence of feedback in the sense mentioned 
previously is established. 


We shall now investigate the effects of feedback on the various aspects of 
system performance. Without the necessary mathematical foundation of 


linear-system theory, at this point we can rely only on simple static-system 
notation for our discussion. Let us consider the simple feedback system 
configuration shown in Fig. 1-9, where r is the input signal; y, the output 
signal; e, the error; and b, the feedback signal. The parameters G and H may 
be considered as constant gains. By simple algebraic manipulations, it is 
simple to show that the input—output relation of the system is 





Figure 1-9 Feedback system. 
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(1-1) 


Using this basic relationship of the feedback system structure, we can 
uncover some of the significant effects of feedback. 


1-5-1 Effect of Feedback on Overall Gain 


As seen from Eq. (1-1), feedback affects the gain G of a nonfeedback 
system by a factor of 1 + GH. The system of Fig. 1-9 is said to have negative 
feedback because a minus sign is assigned to the feedback signal. The 
quantity GH may itself include a minus sign, so the general effect of feedback 
is that it may increase or decrease the gain G. In a practical control system, 
G and H are functions of frequency, so the magnitude of 1 + GH may be 
greater than 1 in one frequency range but less than 1 in another. Therefore, 
feedback could increase the gain of system in one frequency range but 
decrease it in another. 


Feedback may increase the gain of a system in one frequency range 
but decrease it in another. 


1-5-2 Effect of Feedback on Stability 


Stability is a notion that describes whether the system will be able to 
follow the input command, that is, be useful in general. In a nonrigorous 
manner, a system is said to be unstable if its output is out of control. To 
investigate the effect of feedback on stability, we can again refer to the 
expression in Eq. (1-1). If GH = —1, the output of the system is infinite for 
any finite input, and the system is said to be unstable. Therefore, we may 
State that feedback can cause a system that is originally stable to become 
unstable. Certainly, feedback is a double-edged sword; when it is improperly 
used, it can be harmful. It should be pointed out, however, that we are only 
dealing with the static case here, and, in general, GH = —1 is not the only 
condition for instability. The subject of system stability will be treated 
formally in Chap. 5. 


A system is unstable if its output is out of control. 


It can be demonstrated that one of the advantages of incorporating 
feedback is that it can stabilize an unstable system. Let us assume that the 
feedback system in Fig. 1-9 is unstable because GH = -1. If we introduce 
another feedback loop through a negative feedback gain of F, as shown in 
Fig. 1-10, the input—output relation of the overall system is 
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Figure 1-10 Feedback system with two feedback loops. 
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It is apparent that although the properties of G and H are such that the 
inner-loop feedback system is unstable because GH = —1, the overall system 
can be stable by properly selecting the outer-loop feedback gain F. In 
practice, GH is a function of frequency, and the stability condition of the 
closed-loop system depends on the magnitude and phase of GH. The bottom 
line is that feedback can improve stability or be harmful to stability if it is not 
properly applied. 


Feedback can improve stability or be harmful to stability. 


Sensitivity considerations often are important in the design of control 
systems. Because all physical elements have properties that change with 
environment and age, we cannot always consider the parameters of a control 
system to be completely stationary over the entire operating life of the 
system. For instance, the winding resistance of an electric motor changes as 
the temperature of the motor rises during operation. Control systems with 
electric components may not operate normally when first turned on because 
of the still-changing system parameters during warm-up. This phenomenon is 
sometimes called morning sickness. Most duplicating machines have a 
warm-up period during which time operation is blocked out when first turned 
on. 


Note: Feedback can increase or decrease the sensitivity of a system. 


In general, a good control system should be very insensitive to parameter 
variations but sensitive to the input commands. We shall investigate what 
effect feedback has on sensitivity to parameter variations. Referring to the 
system in Fig. 1-9, we consider G to be a gain parameter that may vary. The 
sensitivity of the gain of the overall system M to the variation in G is defined 


dS 


oM dM/G _ percentage change in M (1-3) 
~ OG/M ~ percentage change in G 


where OM denotes the incremental change in M due to the incremental 
change in G, or 0G. By using Eq. (1-1), the sensitivity function is written 


w OMG __1 


_ a (1-4) 
* @G M i+GH 


This relation shows that if GH is a positive constant, the magnitude of the 
sensitivity function can be made arbitrarily small by increasing GH, provided 
that the system remains stable. It is apparent that, in an open-loop system, the 
gain of the system will respond in a one-to-one fashion to the variation in G 


(.e., Se “ =). Again, in practice, GH is a function of frequency; the 
edie of 1 + GH may be less than unity over some frequency ranges, so 
feedback could be harmful to the sensitivity to parameter variations in certain 
cases. In general, the sensitivity of the system gain of a feedback system to 
parameter variations depends on where the parameter is located. ‘The reader 
can derive the sensitivity of the system in Fig. 1-9 due to the variation of H. 


1-5-3 Effect of Feedback on External Disturbance or Noise 


All physical systems are subject to some types of extraneous signals or 
noise during operation. Examples of these signals are thermal-noise voltage 
in electronic circuits and brush or commutator noise in electric motors. 
External disturbances, such as wind gusts acting on an antenna, are also quite 
common in control systems. Therefore, control systems should be designed 
so that they are insensitive to noise and disturbances and sensitive to input 
commands. 


Feedback can reduce the effect of noise. 


The effect of feedback on noise and disturbance depends greatly on where 
these extraneous signals occur in the system. No general conclusions can be 


reached, but in many situations, feedback can reduce the effect of noise and 
disturbance on system performance. Let us refer to the system shown in Fig. 
1-11, in which r denotes the command signal and n is the noise signal. In the 
absence of feedback, that is, H = 0, the output y due to n acting alone is 


Figure 1-11 Feedback system with a noise signal. 
y=G,n (1-5) 
With the presence of feedback, the system output due to n acting alone is 
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Comparing Eq. (1-6) with Eq. (1-5) shows that the noise component in the 
output of Eq. (1-6) is reduced by the factor 1 + G.G.H if the latter is greater 
than unity and the system is kept stable. 

In Chap. 11, the feedforward and forward controller configurations are 
used along with feedback to reduce the effects of disturbance and noise 
inputs. In general, feedback also has effects on such performance 
characteristics as bandwidth, impedance, transient response, and frequency 
response. These effects will be explained as we continue. 


Feedback also can affect bandwidth, impedance, transient responses, 
and frequency responses. 


1-6 TYPES OF FEEDBACK CONTROL 
SYSTEMS 


Feedback control systems may be classified in a number of ways, 
depending upon the purpose of the classification. For instance, according to 
the method of analysis and design, control systems are classified as linear or 
nonlinear, and time-varying or time-invariant. According to the types of 
signal found in the system, reference is often made to continuous-data or 
discrete-data systems, and modulated or unmodulated systems. Control 
systems are often classified according to the main purpose of the system. For 
instance, a position-control system and a velocity-control system control 
the output variables just as the names imply. In Chap. 11, the type of control 
system is defined according to the form of the open-loop transfer function. In 
general, there are many other ways of identifying control systems according 
to some special features of the system. It is important to know some of the 
more common ways of classifying control systems before embarking on the 
analysis and design of these systems. 


Most real-life control systems have nonlinear characteristics to some 
extent. 


1-7 LINEAR VERSUS NONLINEAR 
CONTROL SYSTEMS 


This classification is made according to the methods of analysis and 
design. Strictly speaking, linear systems do not exist in practice because all 
physical systems are nonlinear to some extent. Linear feedback control 
systems are idealized models fabricated by the analyst purely for the 
simplicity of analysis and design. When the magnitudes of signals in a 
control system are limited to ranges in which system components exhibit 
linear characteristics (i.e., the principle of superposition applies), the system 
is essentially linear. But when the magnitudes of signals are extended beyond 
the range of the linear operation, depending on the severity of the 


nonlinearity, the system should no longer be considered linear. For instance, 
amplifiers used in control systems often exhibit a saturation effect when their 
input signals become large; the magnetic field of a motor usually has 
Saturation properties. Other common nonlinear effects found in control 
systems are the backlash or dead play between coupled gear members, 
nonlinear spring characteristics, nonlinear friction force or torque between 
moving members, and so on. Quite often, nonlinear characteristics are 
intentionally introduced in a control system to improve its performance or 
provide more effective control. For instance, to achieve minimum-time 
control, an on-off—type (bang-bang or relay) controller is used in many 
missile or spacecraft control systems. Typically in these systems, jets are 
mounted on the sides of the vehicle to provide reaction torque for attitude 
control. These jets are often controlled in a full-on or full-off fashion, so a 
fixed amount of air is applied from a given jet for a certain time period to 
control the attitude of the space vehicle. 


There are no general methods for solving a wide class of nonlinear 
systems. 


For linear systems, a wealth of analytical and graphical techniques is 
available for design and analysis purposes. A majority of the material in this 
text is devoted to the analysis and design of linear systems. Nonlinear 
systems, on the other hand, are usually difficult to treat mathematically, and 
there are no general methods available for solving a wide class of nonlinear 
systems. It is practical to first design the controller based on the linear-system 
model by neglecting the nonlinearities of the system. The designed controller 
is then applied to the nonlinear system model for evaluation or redesign by 
computer simulation. The Control Lab introduced in Chap. 8 may be used to 
model the characteristics of practical systems with realistic physical 
components. 


1-8 TIME-INVARIANT VERSUS TIME- 
VARYING SYSTEMS 


When the parameters of a control system are stationary with respect to time 
during the operation of the system, the system is called a time-invariant 
system. In practice, most physical systems contain elements that drift or vary 
with time. For example, the winding resistance of an electric motor will vary 
when the motor is first being excited and its temperature is rising. Another 
example of a time-varying system is a guided-missile control system in which 
the mass of the missile decreases as the fuel on board is being consumed 
during flight. Although a time-varying system without nonlinearity is still a 
linear system, the analysis and design of this class of systems are usually 
much more complex than that of the linear time-invariant systems. 


1-9 CONTINUOUS-DATA CONTROL 
SYSTEMS 


A continuous-data system is one in which the signals at various parts of the 
system are all functions of the continuous time variable t. The signals in 
continuous-data systems may be further classified as ac or dc. Unlike the 
general definitions of ac and dc signals used in electrical engineering, ac and 
dc control systems carry special significance in control systems terminology. 
When one refers to an ac control system, it usually means that the signals in 
the system are modulated by some form of modulation scheme. A dc control 
system, on the other hand, simply implies that the signals are unmodulated, 
but they are still ac signals according to the conventional definition. The 
schematic diagram of a closed-loop dc control system is shown in Fig. 1-12. 
Typical waveforms of the signals in response to a step-function input are 
shown in the figure. Typical components of a dc control system are 
potentiometers, dc amplifiers, dc motors, dc tachometers, and so on. 
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Figure 1-12 Schematic diagram of a typical dc closed-loop system. 


Figure 1-13 shows the schematic diagram of a typical ac control system 
that performs essentially the same task as the dc system in Fig. 1-12. In this 
case, the signals in the system are modulated; that is, the information is 
transmitted by an ac catrier signal. Notice that the output controlled variable 
still behaves similarly to that of the dc system. In this case, the modulated 
signals are demodulated by the low-pass characteristics of the ac motor. Ac 
control systems are used extensively in aircraft and missile control systems in 
which noise and disturbance often create problems. By using modulated ac 
control systems with carrier frequencies of 400 Hz or higher, the system will 
be less susceptible to low-frequency noise. Typical components of an ac 
control system are synchros, ac amplifiers, ac motors, gyroscopes, 
accelerometers, and so on. 
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Figure 1-13 Schematic diagram of a typical ac closed-loop control 
system. 


In practice, not all control systems are strictly of the ac or dc type. A 
system may incorporate a mixture of ac and dc components, using 
modulators and demodulators to match the signals at various points in the 
system. 


1-10 DISCRETE-DATA CONTROL SYSTEMS 


Discrete-data control systems differ from the continuous-data systems in 
that the signals at one or more points of the system are in the form of either a 
pulse train or a digital code. Usually, discrete-data control systems are 
subdivided into sampled-data and digital control systems. Sampled-data 
control systems refer to a more general class of discrete-data systems in 
which the signals are in the form of pulse data. A digital control system refers 


to the use of a digital computer or controller in the system so that the signals 
are digitally coded, such as in binary code. 


Digital control systems are usually less susceptible to noise. 


In general, a sampled-data system receives data or information only 
intermittently at specific instants of time. For example, the error signal in a 
control system can be supplied only in the form of pulses, in which case the 
control system receives no information about the error signal during the 
periods between two consecutive pulses. Strictly, a sampled-data system can 
also be classified as an ac system because the signal of the system is pulse 
modulated. 


Figure 1-14 illustrates how a typical sampled-data system operates. A 
continuous-data input signal r(t) is applied to the system. The error signal e(t) 
is sampled by a sampling device, the sampler, and the output of the sampler 
is a sequence of pulses. The sampling rate of the sampler may or may not be 
uniform. There are many advantages to incorporating sampling into a control 
system. One important advantage is that expensive equipment used in the 
system may be time-shared among several control channels. Another 
advantage is that pulse data are usually less susceptible to noise. 
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Figure 1-14 Block diagram of a sampled-data control system. 


Because digital computers provide many advantages in size and flexibility, 
computer control has become increasingly popular in recent years. Many 
airborne systems contain digital controllers that can pack thousands of 
discrete elements into a space no larger than the size of this book. Figure 1-15 
shows the basic elements of a digital autopilot for aircraft attitude control. 
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Figure 1-15 Digital autopilot system for aircraft attitude control. 
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1-11 CASE STUDY: INTELLIGENT VEHICLE 
OBSTACLE AVOIDANCE—LEGO 
MINDSTORMS 


The goal of this section is to provide you with a better understanding of the 
controller design process for a practical system—in this case a LEGO® 
MINDSTORMS*® NXT programmable robotic system. Note the example 
used here may appear too difficult at this stage but it can demonstrate the 
steps you need to take for successful implementation of a control system. 
You may revisit this example after successful completion of App. D. 


Description of the Project? 


The system setup, shown in Fig. 1-16, is a LEGO MINDSTORMS car that 
is controlled using MATLAB* and Simulink*. The LEGO car, shown in Figs. 
1-17 and 1-18, is equipped with an ultrasonic sensor, a light sensor, an 
indicating light, an NXT motor gearbox and the NXT brick. An encoder 
(sensor) is used to read the angular position of the motor gearbox. The NXT 
brick can take input from up to four sensors and control up to three motors, 
via RJ12 cables—see Chap. 8 for more details. The ultrasonic sensor is 
placed in the front to detect the distance from the obstacle. The light sensor is 
facing downward to detect the color of the running surface—in this case 
white means go! The system interfaces with the host computer using a USB 
connection, while the host computer logs encoder data in real-time using a 
Bluetooth connection. 


Host Computer 





USB Interface 


Figure 1-16 Final car product with host computer. 
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Figure 1-17 Car design—side view. 
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Figure 1-18 Car design—bottom view. 


The Controller Design Procedure 
The design of a control system for a practical problem requires a 
systematic treatment as follows: 

° Outline the objectives of the control system. 
° Specify the requirements, design criteria, and constraints (Chaps. 7 
and 11). 
° Develop a mathematical model of the system, including mechanical, 
electrical, sensors, motor, and the gearbox (Chaps. 2, 3, and $). 


° Establish how the overall system subcomponents interact, utilizing 
block diagrams (Chap. 4). 


° Use block diagrams, signal flow graphs, or state diagrams to find the 


model of the overall system—transfer function or state space model 


(Chap. 4). 
° Study the transfer function of the system in the Laplace domain, or 
the state space representation of the system (Chap. 3). 


° Understand the time and frequency response characteristics of the 
system and whether it is stable or not (Chaps. 5, 7, and 9 to 11). 

° Design a controller using time response (Chaps. 7 and 11). 

° Design a controller using the root locus technique (in the Laplace 
domain) and time response (Chaps. 7, 9, and 11). 

° Design a controller using frequency response techniques (Chaps. 10 
and 11). 

¢ Design a controller using the state space approach (Chap. 8). 

° Optimize the controller if necessary (Chap. 11). 


° Implement the design on the experimental/practical system (Chaps. 7 
and 11 and App. D). 


Objective 
The objective of this project is to have the LEGO car running on a white 
surface and stop just before hitting an obstacle—in this case a wall. 


Design Criteria and Constraints 

The car can only be running at full speed on a white surface. The car must 
stop, if the surface color is not white. The car must also stop just before 
hitting an obstacle. 


Develop a Mathematical Model of the System 


The motor drives the rear wheels. The vehicle mass, motor, gearbox, and 
wheel friction must be considered in the modeling process. You may use 
Chaps. 2 and 6 to arrive at the mathematical model of the system. Also check 
sec. 7-5. 

Following the process in Chaps. 6 and 7 and App. D, the block diagram 
of the system using position control (using an amplifier with gain K ) and the 
encoder sensor position feedback is shown in Fig. 1-19, where system 
parameters and variables, in time domain, include 





Figure 1-19 Block diagram of a position-control, armature-controlled dc 
motor representing the LEGO car. 


R 


a 


armature resistance, 


L = armature inductance, H 

0 = angular displacement of the motor gearbox shaft, radian 

0 = desired angular displacement of the motor gearbox shaft, radian 
_ = angular speed of the motor shaft, rad/s 

T = torque developed by the motor, N - m 


J = equivalent moment of inertia of the motor and load connected to the 
motor shaft, J = J,/n’ + J., kg — nm’ (refer to Chap. 2 for more details) 


n = gear ratio 


B = equivalent viscous-friction coefficient of the motor and load referred 
to the motor shaft, N - m/rad/s (in the presence of gear ratio, B must be 
scaled by n; refer to Chap. 2 for more details) 


K = torque constant, N - m/A 

K, = back-emf constant, V/rad/s 

K, = equivalent encoder sensor gain, V/rad 
K = position control gain (amplifier) 


The closed-loop transfer function, in Laplace domain, in this case 


becomes 


KK,K. 
O.(s)_ R, (1-7) 


0, (s) (T,s+ J 4} 2, +S are 


a a 


where K_ is the sensor gain. The motor electrical time constant T = L/R. 
may be neglected for small L.. As a result the position transfer function is 
simplified to 





KK.K. 
Ons) RJ (1-8) 
O,(s) 2, (RB, +KK, \ KKK. (s?+2C0,s+@; ) 

RJ RJ 


where Eq. (1-8) is a second-order system, and 





RB, + KK 
260, = (1-9) 
KK,K 
oO, = By (1-10) 


The transfer function in Eq. (1-8) represents a stable system for all K > 0 
and will not exhibit any steady state error—that is, it will reach the desired 
destination dictated by the input. 

In order to study the time response behavior of the position-control system, 
we use Simulink. The Simulink numerical model of the system is shown in 
Fig. 1-20, where all system parameters may be obtained experimentally using 
the procedure discussed in Chap. 8, as shown in Table 1-1. 













i 


Step Distance to Rad 







ieee 
den(s) 


Current Motor Gain Mechanical 
Saturation 










PID Controller Input 
Voltage 
Saturation 


Electrical Integrator | Rad to Distance To Workspace 






Motor Feedback 


Figure 1-20 Car Simulink model. 


TABLE 1-1 LEGO Car System Parameters 


Car mass M=574 g 

Armature resistance R =2.27 Q 

Armature inductance L_=0.0047 H 

Motor torque constant K,=0.25 N- m/A 

Back-EMEF constant K, =0.25 V/rad/s 

Equivalent viscous-friction coefficient B = 0.003026 kg: m?/s or N- m/s 
Total moment of inertia ] = 0.00246 kg: m’ 


After running the simulation for the controller gain K = 12.5, we can plot 
the car travel as shown in Fig. 1-21. Note encoder output was scaled to arrive 
at the results shown. As shown, the car travels at a constant speed from 1 to 
approximately 2.7 s before stopping. From the slope of the graph in Fig. 1-21, 
we can obtain the maximum speed of the car as 0.4906 m/s. This is also 
confirmed using the speed plot in Fig. 1-22. Furthermore, from this graph, we 
can find the average acceleration of the car as 2.27 m/s’. The stoppage time is 
dictated by the system mechanical time constant where the speed, as shown 
in Fig. 1-22, decays exponentially from maximum to zero. This time must be 
taken into consideration when the actual system meets an obstacle. 
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Figure 1-21 Car travel. 
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Figure 1-22 Car speed graph. 


Once a Satisfactory response is obtained, the control system can be tested 
on the actual system. The LEGO car utilizes Simulink to operate. The 
Simulink model in this case is built based on the process indicated in Chap. 8 
and is shown in Fig. 1-23. Remember to enter the gain parameter K = 12.5. 
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Figure 1-23 Simulink model to operate the LEGO car. 


After the Simulink model is built, you can pair the host computer with the 
NXT brick using Bluetooth—see the instructional video. We must first start 
by connecting the car to the host computer using the USB cable and selecting 
Run on Target Hardware in the Simulink Tools menu. When the indicating 
light illuminates, the car is operational. For the car to run wirelessly, simply 
unplug the USB cable at this point. 


To start up the car, you can place a strip, which is not white, underneath 
the light sensor, as shown in Fig. 1-24. By pulling the strip out, the car will 
Start its run. When the car reaches an obstacle, the indicating light will turn 
off as it comes to a halt, as shown in Fig. 1-25—-see the instructional video to 
learn more about the ultrasonic sensor shown in the Simulink model in Fig. 
1-23. After the car has finished its run, click Stop in the Simulink program to 
stop the operation. All data will be stored in the computer. Using MATLAB 
you can plot the vehicle time response—as illustrated in Chap. 8. As shown 
in Fig. 1-26, the speed of the car is 0.4367 m/s, which is close to the 
numerical simulation results. The distance that car traveled to reach the wall 
is 0.8063 m. From the speed plot, shown in Fig. 1-27, the average 
acceleration is 1.888 m/s’. 
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Figure 1-24 Starting position. 
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Figure 1-25 Final position. 
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Figure 1-26 Car travel from motor encoder. 
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Figure 1-27 Car speed plot. 


1-12 SUMMARY 


In this chapter, we introduced some of the basic concepts of what a control 
system is and what it is supposed to accomplish. The basic components of a 
control system were described. By demonstrating the effects of feedback in a 
rudimentary way, the question of why most control systems are closed-loop 
systems was also clarified. Most important, it was pointed out that feedback 
is a double-edged sword—it can benefit as well as harm the system to be 
controlled. This is part of the challenging task of designing a control system, 
which involves consideration of such performance criteria as stability, 
sensitivity, bandwidth, and accuracy. Finally, various types of control 
systems were categorized according to the system signals, linearity, and 


control objectives. Several typical control-system examples were given to 
illustrate the analysis and design of control systems. Most systems 
encountered in real life are nonlinear and time varying to some extent. The 
concentration on the studies of linear systems is due primarily to the 
availability of unified and simple-to-understand analytical methods in the 
analysis and design of linear systems. 


“Source: http://stateimpact.npr.org/texas/files/2011/08/Solar-Energy-Power-by-Daniel-Reese-01.jpg. 
‘Instructional YouTube video: http://youtu.be/gZo7qkW1Zhs. 





Modeling of Dynamic Systems 


As mentioned in Chap. 1, one of the most important tasks in the analysis 
and design of control systems is mathematical modeling of system 
subcomponents and ultimately the overall system. The models of these 
systems are represented by differential equations, which may be linear or 
nonlinear. In this textbook, we consider systems that are modeled by ordinary 
differential equations—as opposed to partial differential equations. 

The analysis and design of control systems for most applications use linear 
(or linearized) models and are well established; while the treatment of 
nonlinear systems is quite complex. As a result, the control-systems engineer 
often has the task of determining not only how to accurately describe a 
system mathematically but also, more importantly, how to make proper 
assumptions and approximations, whenever necessary, so that the system 
may be realistically characterized by a linear mathematical model. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 
. Model the differential equations of basic mechanical systems. 
. Model the differential equations of basic electrical systems. 
. Model the differential equations of basic thermal systems. 
. Model the differential equations of basic fluid systems. 
. Linearize nonlinear ordinary differential equations. 


. Discuss analogies and relate mechanical, thermal, and fluid systems 
to their electrical equivalents. 


Nu WN RP 


In this chapter, we provide a more detailed look at the modeling of 
components of various control systems. A control system may be composed 
of several components including mechanical, thermal, fluid, pneumatic, and 
electrical systems. In this chapter, we review basic properties of some of 


these systems, otherwise known as dynamic systems. Using the basic 
modeling principles such as Newton’s second law of motion, Kirchoff’s law, 
or conservation of mass (incompressible fluids) the model of these dynamic 
systems are represented by differential equations. 


As mentioned earlier, because in most cases, the controller design process 
requires a linear model; in this chapter, we provide a review of linearization 
of nonlinear equations. In this chapter, we also demonstrate the similarities 
amongst these systems and establish analogies among mechanical, thermal, 
and fluid systems with electrical networks. 

A control system also includes other components such as amplifiers, 
sensors, actuators, and computers. The modeling of these systems is 
discussed later in Chap. 6 because of additional theoretical requirements. 


Finally, it is important to mention that the modeling materials presented in 
this chapter are intended to serve as a review of various second or third year 
university level engineering courses including dynamics, fluid mechanics, 
heat transfer electrical circuits, electronics, and sensors and actuators. For a 
more comprehensive understanding of any of these subjects, the reader is 
referred to courses in mentioned areas. 


2-1 MODELING OF SIMPLE MECHANICAL 
SYSTEMS 


Mechanical systems are composed of translational, rotational, or a 
combination of both components. The motion of mechanical elements is 
often directly or indirectly formulated from Newton’s law of motion.' 
Introductory models of these mechanical systems are based on particle 
dynamics, where the mass of the system is assumed to be a dimensionless 
particle. In order to capture the motion of realistic mechanical systems, 
including translation and rotational motions, rigid body dynamics models are 
used. Springs are used to describe flexible components and dampers are used 
to model friction. In the end, the resulting governing equations of motion are 
linear or nonlinear differential equations that can be described by up to six 
variables—in 3D, an object is capable of three translational motions and three 
rotational motions. In this textbook, we mainly look at linear and planar 
particle and rigid body motions. 


2-1-1 Translational Motion 


Translational motion can take place along a straight or curved path. The 
variables that are used to describe translational motion are acceleration, 
velocity, and displacement. 

Newton’s law of motion states that the algebraic sum of external forces 
acting on a rigid body or a particle in a given direction is equal to the product 
of the mass of the body and its acceleration in the same direction. The law 
can be expressed as 


> forces= Ma (2-1) 


External 


where M denotes the mass, and a is the acceleration in the direction 
considered. Figure 2-1 illustrates the situation where a force is acting ona 
body with mass M. The force equation is written as 


-—» y(t) 


. ° 


Figure 2-1 Force-mass system. 





f()= Ma(t)= M2 (2-2) 
dt 
Or, 
_ ye) (2-3) 
ftj)=M 7% 


where a(t) is the acceleration, v(t) denotes linear velocity, and y(t) is the 
displacement of mass M. Note that the first step in modeling is always to 
draw the free-body diagram (FBD) of the system by isolating the mass and 
representing the effect of all attached components by their corresponding 
reaction forces. These forces are external forces that act on the body resulting 
it to accelerate. In this case, the only external force is f (t). As a general rule, 
find the equations assuming the mass is moving along y(t). 


Considering Fig. 2-2, where a force f (t) is applied to a flexible structure, in 
this case a cantilever beam, a simple mathematical model may be obtained 
after approximating the system by a spring-mass-damper system. 
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Figure 2-2 Force applied to a cantilever beam, modeled as a spring-mass- 
damper system. (a) A cantilever beam. (b) Spring-mass-damper equivalent 
model. (c) Free-body diagram. 


In this case, in addition to the mass, the following system elements are also 
involved. 


° Linear spring. In practice, a linear spring may be a model of an 
actual spring or a compliance of a mechanical component such as a 
cable or a belt—in this case a beam. In general, an ideal spring is a 
massless element that stores potential energy. The spring element in Fig. 
2-2 applies a force F to mass M. Using Newton’s concept of action and 
reaction, the mass also exerts a same force to the spring K, as shown in 
Fig. 2-3 and has the following linear model: 





Figure 2-3 Force-spring system. 
F.= Ky(t) (2-4) 


where K is the spring constant, or simply stiffness. Equation (2-4) implies 


that the force acting on the spring is linearly proportional to the displacement 
(deflection) of the spring. If the spring is preloaded with a preload tension of 
T, then Eq. (2-4) is modified to 


F-T=Ky(t) (2-5) 


¢ Friction. Whenever there is motion or tendency of motion between 
two physical elements, frictional forces exist. Mechanical structures also 
exhibit internal friction. In the case of the beam in Fig. 2-2, upon 
bending and releasing the structure, the resulting motion will eventually 
come to a halt due to this internal friction. The frictional forces 
encountered in physical systems are usually of a nonlinear nature. The 
characteristics of the frictional forces between two contacting surfaces 
often depend on such factors as the composition of the surfaces, the 
pressure between the surfaces, and their relative velocity. So an exact 
mathematical description of the frictional force is difficult to obtain. 
Three different types of friction are commonly used in practical systems: 
viscous friction, static friction, and Coulomb friction. In most cases, 
and in this book, in order to utilize a linear model, most frictional 
components are approximated as viscous friction, also known as viscous 
damping. In viscous damping the applied force and velocity are linearly 
proportional. The schematic diagram element for viscous damping is 
often represented by a dashpot (or damper), such as that shown in Fig. 2- 
3. Figure 2-4 shows the isolated dashpot, which has the following 
mathematical expression: 


In most cases, and in this book, in order to utilize a linear model, most 
friction components are approximated as viscous friction, also known as 


viscous damping. 





F, = B——— (2-6) 


where B is the viscous damping coefficient. 


The equation of motion of the system shown in Fig. 2-2 is obtained using 
the free-body diagram shown in Fig. 2-2c—assuming the mass is pulled 
along y(t) direction. Hence, we get 


d’ y(t) 
dt 2 


Upon substituting Eqs. (2-4) and (2-5) into (2-6) and rearranging the 
equation, we have 


d° y(t) part) 
dt’ dt 


d° y(t 
wt)=( 2 2) = ( 20 3 | 
where dt /and dt represent velocity and 


acceleration, respectively. Dividing the former equation by M, we get 


f(t)- FE -E, = Ma(t)= M——— (2-7) 


M 





~~ + Ky(t)= f(t) (2-8) 


. B. K _K 
A rr i irs a rh (2-9) 


where r(t) has the same units as y(t). In control systems, it is customary to 
rewrite Eq. (2-9) as 


p(t)+ 2Co, v(t)+ o; y(t)=@-r(t) (2-10) 


where @. and ¢ are the natural frequency and the damping ratio of the 
system, respectively. Equation (2-10) is also known as the prototype second- 
order system. We define y(t) as the output and r(t) as the input of the 
system. 


EXAMPLE 2-1-1 Consider the two degrees of freedom mechanical system 
shown in Fig. 2-5, where a mass M slides along a 
smooth lubricated surface of mass M, that is connected 


to a wall by a spring K. 
oil film 
M, fit) 
- \, [Me 
K 
OO 0 M, 
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K 
meni M, | f(t) 
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Figure 2-5 A two-degree of freedom mechanical system with spring and 
damper elements. (a) A two mass spring system. (b) Mass, spring, damper 
equivalent system. (c) Free-body diagram. 


The displacements of masses M and M, are measured 
by y(t) and y(t), respectively. The oil film between the 
two surfaces is modeled as a viscous damping element B, 
as shown in Fig. 2-5b. After drawing the free-body 
diagrams of the two masses, as shown in Fig. 2-5c, we 
apply Newton’s second law of motion to each mass, we 
get 


>. forces= M, jy, (t) (2-11) 


External 
Using Eqs. (2-5) and (2-6), we get 
—Ky, (t)+ B(y,(t)— 9, (t))=M,¥, (t) (2-12) 


» forces= M, y, (t) (2-13) 


External 


Similarly, using Eqs. (2-5) and (2-6), we get 
—B(y,(t) — y,(t)) + f(t) = M,¥,(b) (2-14) 


Thus, the two second-order differential equations of 
motion become 


M, ji, (t)+ B(¥,(t)— 7, (t))+ Ky, (t)=0 (2-15) 


M,¥,(t)+ Bly, (t)-7,(0)=f(O) (2-16) 


EXAMPLE 2-1-2 Consider the two degrees of freedom mechanical system 
shown in Fig. 2-6 with two masses M_ and M, 
constrained by three springs, while a force f(t) is 
applied to mass M.. 
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Figure 2-6 (a) A two-degree of freedom mechanical system with three 
springs. (b) Free-body diagram. 


The displacements of masses M and M, are measured 
by y(t) and y(t), respectively. Assuming masses are 
displaced in positive directions and y(t) > y(t), we draw 
the free-body diagrams of the two masses, as shown in 
Fig. 2-6b. This is a good trick to use to get the applied 
spring force directions correct. So in this case, springs K, 
and K, are in tension while K, is in compression. 
Applying Newton’s second law of motion to each mass, 
we get 


y forces= M, jy, (t) (2-17) 


External 


Using Ea. (2-5), and noting the deflection of springs K, 
and K, are y(t) and (y,(t) — y,(t)), respectively, we get 


—K,y,(t) + K,(y,() — y,(f)) = My, (0) (2-18) 


>. forces= M, y,(t) (2-19) 


External 


Similarly, using Eg. (2-5), we get 
—K,(y,(t) — y,(t)) — Ky, (t) + f(t) = My, (8) (2-20) 


Thus, the two second-order differential equations of 
motion become 


M,y,(t)+(K, +K,)y, (t)- K, y,() =0 (2-21) 
M,y,(t)—K,y, (t)+(K, + K,)y,(()= f(t) (2-22) 


EXAMPLE 2-1-3 Consider the three-story building shown in Fig. 2-7. Let 
us derive the equations of the system describing the 
motion of the building after a shock at the base due to 
an earthquake. Assuming the masses of the floors are 
dominant compared to those of the columns, and the 
columns have no internal loss of energy, the system 
can be modeled by three masses and three springs, as 
shown in Fig. 2-7b. The modeling approach is then 
identical to that in Example 2-1-2. We draw the free- 
body diagram, assuming y(t) > y(t) > y() and obtain 
the final equations of the system as 


1 M, mm M, m M; 


(Db) 


M, M, 





Figure 2-7 (a) A three-story building. (b) Equivalent model as a three- 
degree of freedom spring-mass system. (c) Free-body diagram. 


M, ji, (t)+(K, + K,)y,(t)—K,y)(t)=0 


(2-23) 
M,y,(t)— K,y,(t)+(K, + K;) y,(t)— K,y3(t) =0 (2-24) 
M,y,(t)— K,y,(t)+ K,y,(t)=0 (2-25) 


2-1-2 Rotational Motion 


For most applications encountered in control systems, the rotational 
motion of a body can be defined as motion about a fixed axis.* Newton’s 
second law for rotational motion states that the algebraic sum of external 
moments applied to a rigid body of inertia J about a fixed axis, produces an 
angular acceleration about that axis. Or 


>, Moments = Ja (2-26) 


External 


where J denotes the inertia and a is the angular acceleration. The other 
variables generally used to describe the motion of rotation are torque T 
(normally applied from a motor), angular velocity w, and angular 
displacement @. The rotational equations of motion include the following 
terms: 


¢ Inertia. A three-dimensional rigid body of mass M has three moments 
of inertia and three products of inertia. In this textbook, we primarily 
look at planar motions, governed by Eq. (2-26). A rigid body of mass M 
has inertia, J, about a fixed rotational axis, which is a property related 
to kinetic energy of rotational motion. The inertia of a given element 
depends on the geometric composition about the axis of rotation and its 
density. For instance, the inertia of a circular disk or shaft, of radius r 
and mass M, about its geometric axis is given by 


J= = Mr" (2-27) 


When a torque is applied to a body with inertia J, as shown in Fig. 2- 
8, the torque equation is written as 
Joo 
Figure 2-8 Torque-inertia system. 
r(t)= Ja(t)=)29 = 5 


I(t) 





(2-28) 


where O@(t) is the angular displacement; w(t), the angular velocity; and 
a(t), the angular acceleration. 


° Torsional spring. As with the linear spring for translational motion, a 
torsional spring constant K, in torque-per-unit angular displacement, 
can be devised to represent the compliance of a rod or a shaft when it is 
Subject to an applied torque. Figure 2-9 illustrates a simple torque-spring 
system that can be represented by the equation 





Figure 2-9 (a) Arod under a torsional load. (b) Equivalent torque 
torsional spring system. (c) Free-body diagram. 


T. = K6(t) (2-29) 


If the torsional spring is preloaded by a preload torque of TP, Eq. (2- 
36) is modified to 


T. —-TP=K6(t) (2-30) 


° Viscous damping for rotational motion. The friction described for 
translational motion can be carried over to the motion of rotation. 
Therefore, Eg. (2-6) can be replaced by 


f «BR (2-31) 


In Fig. 2-9b, the internal loss of energy in a rod is represented by 
viscous damping B. 

Considering the free-body diagram in Fig. 2-9c, we examine the 
reactions after application of a torque in positive direction. Note we 
normally use the right-hand rule to define the positive direction of 
rotation—in this case counterclockwise. Upon substituting Eqs. (2-29) 
and (2-31) into Eq. (2-26) and rearranging the equation, we have 


FO), 40)» Kat) =T(t) 2-32) 
dt dt 





J 





6(t) = | O(t) -(¢ At) 
and 


2 
where dt dt represent angular velocity 
and acceleration, respectively. Dividing the former equation by J, we get 


d+ 760+ = 0U0 7 —r( (2-33) 


where r(t) has the same units as 6@(t). In control systems, it is 
customary to rewrite Eq. (2-33) as 


O(t)+ 26, 0(t)+ w70(t) = @?2r(t) (2-34) 


where @._ and ¢ are the natural frequency and the damping ratio of the 
system, respectively. Equation (2-34) is also known as the prototype 
second-order system. We define 6(t) as the output and r(t) as the input 
of the system. Notice that this system is analogous to the translational 


system in Fig. 2-2. 


EXAMPLE 2-1-4 A nonrigid coupling between two mechanical 
components in a control system often causes torsional 
resonances that can be transmitted to all parts of the 
system. In this case, the rotational system shown in 
Fig. 2-10a consists of a motor with a long shaft of 
inertia J. A disk representing a load with inertia J, is 
mounted at the end of the motor shaft. The shaft 
flexibility is modeled as a torsional spring K and any 
loss of energy within the motor is represented by 
viscous damping of coefficient B. For simplicity we 
assume the shaft, in this case, has no internal loss of 
energy. Because of the flexibility in the shaft, the 
angular displacement at the motor end and the load are 
not equal—designated as @ and @, respectively. The 
system, therefore, has two degrees of freedom. 
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(b) 
Figure 2-10 (a) Motor-load system. (b) Free-body diagram. 


The system variables and parameters are defined as 
follows: 


T (t) = motor torque 

B= motor viscous-friction coefficient 
K = spring constant of the shaft 

0 (t) = motor displacement 

q(t) = motor velocity 

J = motor inertia 

0 (t) = load displacement 

w@, (t) = load velocity 

J = load inertia 


The free-body diagrams of the system are shown in 
Fig. 2-17b. The two equations of the system are 


] 
m(t) Br On) Kg wy _9 yg —er it (2-35) 
dt? a dt J, [ A ) iA )|+ J, ak ) 


K[@. (t)-8, (t)|=J, 4 an (2-36) 





Equations (2-35) and (2-36) are rearranged as 





te ate 7 =— (2-37) 
de? J, at y 6,,()— 8, (OI = j. T,, (t) 
d 2) | Big (1-6, (t)]=0 — 
dt f, 


Note that if the motor shaft is rigid, 0 = 6, and all the 
motor applied torque is transmitted to the load. So, in this 
case the overall equation of the system becomes 











d°@ (t B dé (t 
oN Aa _Fa¥l__* _y (2-39) 
dt baa TG dt he 


Table 2-1 shows the SI and other measurement units 
for translational and rotational mechanical system 
parameters. 


TABLE 2-1 Basic Translational and Rotational Mechanical System 
Properties and Their Units 


Parameter Used Sl Units Other Units Conversion Factors 
Translational Motion 
Mass M + gram Slug ft/s” 1 kg =1000 g 
(kg) = 2.2046 Ib (mass) 
= 35,274 oz (mass) 
=0,06852 slug 
Spring constant K N/m lb/ft 
Viscous friction B N/m/s lb/ft/s 
coefficient 
Rotational Motion 
Inertia J kg-m° slug: ft? 1 g-cm=1.417X10" o2z-in-s" 
2 
Ib-ft-s 1 Ib: ft-s? =192 oz-in-s” 
OZ: in-s? | 
= 32.2 lb-ft’ 


1 oz-in-s’ =386 oz: in’ 


1 g-cm-s =980 g-cm’ 
Spring constant K N-m/rad__ ft-Ib/rad 


Viscous friction B N-m/rad/s ft: lb/rad/s 
Coefficient 


Variables 





Displacement: y(t) meter (m); ft; in Angular rotation: @(t) radian 
| m=3,2808 ft=39.37 in 1 rad=——=573 deg 
1 ft=0.3048 m ¥ 
do(t 
Lin.=25.4 mm Angular velocity: o(t)= = rad/s 
coy At) 7 
Velocity: v(t)=—— m/s; ft/s; in/s 
dt 21 
d’ y(t coum” 
Acceleration: a(t)= y | m/s’; ft/s’; in/s” 60 
dt” =().1047 rad/s 
Force: f(t) newton (N); pound (Ib force); dyne 1 rpm =6 deg/s 
1 N=0.2248 Ib (force) 1N=1 kg—m/s’ 





Q 
rad/s’ 


2 


=3,5969 oz (force) 1 dyn=1 g—cm/s’ Angular acceleration: a(t) = 


Torque: T(t) (N-m) dyn-cm; lb- ft oz: in 
1 g-cm=0,0139 oz-in 
1 oz-in=0.00521 Ib: ft 
1 Ib-ft=192 oz-in 
Energy: E J (joule) 
1J=1N-m 
1 cal =4.184 J 
1 Btu =1055 J 


Power: P W (watt); J/s (joule/second) 
1W=1)/s 


2-1-3 Conversion between Translational and Rotational 
Motions 


In motion-control systems, it is often necessary to convert rotational 
motion into translational motion. For instance, a load may be controlled to 
move along a straight line through a rotary-motor-and-lead-screw assembly, 
such as that shown in Fig. 2-11. Figure 2-12 shows a similar situation in 
which a rack-and-pinion assembly is used as a mechanical linkage. Another 


familiar system in motion control is the control of a mass through a pulley by 
a rotary motor, as shown in Fig. 2-13. The systems shown in Figs. 2-11 to 2- 
13 can all be represented by a simple system with an equivalent inertia 
connected directly to the drive motor. For instance, the mass in Fig. 2-13 can 
be regarded as a point mass that moves about the pulley, which has a radius r. 
By disregarding the inertia of the pulley, the equivalent inertia that the motor 


sees 1S 
T(t), 0(t) > X(t) 
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Figure 2-11 Rotary-to-linear motion control system (lead screw). 
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Figure 2-12 Rotary-to-linear motion control system (rack and pinion). 
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Figure 2-13 Rotary-to-linear motion control system (belt and pulley). 
J =Mr° (2-40) 


If the radius of the pinion in Fig. 2-12 is r, the equivalent inertia that the 
motor sees is also given by Eq. (2-40). 

Now consider the system of Fig. 2-11. The lead of the screw, L, is defined 
as the linear distance that the mass travels per revolution of the screw. In 
principle, the two systems in Figs. 2-12 and 2-13 are equivalent. In Fig. 2-12, 
the distance traveled by the mass per revolution of the pinion is 27r. By using 
Eq. (2-40) as the equivalent inertia for the system of Fig. 2-11, we have 


j=M(5—) (2-41) 


21 


EXAMPLE 2-1-5 Classically, the quarter-car model is used in the study of 
vehicle suspension systems and the resulting dynamic 
response due to various road inputs. Typically, the 
inertia, stiffmess, and damping characteristics of the 
system as illustrated in Fig. 2-14a are modeled in a 
two-degree of freedom (2-DOF) system, as shown in 
Fig. 2-14b. Although a 2-DOF system is a more 
accurate model, it is sufficient for the following 
analysis to assume a 1-DOF model, as shown in Fig. 
2-14c. 





(a) 


Figure 2-14 Quarter-car model realization. (a) Quarter car. (b) Two 
degrees of freedom model. (c) One degree of freedom model. 


Given the system illustrated in Fig. 2-14c, where 
m = effective “4 car mass 
k = effective stiffness 
c = effective damping 
x(t) = absolute displacement of the mass, m 
y(t) = absolute displacement of the base 


z(t) = relative displacement of the mass with respect 


to the base 
The equation of motion of the system is defined as 
follows: 
mx(t) = c( y(t)— x(t))+ k(y(t)— x(t) (2-42) 
or 
mx(t)+ cx(t)+ kx(t) =cy(t)+ ky(t) (2-43) 


which can be redefined in terms of the relative 
displacement, or bounce, by substituting the relation 


z(t) = x(t)— y(t) (2-44) 
Dividing the result by m, Eg. (2-43) is rewritten as 
Z(t)+ 26m, z(t)+ @~ z(t) =—(t) =—a(t) (2-45) 


Note that as before @ and ¢ are the natural frequency 
and the damping ratio of the system, respectively. 
Equation (2-45) reflects how the vehicle chassis bounces 
relative to the ground given an input acceleration from 
the ground—for example, after the wheels go through a 
bump. 

In practice, active control of the suspension system 
may be achieved using various types of actuators 


including hydraulic, pneumatic, or electromechanical 
systems such as motors. Let’s use an active suspension 
that uses a dc motor in conjunction with a rack as shown 


in Fig. 2-15. 


T, 0, r 


! ied 
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Figure 2-15 Active control of the 1-DOF quarter-car model via a dc 
motor and rack. (a) Schematics. (b) Free-body diagram. 


In Fig. 2-15, T(t) is the torque produced by the motor 
with shaft rotation 8, and r is the radius of the motor 
drive gear. Hence, the motor torque equation is 


T(t)=J,0+B 0+T,.., (2-46) 


Defining the transmitted force from the motor 
assembly to the mass as f(t), the mass equation of motion 
is 


mxk+cx+kx =cy+ky+ f (2-47) 


In order to control the vehicle bounce, we use z(t) = 
x(t) — y(t) to rewrite the equation as 


mz+cz+kz= f —my= f(t)—ma(t) (2-48) 


Using 


i (t)= tas (2-49) 


and noting that z = Or, Eq. (2-48) is rewritten as 


(mr°+J,)O+(cr° +B )0+kr°@=T(t)—mra(t) (2-50) 
or 
JZ+ Bz+Kz=r|T(t)—-mra(t)| (2-51) 


where J=mr+J,B=cr +B, and K = kr’. 
So the motor torque and be used to control the vehicle 


bounce caused by ground disturbances due to 
acceleration a(t). 


2-1-4 Gear Trains 


A gear train, lever, or timing belt over a pulley is a mechanical device that 
transmits energy from one part of the system to another in such a way that 
force, torque, speed, and displacement may be altered. These devices can also 
be regarded as matching devices used to attain maximum power transfer. 
Two gears are shown coupled together in Fig. 2-16. The inertia and friction 
of the gears are neglected in the ideal case considered. 


‘ee 0, N, 








T>, 8, 
Figure 2-16 Gear train. 


The relationships between the torques T and T., angular displacement q, 
and q,, and the teeth numbers N_ and N, of the gear train are derived from the 


following facts: 


1. The number of teeth on the surface of the gears is proportional to 
the radii rand r, of the gears; that is, 


rN, =nN, (2-52) 


2. The distance traveled along the surface of each gear is the same. 
Thus, 


0.7, =6,1, (2-53) 


3. The work done by one gear is equal to that of the other since there 
are assumed to be no losses. Thus, 


Le, =7,8, (2-54) 
If the angular velocities of the two gears, @, and w,, are brought into the 
picture, Eqs. (2-52) through (2-54) lead to 
a 
ie 0, N, W, l, 


(2-55) 


EXAMPLE 2-1-6 Consider motor-load assembly, shown in Fig. 2-10, with 
a rigid shaft of inertia J. If we use a gear train with 

—=n 

gearratioN, between the motor shaft and the load 

of inertia J, J is the equivalent moment of inertia of 

the motor and load, J = J/n’ + J., and as a result Eq. 


(2-39) is revised to 


d°@ (t) B. dé (t 
ate ope asa 


In practice, gears do have inertia and friction between 
the coupled gear teeth that often cannot be neglected. An 
equivalent representation of a gear train with viscous 


friction and inertia considered as lumped parameters is 
shown in Fig. 2-17, where T denotes the applied torque, 
T and T, are the transmitted torque, and Band B, are the 
viscous friction coefficients. The torque equation for gear 
21S 





Figure 2-17 Gear train with friction and inertia. 


T(o=J, ae nl (2-57) 
dt 





The torque equation on the side of gear 1 is 




















d°6,(t d6, (t 
MH=J ? itt) 2 Ly (2-58) 
Using Eq. (2-55), Eq. (2-57), after premultiplication bya is converted to 
N,\) rae N, \ ,, 46,(t) 
= al — | B,— 2-59 
T(t)= N, 20= : AS J, {%) rr (2-59) 


Equation (2-59) indicates that it is possible to reflect inertia, friction, 
compliance, torque, speed, and displacement from one side of a gear train to 
the other. The following quantities are obtained when reflecting from gear 2 
to gear 1: 


2 
N 
Inertia : ba j, 
N, 


2 
N 
Viscous-friction coefficient: B, 


Torque : Hi (2-60) 


2 


N 
Angular displacement : ay 
2 


N 
Angular velocity :— oa, 
N, 


Similarly, gear parameters and variables can be reflected from gear 1 to 
sear 2 by simply interchanging the subscripts in the preceding expressions. If 
a torsional spring effect is present, the spring constant is also multiplied by 
(N /N,) in reflecting from gear 2 to gear 1. Now substituting Eq. (2-59) into 


Eq. (2-58), we get 
P(t), d0,(t) 








ithe 2-61 
(t)=J,. 7 a? (2-61) 
where 
N 2 
— 7 #| 2% : 
Iie =I Fa J, (2-62) 
B., -5+{ Xs) B, (2-63) 
N, 


EXAMPLE 2-1-7 Given a load that has inertia of 0.05 oz:in-s2, find the 
inertia and frictional torque reflected through a 1:5 
gear train (N/N, = 1/5, with N, on the load side). The 
reflected inertia on the side of N_ is (1/5) x 0.05 = 
0.002 oz-in-s2. 


2-1-5 Backlash and Dead Zone (Nonlinear Characteristics) 


Backlash and dead zone are commonly found in gear trains and similar 
mechanical linkages where the coupling is not perfect. In a majority of 
Situations, backlash may give rise to undesirable inaccuracy, oscillations, and 
instability in control systems. In addition, it has a tendency to wear out the 
mechanical elements. Regardless of the actual mechanical elements, a 
physical model of backlash or dead zone between an input and an output 
member is shown in Fig. 2-18. The model can be used for a rotational system 
as well as for a translational system. The amount of backlash is b/2 on either 
side of the reference position. 





Figure 2-18 Physical model of backlash between two mechanical 
elements. 


In general, the dynamics of the mechanical linkage with backlash depend 
on the relative inertia-to-friction ratio of the output member. If the inertia of 
the output member is very small compared with that of the input member, the 
motion is controlled predominantly by friction. This means that the output 
member will not coast whenever there is no contact between the two 
members. When the output is driven by the input, the two members will 
travel together until the input member reverses its direction; then the output 
member will be at a standstill until the backlash is taken up on the other side, 
at which time it is assumed that the output member instantaneously takes on 
the velocity of the input member. The transfer characteristic between the 
input and output displacements of a system with backlash with negligible 
Output inertia is shown in Fig. 2-19. 
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Figure 2-19 Input—output characteristic of backlash. 


2-2 INTRODUCTION TO MODELING OF 
SIMPLE ELECTRICAL SYSTEMS 


In this chapter, we address modeling of electrical networks with simple 
passive elements such as resistors, inductors, and capacitors. The 
mathematical models of these systems are governed by ordinary differential 
equations. Later in Chap. 6, we address operational amplifiers, which are 
active electrical elements and their models are more relevant to controller 
systems discussions. 


2-2-1 Modeling of Passive Electrical Elements 


Consider Fig. 2-20, which shows the basic passive electrical elements: 
resistors, inductors, and capacitors. 


Figure 2-20 Basic passive electrical elements. (a) A resistor. (b) An 
inductor. (c) A capacitor. 


Resistors. Ohm’s law states that the voltage drop, e,(t), across a resistor R 
is proportional to the current i(t) going through the resistor. Or 


e.(t)=i(t)R (2-64) 


Inductors. The voltage drop, e (t), across an inductor L is proportional to 
the time rate of change of current i(t) going through the inductor. Thus, 


di(t) 


7H (2-65) 





Eth=aL 


Capacitor. The voltage drop, e (t), across a capacitor C is proportional to 
the integral current i(t) going through the capacitor with respect to time. 
Therefore, 


e (t)= | aoa (2-66) 


2-2-2 Modeling of Electrical Networks 


The classical way of writing equations of electric networks is based on the 
loop method or the node method, both of which are formulated from the two 
laws of Kirchhoff, which state: 


Current law or loop method. The algebraic summation of all currents 
entering a node is zero. 


Voltage law or node method. The algebraic sum of all voltage drops 
around a complete closed loop is zero. 


EXAMPLE 2-2-1 Let us consider the RLC network shown in Fig. 2-21. 
Using the voltage law 


Figure 2-21 RLC network. Electrical schematics. 
e(f)=e5+ &; +2, (2-67) 


where e, = Voltage across the resistor R 
e = Voltage across the inductor L 
e = Voltage across the capacitor C 
Or 
di(t) 


et) =+e¢.(£)+ Rit) +L—— 7 (2-68) 


Using current in C, 


CHM) _ ip) (2-69) 


and substituting for i(t) in Eq. (2-68), we get the 
equation of the RLC network as 


rote), RCD 6 (1) =0(t) (2-70) 
dt dt 


Dividing the former equation by LC and using 


de.(t) d*e(t) 
é (t)= ee é (1) = (aa 
dt /and dt”) we get 


R t it 
e (6) —e (+ —e._ (ft) = et 2-71 
Att 6 (ts ne (f= et) (2-71) 
In control systems it is customary to rewrite Eq. (2-70) 

as 


(t)+ 2, é (t)+ we (t)=@* e(t) (2-72) 


nH oC 


where @. and ¢ are the natural frequency and the 
damping ratio of the system, respectively. As in Eq. (2- 
10), Eq. (2-72) is also known as the prototype second- 
order system. We define e(t) as the output and e(t) as 
the input of the system, where both terms have same 
units. Notice that this system is also analogous to the 
translational Mechanical system in Fig. 2-2. 


EXAMPLE 2-2-2 Another example of an electric network is shown in Fig. 
2-22. The voltage across the capacitor is e(t) and the 
currents of the inductors are i (t) and i,t), respectively. 
The equations of the network are 

R, L, lis 
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Figure 2-22 Electrical schematic for network of Example 2-2-2. 








p i Ri (t) +e (t)=elt) (2-73) 

pw). Ri (t)=e (1) (2-74) 
dt 

CHM) i 4,1) ONES 





dt 


Differentiating Eqs. (2-73) and (2-74) and substituting 
Eq. (2-75), we get 














Pit), di(t), 
i 7p +R, a +é, (f)—i,(t) elf) (2-76) 
1,22) 2p &O_§ si,=0 (2-77) 

dt dt 


Exploring the similarity of this system with that 


represented in Example 2-1-4, we find the two systems 
are analogous when R, = 0O—compare Eas. (2-76) and (2- 


77) with Eqs. (2-37) and (2-38). 


EXAMPLE 2-2-3 Consider the RC circuit shown in Fig. 2-23. Find the 
differential equation of the system. Using the voltage 


law 


+ RK - 


+ + 
€ int) 1 EC C e,(t) 


Figure 2-23 A simple electrical RC circuit. 


e, (t)=e,(t)+e,(t) (2-78) 


where 
e, =iR (2-79) 


and the voltage across the capacitor e (ft) is 


colt) =— fiat (2-80) 


But from Fig. 2-21 


l ft, 
e,(t)=— J idt =e, (t) (2-81) 
If we differentiate Eg. (2-81) with respect to time, we 
get 

& we) (2-82) 

C dt 
or 

Cé (i) =I (2-83) 


This implies that Eg. (2-78) can be written in an input— 
output form 


RCE, (t)+e, (t)=e, (t) (2-84) 


where the t = RC is also known as the time constant 
of the system. The significance of this term is discussed 
later in Chaps. 3, 6, and 7. Using this term the equation of 
the system is rewritten in the form of a standard first- 
order prototype system. 


ath a(h——4,i0 (2-85) 
t t 


Notice that Eq. (2-85) is analogous to Eq. (2-8), when 
M=0. 


EXAMPLE 2-2-4 Consider the RC circuit shown in Fig. 2-24. Find the 
differential equation of the system. 





Figure 2-24 Simple electrical RC circuit. 


As before, we have 


é,, (t) =e,(t)+ eg (t) (2-86) 
OF 
e. (t) =~ fide +i (2-87) 


But e (t) = iR. So 
_ Jeol t 2:88 
ent) =" + et) (2-88) 


is the differential equation of the system. To solve Eq. 
(2-88), we differentiate once with respect to time 


5 4) WD 5 
@.{t) = oe +é (t) (2-89) 


where, again, T= RC is the time constant of the 
system. 


EXAMPLE 2-2-5 Consider the voltage divider of Fig. 2-25. Given an input 
voltage e (t), find the output voltage e (t) in the circuit 


composed of two resistors R_ and R.. 





Figure 2-25 A voltage divider. 


The currents in the resistors are 





, _ Sint) — e,(t) (2-90) 
R, 

._ ,(t) 

fe R (2-91) 


Equating Eqs. (2-90) and (2-91), we have 


@(f)-et) et) 
R, - R, 





(2-92) 


Rearrangement of this equation yields the following 
equation for the voltage divider: 





R 
e,(t)=——e. (t 2-93 
(t) R+R, in(E) (2-93) 


The SI and most other measurement units for variables 
in electrical systems are the same, as shown in ‘Table 2-2. 


TABLE 2-2 Basic Electrical System Properties and Their Units 


Parameter Notation Units 


Resistance R ohm (Q) = volt/amp 
Capacitance e farad (F) = amp; s/volt = s/ohm 
Inductance L henry (H) = volt; s/amp = ohm: s 
Variables 


Charge: q(t) coulomb = newton-meter/volt 
Current: i(t) ampere (A) 
Voltage: e(f) volt (V) 


Energy: E J (joules) 
lJ=I1N-m 

| cal =4.184 J 

1 Btu =1055 J 


Power: P W (watt); J/s (joule/second) 
1W=1]/s 


2-3 INTRODUCTION TO MODELING OF 
THERMAL AND FLUID SYSTEMS 


In this section, we review thermal and fluid systems. Knowledge of these 
systems is important in many mechanical and chemical engineering control 
system applications such as in power plants, fluid power control systems or 
temperature control system. Because of the complex mathematics associated 
with these nonlinear systems, we only focus on basic and simplified models. 


2-3-1 Elementary Heat Transfer Properties= 


In a thermal system, we look at transfer of heat among different 
components. The two key variables in a thermal process are temperature T 
and thermal storage or heat stored Q, which has the same units as energy 
(e.g., J or joules in SI units). Also heat transfer systems include thermal 
Capacitance and resistance properties, which are analogous to same properties 
mentioned in electrical systems. Heat transfer is related to the heat flow rate 
q, which has the units of power. That is, 


q=Q (2-94) 


As in the electrical systems, the concept of capacitance in a heat transfer 
problem is related to storage (or discharge) of heat in a body. The capacitance 
C is related to the change of the body temperature T with respect to time and 
the rate of heat flow gq: 


Capacitance in a heat transfer problem is related to storage (or 
discharge) of heat in a body. 


g=CT (2-95) 


where the thermal capacitance C can be stated as a product of r material 
density, c material specific heat, and volume V: 


C=pc,V (2-96) 


In a thermal system, there are three different ways that heat is transferred. 
That is by conduction, convection, or radiation. 


Conduction 


Thermal conduction describes how an object conducts heat. In general this 
type of heat transfer happens in solid materials due to a temperature 
difference between two surfaces. In this case, heat tends to travel from the hot 
to the cold region. The transfer of energy in this case takes place by molecule 
diffusion and in a direction perpendicular to the object surface. Considering 
one-directional steady-state heat conduction along x, as shown in Fig. 2-26, 
the rate of heat transfer is given by 


YZ 


g A, fk —> 


Figure 2-26 One-directional heat conduction flow. 


q=—— AT =D, ,AT (2-97) 


where gq is the rate of heat transfer (flow), k is the thermal conductivity 
related to the material used, A is the area normal to the direction of heat flow 
x, and AT = T — T, is the difference between the temperatures at x = 0 and x = 
I, or T and T.. Note in this case, assuming a perfect insulation, the heat 
conduction in other directions is zero. Also note that 


(2-98) 


where R is also known as thermal resistance. So the rate of heat transfer g 
may be represented in terms of R as 


Thermal resistance is a property of materials to resist the flow of 
heat. 


i= (2-99) 


Convection 


This type of heat transfer occurs between a solid surface and a fluid 
exposed to it, as shown in Fig. 2-27. At the boundary where the fluid and the 
solid surface meet, the heat transfer process is by conduction. But once the 
fluid is exposed to the heat, it can be replaced by new fluid. In thermal 
convection, the heat flow is given by 


T; 
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Figure 2-27 Fluid-boundary heat convection. 
q=hAAT =D,AT (2-100) 


where gq is the rate of heat transfer or heat flow, h is the coefficient of 
convective heat transfer, A is the area of heat transfer, and AT = T, — T is the 
difference between the boundary and fluid temperatures. The term hA may be 
denoted by D, where 


D,=hA=— (2-101) 


Again, the rate of heat transfer g may be represented in terms of thermal 
resistance R. Thus, 


q=— (2-102) 


Radiation 


The rate of heat transfer through radiation between two separate objects is 
determined by the Stephan-Boltzmann law, 


q=oA(T; -T;) (2-103) 


where q is the rate of heat transfer, o is the Stephan-Boltzmann constant 
and is equal to 5.667x10° W/m’.K‘, A is the area normal to the heat flow, and 
T and T are the absolute temperatures of the two bodies. Note that Eq. (2- 
103) applies to directly opposed ideal radiators of equal surface area A that 
perfectly absorb all the heat without reflection (Fig. 2-28). 


CE 


Figure 2-28 A simple heat radiation system with directly opposite ideal 
radiators. 


The SI and other measurement units for variables in thermal systems are 
shown in Table 2-3. 


TABLE 2-3 Basic Thermal System Properties and Their Units 


Symbol 
Parameter Used SI Units Other Units 
Resistance R °C/W K/W °F/(Btu/h) 
Capacitance ( J/(kg-°C) J/(kg - K) Btu/°F Btu/°R 


Temperature: T(t) °C (Celsius); K (Kelvin); °F (Fahrenheit) 
°C =(°F-32)x5/9, °C =°K +273 

Energy (heat stored): QJ (joule); Btu; 

calorie 

1J]=1N-m 

1 cal=4.184 J 

1 Btu =1055 J 


Heat flow rate: q(t) J/s; W; Btu/s 


EXAMPLE 2-3-1 A rectangular object is composed of a material that is in 
contact with fluid on its top side while being perfectly 
insulated on three other sides, as shown in Fig. 2-29. 
Find the equations of the heat transfer process for the 
following: 





_ 


A, Py G, K 


Figure 2-29 Heat transfer problem between a fluid and an insulated solid 
object. 


T = solid object temperature; assume that the 
temperature distribution is uniform 


T= top fluid temperature 

€ = length of the object 

A = cross-sectional area of the object 
p = material density 

Cc = material specific heat 

k = material thermal conductivity 


h = coefficient of convective heat transfer 


SOLUTION The rate of heat storage in the solid from Eg. (2-95) is 


AT, 
= pcAl| — 2-104 
g= peal) 2-104) 


Also, the convection rate of heat transferred from the fluid is 


q=hA(T, —-T,) (2-105) 


The energy balance equation for the system dictates g to be the same in 
Egs. (2-104) and (2-105). Hence, upon introducing thermal capacitance C 
from Eq. (2-95) and the convective thermal resistance R from Eq. (2-99) and 
substituting the right-hand sides of Eg. (2-104) into Eq. (2-105), we get 


RCT t= 1 (2-106) 


where the RC = tT is also known as the time constant of the system. Notice 
that Eq. (2-106) is analogous to the electrical system modeled by Eq. (2-84). 


2-3-2 Elementary Fluid System Properties“ 


In this section, we derive the equations of fluid systems. The key 
application in control systems associated with fluid systems is in the area of 
fluid power control. Understanding the behavior of fluid systems will help 
appreciating the models of hydraulic actuators. In fluid systems, there are five 
parameters of importance—pressure, flow mass (and flow rate), temperature, 
density, and flow volume (and volume rate). Our focus will primarily be on 
incompressible fluid systems because of their application to elements of 
popular industrial control systems such as hydraulic actuators and dampers. 
In case of incompressible fluids, the fluid volume remains constant, and just 
like electrical systems, they can be modeled by passive components including 
resistance, Capacitance, and inductance. 


For an incompressible fluid, density p is constant, and the fluid 
Capacitance C is the ratio of the volumetric fluid flow rate g to the rate 
of pressure P. 


To understand these concepts better, we must look at the fluid continuity 
equation or the law of conservation of mass. For the control volume shown 
in Fig. 2-30 and the net mass flow rate q_ = pq, we have 


m= dm = PY 


Figure 2-30 Control volume and the net mass flow rate. 


m= | pqdt (2-107) 


dV 
“x a ee 


where m is the net mass flow, p is fluid density, dt "is the net 
volumetric fluid flow rate (volume flow rate of the ingoing fluid q minus 
volume flow rate of the outgoing fluid q.). The conservation of mass states 


dm d d 

7H pq 7 Mo) 7 PV) ( ) 
dm 

rie pV+Vp (2-109) 


where m is the net mass flow rate, M_ is the mass of the control volume (or 
for simplicity “the container” fluid), and V is the container volume. Note 


dV 

—=4,-q,= (2-110) 
dt GG, HY 

which is also known as the conservation of volume for the fluid. For an 


incompressible fluid, p is constant. Hence setting p = O in Eq. (2-109), the 
conservation of mass for an incompressible fluid is 


m= pV =pgq (2-111) 


Capacitance—Incompressible Fluids 


Similar to the electrical capacitance, fluid capacitance relates to how 
energy can be stored in a fluid system. The fluid capacitance C is the 
change in the fluid volume that is stored over the pressure change. 
Alternatively capacitance is defined as the ratio of the volumetric fluid flow 
rate g to the rate of pressure P as follows: 


C=—= (2-112) 


P 


Or 


q=CP (2-113) 


EXAMPLE 2-3-2 Ina one-tank liquid-level system, the fluid pressure in the 
tank that is filled to height h (also known as head), 
shown in Fig. 2-31, is the weight of the fluid over the 
cross-sectional area, or 





A 


Figure 2-31 Incompressible fluid flow into an open-top cylindrical 
container. 


p= pVg _ phgA = phg 


2-114 
r r ( ) 


As aresult, from Eqs. (2-112) and noting V = Ah, we 
get 

Ge ll (2-115) 
P pgh pg 


In general, the fluid density p is nonlinear and may depend on 
temperature and pressure. This nonlinear dependency p(P,7), known as the 
equation of state, may be linearized using the first-order Taylor series 
relating r to P and T: 


P= Prt {22 (P-P,)+( 2) (DT) (2-116) 


ref >*ref ref >“ref 


where p,, P_, and 7’, are constant reference values of density, pressure, and 
temperature, respectively. In this case, 


p-—| 2 (2-117) 


P ref Def 


a= (<2 (2-118) 


Prd Fg »T ef 


are the bulk modulus and the thermal expansion coefficient, 
respectively. In most cases of interest, however, the temperatures of the fluid 
entering and flowing out of the container are almost the same. Hence 
recalling the control volume in Fig. 2-30, the conservation of mass Eq. (2- 
108) reflects both changes in volume and density as 


dm_dp,,, dV 


— — 2-119 
dt odt SY dt ions 
If the container of volume V is a rigid object, V = 0. Hence, 
d d 
eo (2-120) 
dt dt 


Substituting the time derivative of Eq. (2-116), assuming no temperature 
dependency, into Eq. (2-120) and using Eq. (2-117), the capacitance relation 
may be obtained as 


V zs 
T= Bence (2-121) 


In general, density may depend on temperature and pressure. In the 
latter case, the fluid is considered to be compressible. 


dm 
Note that dt — dn = Pret 4 was used to arrive at Eq. (2-121). As a result in 


the case of a compresible fluid inside a rigid object, the capacitance is 


C=~ (2-122) 


B 


EXAMPLE 2-3-3 In practice, accumulators are fluid capacitors, which may 
be modeled as a spring-loaded piston systems as 
shown in Fig. 2-32. In this case, assuming a spring- 
loaded piston of area A traveling inside a rigid 
cylindrical container, using the conservation of mass 
Eg. (2-119) for compressible fluids, we get 


Poin 
Figure 2-32 A spring-loaded piston system. 
dp dV 
«Q=—V+)p.~— (2-123) 
Pref q dt P ret dt 


Assuming a compressible fluid with no temperature 
dependency, taking a time derivative of Eq. (2-116) and 
using Eq. (2-117), we have 


AP _ Pror AP (2-124) 
dt B dt 


Combining Eqs. (2-123) and (2-124) and using Eg. (2- 


122), the pressure rise rate within the varying control 
volume of Fig. 2-42 is shown as 

po P ig Wy aly-W) (2-125) 
V . C : 


where V = Ax. This equation reflects that the rate of 


change of pressure inside a varying control volume is 
related to the entering fluid volumetric flow rate and the 
rate of change of chamber volume itself. 


Inductance—Incompressible Fluids 


Fluid inductance is also referred to as fluid inertance in relation to the 
inertia of a moving fluid inside a passage (line or a pipe). Inertance occurs 
mainly in long lines, but it can also occur where an external force (e.g., 
caused by a pump) causes a significant change in the flow rate. In the case 
shown in Fig. 2-33, assuming a frictionless pipe with a uniform fluid flow 
moving at the speed v, in order to accelerate the fluid, an external force F is 
applied. From Newton’s second law, 


Inductance (or inertance) occurs mainly in long pipes or where an 
external force causes a significant change in the flow rate. 


Figure 2-33 A uniform incompressible fluid flow forced through a 
frictionless pipe. 


F= AAP = Mv = pAlp 


AP =(P —P) (2-126) 

But 
V=Av=q (2-127) 

SO 
(P —P,)=La (2-128) 


where 


re 


z (2-129) 


is known as the fluid inductance. Note that the concept of inductance is 
rarely discussed in the case of compressible fluids and gasses. 


Resistance—Incompressible Fluids 

As in the electrical systems, fluid resistors dissipate energy. However, 
there is no unique definition for this term. In this textbook, we adopt the most 
common term, which relates fluid resistance to pressure change. For the 
system shown in Fig. 2-34, the force resisting the fluid passing through a 
passage like a pipe is 


R 


Figure 2-34 Flow of an incompressible fluid through a pipe and a fluid 
resistor R. 


In this textbook, fluid resistance relates the pressure drop to the 
volumetric flow rate g. 


F, = AAP= A(P -P,) (2-130) 


where AP = P_ — P, is the pressure drop and A is the cross-sectional area of 
the pipe. Depending on the type of flow (i.e., laminar or turbulent) the fluid 
resistance relationship can be linear or nonlinear and relates the pressure drop 
to the volumetric flow rate g. For a laminar flow, we define 


AP =Rgq (2-131) 
i (2-132) 
q 


where gq is the volume flow rate. Table 2-4 shows resistance R for various 


passage cross sections, assuming a laminar flow. 


TABLE 2-4 Equations of Resistance R for Laminar Flows 


Fluid Resistance 


Symbols used Fluid volume flow rate: q 
Pressure drop: AP = P,, = P —P, 
Laminar resistance: K 
LU: Fluid viscosity 
w = width; h=height; /=length; 


d = diameter 


General case R- 32 wl 
Ad, 





d,, = hydraulic diameter = 





perimeter 


Circular cross section 128 ul 
oad’ 





Square cross section 


352ml 


4 
WwW 


R 





8 Ll 
wh? 


(1+h/wy 


Rectangular cross section R 





Rectangular cross section: approximation 120 
~—wh' 


w/h=small 
Annular cross section 8 ul 


har Fy 
nd 
d, 


d, =outer diameter; d, =inner diameter 


Annular cross section: approximation 12ul 
md d: 


d,/d, = small 


R 





When the flow becomes turbulent, the pressure drop relation Eq. (2-131) 
is rewritten as 


AP = R,.q" (2-133) 


where R_ is the turbulent resistance and n is a power varying depending on 
the boundary used—for example, n = 7/4 for a long pipe and, most useful, n 
= 2 for a flow through an orifice or a valve. 

In order to get a sense of the laminar and turbulent flows and their 
corresponding resistance terms, you may wish to conduct a simple 
experiment by applying a force on the plunger syringe filled with water. If 
you push the plunger with a gentle force, the water is expelled easily from the 
other end through the syringe orifice. However, application of a strong force 
would cause a strong resistance. In the former case, you encounter a mild 
resistance due to the laminar flow, while in the latter case the resistance is 
high because of the turbulent flow. 


EXAMPLE 2-3-4 For the liquid-level system shown in Fig. 2-35, water or 
any incompressible fluid (i.e., fluid density r is 
constant) enters the tank from the top and exits 
through the valve with resistance R in the bottom. The 
fluid height (also known as head) in the tank is h and 
is variable. The valve resistance is R. Find the system 
equation for the input, q, and output, h. 


A One-Tank Liquid-Level System 


(* 


h 


Figure 2-35 A single-tank liquid-level system. 
SOLUTION The conservation of mass suggests 
dm d(pV) _ 


dt dt 





Pd; — PQ. (2-134) 


where pq, and pq, are the mass flow rate in and out of 
the valve, respectively. Because the fluid density p is a 
constant, the conservation of volume also applies, which 
suggests the time rate of change of the fluid volume 
inside the tank is equal to the difference of incoming and 
outgoing flow rates. 





dV) _ (Ah) | 
dt dt! * alain, 


Recall from Eq. (2-112) the tank fluid capacitance is 


V Ah A 
C=-—=H= aes 


=> =—— = — (2-136) 
P pgh pg 


where P is the rate of change of fluid pressure at the 
outlet valve. From Eq. (2-132), resistance R at the valve, 
assuming a laminar flow, is defined as 


a (2-137) 


where AP = P —P_ is the pressure drop across the 
valve. Relating the pressure to fluid height h, which is 
variable, we get 


F, = Fin + pgh (2-138) 


where P is in the pressure at the valve and P_, is the 


atmospheric pressure. Hence, from Eg. (2-137), we 
obtain 


pgh 
= 2-139 
qo= ( ) 
After combining Eqs. (2-134) and (2-139), and using 
the relationship for capacitance from Eq. (2-136), we get 
the system equation 
dh R 


RC—+h=—4g. 2-140 
dt pg" ( 


Or using Eq. (2-139) we can also find the system 
equation in terms of the volumetric flow rate 


RCq, +4, =4, (2-141) 


where system time constant is t= RC. This system is 
analogous to the electrical system represented by Eq. (2- 


85). 


EXAMPLE 2-3-5 The liquid-level system shown in Fig. 2-36 is the same as 
that in Fig. 2-35, except the drainage pipe is long with 
the length of €. 





Figure 2-36 A single-tank liquid-level system. 


In this case the pipe will have the following inductance 
(P,—P,) = 04, (2-142) 


As in the previous example, at the valve the resistance 


1S 


R=——_—* (2-143) 
1. 
And the tank fluid capacitance is the same as Example 
2-3-4: 
A 
C=— (2-144) 
P§ 


Substituting Eg. (2-143) into Eq. (2-142) and using P. 
= P.,, + pgh, we get 


pgh=Lq,+Rq, (2-145) 
But from the conservation of volume we also have 


— = Ah= qd; —4, (2-146) 


Differentiating Eq. (2-145) we can modify Eg. (2-146) 
in terms of input, q, and output, q.. That is, 


4 +4, =—4 4, (2-147) 
pg pg A’ A 

Using the capacitance formula in Eg. (2-144), Eq. (2- 
147) is modified to 

LCq, +RCq, +4, =4, (2-148) 


EXAMPLE 2-3-6 Consider a double-tank system, as shown in Fig. 2-37, 
with h and h, representing the two tank heights and R 
and R, representing the two valve resistances, 
respectively. We label the pressure in the bottom of 
tanks 1 and 2 as P_ and P., respectively. Further, the 


pressure at the outlet of tank 2 is P, =P. Find the 
differential equations. 


A Two-Tank Liquid-Level System 





Figure 2-37 Two-tank liquid-level system. 


SOLUTION Using the same approach as Example 2- 
3-4, it is not difficult to see for tank 1: 





a(V,) | 
Ah, =i — 4, 
oe Fy =F, ee OP. + pgh, _o + pgh,) (2-149) 
= 4 R = Gj R 
I 1 
and for tank 2: 
d(V,) P-P P-P 
—A h =q q = ] z 2 3 
dt gihky 1 2 R R, 
— (Pam + PSM) = (Poem Ppgt) Vint PR) Pen (2-150) 
R, R, 


Thus, the equations of the system are 


a, + oh _ pale _ 


, 2-151 
R RR ” 


- pg {11 
Ah, -—-—+| —+— h, =0 2+152 
2° 2 R, E R, Jps 2 ( ) 


The SI and other measurement units for variables in fluid systems are 
tabulated in ‘Table 2-5. 


TABLE 2-5 Basic Fluid System Properties and Their Units 


Parameter Symbol Used SI Units Other Units 
Resistance (hydraulic) R N-s/m lb,- s/in” 
Capacitance (hydraulic) C m?/N in’/Ib 

Time constant T=RG s 

Variables 


Pressure: P N/m’; Pa, psi (Ib/in’) 
Volume flow rate: g m?/s; ft’/s in?/s 
Mass flow rate: q_ kg/s; b/s 


2-4 LINEARIZATION OF NONLINEAR 
SYSTEMS 


From the discussions given in the preceding sections on basic system 
modeling, we should realize that most components found in physical systems 
have nonlinear characteristics. In practice, we may find that some devices 
have moderate nonlinear characteristics, or nonlinear properties that would 
occur if they were driven into certain operating regions. For these devices, the 
modeling by linear-system models may give quite accurate analytical results 
over a relatively wide range of operating conditions. However, there are 
numerous physical devices that possess strong nonlinear characteristics. For 
these devices, a linearized model is valid only for limited range of operation 
and often only at the operating point at which the linearization is carried out. 
More importantly, when a nonlinear system is linearized at an operating 
point, the linear model may contain time-varying elements. 


2-4-1 Linearization Using Taylor Series: Classical 
Representation 


In general, Taylor series may be used to expand a nonlinear function f 


(x(t)) about a reference or operating value x(t). An operating value could be 
the equilibrium position in a spring-mass-damper, a fixed voltage in an 
electrical system, steady-state pressure in a fluid system, and so on. A 
function f (x(t)) can therefore be represented in a form 


flxlt)) = Dig (x(t)—x, (0) (2-153) 


where the constant c represents the derivatives of f (x(t)) with respect to 
x(t) and evaluated at the operating point x (t). That is, 





eri (2-154) 
i! dx’ 
Or 
; Hlx(t)) ay Le flat) | 
f (x(t) = f(x, (t)) at (x(t) g(t) +> 7 (x(t) — x, (€)) 
ESO) yg Dp tO Qe yr (2-158) 
66 6dt n't 


If A(x) = x(t) — x(t) is small, the series Eq. (2-155) converges, and a 
linearization scheme may be used by replacing f (x(t)) with the first two terms 


in Eq. (2-155). That is, 


oe = 


F(x(t)) = f (%(t)) + > — (x(t) — x (E)) 


=C, +c, Ax 


(2-156) 


The following examples serve to illustrate the linearization procedure just 
described. 


EXAMPLE 2-4-1 Find the equation of motion of a simple (ideal) pendulum 
with a mass m and a massless rod of length €, hinged 
at point O, as shown in Fig. 2-38. 





mg 


(a) (b) 


Figure 2-38 (a) A simple pendulum. (b) Free-body diagram of mass m. 


SOLUTION Assume the mass is moving in the 
positive direction as defined by angle @. Note that 0 is 
measured from the x axis in the counterclockwise 
direction. The first step is to draw the free-body diagram 
of the components of the system, that is, mass and the 
rod, as shown in Fig. 2-38b. For the mass m, the 
equations of motion are 


dF, =ma (2-157) 
LF, =ma, (2-158) 


where F and F’ are the external forces applied to mass 
m, and a, and a, are the components of acceleration of 
mass m along x and y, respectively. If the position vector 
from point O to mass m is designated by vector R, 
acceleration of mass m is the second time derivative of R, 
and is a vector a with tangential and centripetal 
components. Using the rectangular coordinate frame (x, 
y) representation, acceleration vector is 


VR d’*(¢cos@i+ /sin@)) 
a — SO SD EEE 
dt’ dt* 
=(—06sin@ — 06’ cos@)i + (lOcosO— 06’ sin®) j (2-159) 





where i and J are the unit vectors along x and y 
directions, respectively. As a result, 


Z.. = (—/@sin@— £0’ cos@) (2-160) 
a, =(/@cos@— 0’ sin@) (2-161) 
Considering the external forces applied to mass, we 

have 
»F. =—F,.cos0+mg (2-162) 
> F, =—F, sin@ (2-163) 


Equations (2-241) and (2-242) may therefore be 
rewritten as 


—F,.cos8+mg= m(—0@ sin @— 00’ cos@) (2-164) 
=f. sin@ = m(/@cos@— 00° sin@) (2-165) 


Premultiplying Eg. (2-164) by (-sin@) and Eq. (2-165) 


by (cos@) and adding the two, we get 


—mgsin@ =m (2-166) 
where 
sin°?@+cos°0=1 (2-167) 


After rearranging, Eq. (2-167) is rewritten as 
ml@+mgsin@=0 (2-168) 


Or 


6+= sind=0 (2-169) 


In brief, using static equilibrium position @ = 0 as the 
operating point, for small motions the linearization of the 
system implies @ * @ as shown in Fig. 2-39. 


Linear 
Approximation 
Operating 
Point 8 = 0 


ts 


Phase (degrees) 


186 60 
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Sine wave 


Figure 2-39 Linearization of 6 © @ about @ = 0 operating point. 


Hence, the linear representation of the system is 
6+ 59 =}, Or 


6+0°0=0 (2-170) 


§ 
o, =,|— 

where — iE rad/s is the natural frequency of the 
linearized model. 


EXAMPLE 2-4-2 For the pendulum shown in Fig. 2-38, rederive the 
differential equation using the moment equation. 


SOLUTION The free-body diagram for the moment 
equation is shown in Fig. 2-38b. Applying the moment 
equation about the fixed point O, 


YM, =me?ar 
—(sinO-mg =m (2-171) 


Rearranging the equation in the standard input—output 
differential equation form, 


ml?0+mglsind =0 (2-172) 
Or 


6+ sind=0 (2-173) 
which is the same result obtained previously. For small 
motions, as in the Example 2-4-1, 
sind =@ (2-174) 
The linearized differential equations is 
6+@-0=0 (2-175) 


where, as before 


o. =./£ (2-176) 


2-9 ANALOGIES 


In this section, we demonstrate the similarities among mechanical, thermal, 
and fluid systems with electrical networks. As an example, let us compare 
Eqs. (2-10) and (2-71). It is not difficult to see that the mechanical system in 
Fig. 2-2 is analogous to a series RLC electric network shown in Fig. 2-21. 
These systems are shown in Fig. 2-40. In order to exactly see how 
parameters, M, B, and K are related to R, L, and C; or how the variables y(t) 
and f (t) are related to i(t) and e(t), we need to compare Eas. (2-8) and (2-59). 


Thus, 





(a) (b) 


Figure 2-40 Analogy of a spring-mass-damper system to a series RLC 
network. (a) A spring-mass-damper system. (b) A series RLC equivalent. 


Using a force-voltage analogy, the spring-mass-damper system in 
Fig. 2-2 is analogous to a series RLC electric network shown in Fig. 2- 
19. 


d° y(t) pv, 





M—, 7+ Ky(t)=f) (2-177) 
dit) .. 1¢. 
L—. + Ri(t)+— | i(t) dt =e(t) (2-178) 


This comparison is more properly made upon integrating Eq. (2-177) with 
respect to time. That is, 


=“ 


M——+ Bv(t)+K| v(t) dt= f(t) (2-179) 


where v(t) represents the velocity of mass m. As a result, with this 
comparison, mass M is analogous to inductance L, the spring constant K is 
analogous to the inverse of capacitance 1/C, and the viscous-friction 
coefficient B is analogous to resistance R. Similarly, v(t) and f (t) are 
analogous to i(t) and e(t), respectively. This type of analogy is also known as 


force-voltage analogy. Similar assessment can be made by comparing the 
rotational system in Eq. (2-32) with the RLC network of Example 2-4-1. 

Using a parallel REC network with current as a source, some literature use 
a force-current analogy that is not discussed here.? Comparing the thermal, 


fluid, and electrical systems, similar analogies may be obtained, as shown in 
Table 2-6. 


TABLE 2-6 Mechanical, Thermal, and Fluid Systems and Their 
Electrical Equivalents 


Parameter Relation to 


System Electrical R, L, C Variable Analogy 
Mechanical (translation) Ri(t) = Bv(t) e(t) analogous f(t) 
uO Br(t)eK [vide flo R=B i(t) analogous v(t) 
analogous to —[i(t dt=K f(t dt where 
di(t) C e(t) = voltage 
L—~+ Ri(t)+—|i(t) dt =e(t) 
dt G fx e i(t)=current 
dit) _ aul) f(t)=force 
dt ~=—s- dt v(t) =linear velocity 
L=M 
Mechanical (rotation) R=B e(t) analogous T(t) 
pO Bolt) +Ko() dt=T10 rn! i(t) analogous a(t) 
K where 
analogous to | 
L=J e(t) = voltage 


di(t) sy Le. 
L— + Ri(t)+—filt)dt=elt ee 


T(t)= torque 
(o(t) =angular velocity 


Fluid (incompressible) AP = Ra(t) e(t) analogous AP 


(laminar flow) i(t) analogous q(t) 
R is the fluid resistance, which where 
depends on the flow regime 


q(t)=CP 


e(t) = voltage 
i(t)=current 
C is the fluid capacitance, which AP pressane difference 
depends on flow regime 


t)=vol fl te 
L=* (flow in a pipe) q(t) = volume flow rate 


Where L is the fluid inductance 


(aka inertance) 

A =area of cross section 
[=length 

0 = fluid density 


Thermal Re AT e(t) analogous T(t) 
q i(t) analogous q(t) 
R is the thermal resistance where 
id e(t) = voltage 
f= C \q dt 


i(t)=current 
C is the thermal capacitance 
T(t)= temperature 


g(t) = heat flow 


A 


C=— 
EXAMPLE 2-5-1 For the liquid-level system shown in Fig. 2-35, =P is 
pa Ppsh 
the capacitance and 7. is the resistance. Asa 


result, system time constant is T = RC. 


A One-Tank Liquid-Level System 


SOLUTION In order to design a speed, position, or 
any type of control system, the first task at hand is to 
arrive at a mathematical model of the system. This will 
help us to “properly” develop the best controller for the 
required task (e.g., proper positioning of the arm in a pick 
and place operation). 

A general advice is to use the simplest model you can 
that is “good enough!” In this case, we can assume the 
effective mass of the arm and the mass of payload are 
concentrated at the end of a massless rod, as shown in 
Fig. 2-41. You can experimentally arrive at what mass m 
in your model should be. See App. D for details. 





Figure 2-41 One-degree-of-freedom arm with required components. 


As in Example 2-2-1, is moving in the positive 
direction as defined by angle @. Note that 0 is measured 
from the x axis in the counterclockwise direction. For the 
mass m, the equations of motion may be obtained by 
taking a moment about point O, we get 


\'M, =T =m0’6 (2-180) 


where T is the external torque applied by the motor to 
accelerate the mass. 

In Chap. 6, we significantly augment this model by 
adding the model of the motor. 


2-6 PROJECT: INTRODUCTION TO LEGO 
MINDSTORMS NXT MOTOR—MECHANICAL 
MODELING 


This section provides a simple, yet practical, project for you to better 
appreciate the theoretical concepts that have been discussed so far. 

The goal of this project is further to build a one-degree-of-freedom robot 
using the LEGO MINDSTORMS NXT motor, shown in Fig. 2-42, and to 
arrive at the mathematical model of the mechanical one-degree of freedom 
arm. This example is followed through in Chaps. 6, 7, 8, and 11. The detailed 
discussion on this topic is provided in App. D, with the objective to provide 
you with a series of experiments for measuring a dc motor’s electrical and 
mechanical properties, and ultimately, to create a mathematical model for 
the motor and the robot arm shown in Fig. 2-42 for controller design 
purposes. 


The first objective of this project is to help you better understand how 
to measure a dc motor’s electrical and mechanical characteristics and 
ultimately create a model for the motor. 
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Figure 2-42 A simplified model of a one-degree-of-freedom robotic arm. 


As shown in Fig. 2-42, the components of our robotic system include an 
NXT brick, an NXT motor, and several LEGO pieces found in the basic 
LEGO MINDSTORMS kit, which are used here to construct a one-degree-of- 
freedom arm. The arm is to pick up a payload and drop it into the cup, which 
is located at a specified angle while data are sampled in Simulink. 
Programming is done on the host computer using Simulink and is uploaded 
on to the NXT brick via USB interface. The brick then provides both power 


and control to the arm via the NXT cables. Additionally, there is an optical 
encoder located behind the motor which measures the rotational position of 
the output shaft with one-degree resolution. The host computer samples 
encoder data from the NXT brick via a Bluetooth connection. In order for the 
host computer to recognize the NXT brick, the host computer must be paired 
with the NXT brick when setting up the Bluetooth connection.° 


2-7 SUMMARY 


This chapter is devoted to the mathematical modeling of basic dynamic 
systems, including various examples of mechanical, electrical, thermal, and 
fluid systems. Using the basic modeling principles such as Newton’s second 
law of motion, Kirchhoft’s law, or conservation of mass the model of these 
dynamic systems are represented by differential equations, which may be 
linear or nonlinear. However, due to space limitations and the intended scope 
of this text, only some of the physical devices used in practice are described. 

Because nonlinear systems cannot be ignored in the real world, and this 
book is not devoted to the subject, we introduced the linearization of 
nonlinear systems at a nominal operating point. Once the linearized model is 
determined, the performance of the nonlinear system can be investigated 
under the small-signal conditions at the designated operating point. 

Finally, in this chapter we establish analogies between mechanical, 
thermal, and fluid systems with equivalent electrical networks. 
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PROBLEMS 
PROBLEMS FOR SEC. 2-1 


2-1. Find the equation of the motion of the mass-spring system shown in 
Fig. 2P-1. Also calculate the natural frequency of the system. 


/ 





To 
Figure 2P-1 
2-2. Find its single spring-mass equivalent in the five-spring one-mass 


system shown in Fig. 2P-2. Also calculate the natural frequency of the 
system. 





Figure 2P-2 


2-3. Find the equation of the motion for a simple model of a vehicle 
suspension system hitting a bump. As shown in Fig. 2P-3, the mass of wheel 
and its mass moment of inertia are m and J, respectively. Also calculate the 
natural frequency of the system. 





Figure 2P-3 


2-4. Write the force equations of the linear translational systems shown 
in Fig. 2P-4. 


; fit) 





\ 


(b) (C) 


Figure 2P-4 


2-5. Write the force equations of the linear translational system shown in 
Fig. 2P-5. 





yy 
f(t) + Mg f(t) + Mg 
(a) (b) 





Figure 2P-5 


2-6. Consider a train consisting of an engine and a car, as shown in Fig. 
2P-6. 









—— 
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Figure 2P-6 


A controller is applied to the train so that it has a smooth start and stop, 
along with a constant-speed ride. The mass of the engine and the car are M 
and m, respectively. The two are held together by a spring with the stiffness 
coefficient of K. F represents the force applied by the engine, and m 
represents the coefficient of rolling friction. If the train only travels in one 
direction: 


(a) Draw the free-body diagram. 


(b) Find the equations of motion. 


2-7. A vehicle towing a trailer through a spring-damper coupling hitch is 
shown in Fig. 2P-7. The following parameters and variables are defined: M is 
the mass of the trailer; K,, the spring constant of the hitch; B,, the viscous- 
damping coefficient of the hitch; B, the viscous-friction coefficient of the 
trailer; y(t), the displacement of the towing vehicle; y,(t), the displacement of 
the trailer; and f (t), the force of the towing vehicle. 


(t),y,(t ya(t) 
F(DY (0 K, 
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Figure 2P-7 
Write the differential equation of the system. 


2-8. Assume that the displacement angles of the pendulums shown in 
Fig. 2P-8 are small enough that the spring always remains horizontal. If the 
rods with the length of L are massless and the spring is attached to the rods % 
from the top, find the state equation of the system. 





Figure 2P-8 


2-9. (Challenge Problem) Figure 2P-9 shows an inverted pendulum on a 
cart. 


Motor 





Figure 2P-9 


If the mass of the cart is represented by M and the force f is applied to hold 
the bar at the desired position, then 


(a) Draw the free-body diagram. 
(b) Determine the dynamic equation of the motion. 


2-10. (Challenge Problem) A two-stage inverted pendulum on a cart is 
shown in Fig. 2P-10. 


Motor 





Figure 2P-10 


If the mass of the cart is represented by M and the force f is applied to hold 
the bar at the desired position, then 


(a) Draw the free-body diagram of mass M. 
(b) Determine the dynamic equation of the motion. 


2-11. (Challenge Problem) Figure 2P-11 shows a well-known “ball and 
beam” system in control systems. A ball is located on a beam to roll along the 
length of the beam. A lever arm is attached to the one end of the beam and a 
servo gear is attached to the other end of the lever arm. As the servo gear 
turns by an angle 0, the lever arm goes up and down, and then the angle of 
the beam is changed by a. The change in angle causes the ball to roll along 
the beam. A controller is desired to manipulate the ball’s position. 
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Figure 2P-11 


Assuming: 

m = mass of the ball 

r = radius of the ball 

d = lever arm offset 

g = gravitational acceleration 
L = length of the beam 

J = ball’s moment of inertia 
p = ball position coordinate 
a = beam angle coordinate 

0 = servo gear angle 


Determine the dynamic equation of the motion. 


2-12. The motion equations of an aircraft are a set of six nonlinear 
coupled differential equations. Under certain assumptions, they can be 
decoupled and linearized into the longitudinal and lateral equations. Figure 
4P-12 shows a simple model of airplane during its flight. Pitch control is a 
longitudinal problem, and an autopilot is designed to control the pitch of the 
airplane. 


Lift 





Figure 2P-12 


Consider that the airplane is in steady-cruise at constant altitude and 
velocity, which means the thrust and drag cancel out and the lift and weight 
balance out each other. To simplify the problem, assume that change in pitch 
angle does not affect the speed of an aircraft under any circumstance. 


Determine the longitudinal equations of motion of the aircraft. 


2-13. Write the torque equations of the rotational systems shown in Fig. 
2P-13. 
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Figure 2P-13 


2-14. Write the torque equations of the gear-train system shown in Fig. 
2P-14. The moments of inertia of gears are lumped as J, J,, and J,. T (t) is the 
applied torque; N., N,, N,, and N, are the number of gear teeth. Assume rigid 
shafts. 

(a) Assume that J, J,, and J, are negligible. Write the torque equations of 
the system. Find the total inertia the motor sees. 

(b) Repeat part (a) with the moments of inertia J, J,, and J.. 





Figure 2P-14 


2-15. Figure 2P-15 shows a motor-load system coupled through a gear 
train with gear ratio n = N/N.. The motor torque is T (t), and T(t) represents a 
load torque. 

(a) Find the optimum gear ratio n* such that the load acceleration a, = 
d’0 /dt’ is maximized. 

(b) Repeat part (a) when the load torque is zero. 
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Figure 2P-15 


2-16. Figure 2P-16 shows the simplified diagram of the printwheel 


control system of a word processor. The printwheel is controlled by a dc 
motor through belts and pulleys. Assume that the belts are rigid. The 
following parameters and variables are defined: T (t) is the motor torque; 

0 (t), the motor displacement; y(t), the linear displacement of the printwheel; 
J, the motor inertia; B , the motor viscous-friction coefficient; r, the pulley 
radius; M, the mass of the printwheel. 


Write the differential equation of the system. 


Printwheel 





Figure 2P-16 


2-17. Figure 2P-17 shows the diagram of a printwheel system with belts 
and pulleys. The belts are modeled as linear springs with spring constants K_ 


and K.. 


Write the differential equations of the system using @ and yas the 
dependent variables. 





Figure 2P-17 


2-18. Classically, the quarter-car model is used in the study of vehicle 
Suspension systems and the resulting dynamic response due to various road 


inputs. Typically, the inertia, stiffness, and damping characteristics of the 
system as illustrated in Fig. 2P-18a are modeled in a two-degree of freedom 
(2-DOF) system, as shown in Fig. 2P-18b. Although a 2-DOF system is a 
more accurate model, it is sufficient for the following analysis to assume a 1- 
DOF model, as shown in 2P-18c. 


Find the equations of motion for absolute motion x and the relative motion 
(bounce) z = x — y. 


| X 
m 





Figure 2P-18 Quarter-car model realization. (a) Quarter car. (b) Two 
degrees of freedom. (c) One degree of freedom. 


2-19. The schematic diagram of a motor-load system is shown in Fig. 2P- 
19. The following parameters and variables are defined: T (t), the motor 
torque; w (t), the motor velocity; 0 (t), the motor displacement; w (t), the load 
velocity; 0 (t), the load displacement; K, the torsional spring constant; J, the 
motor inertia; B , the motor viscous-friction coefficient; and B,, the load 
viscous-friction coefficient. 


Write the torque equations of the system. 
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Figure 2P-19 


2-20. This problem deals with the attitude control of a guided missile. 
When traveling through the atmosphere, a missile encounters aerodynamic 
forces that tend to cause instability in the attitude of the missile. The basic 
concern from the flight-control standpoint is the lateral force of the air, which 
tends to rotate the missile about its center of gravity. If the missile centerline 
is not aligned with the direction in which the center of gravity C is traveling, 
as shown in Fig. 2P-20, with angle 0, which is also called the angle of attack, 
a side force is produced by the drag of the air through which the missile 
travels. The total force F_ may be considered to be applied at the center of 
pressure P. As shown in Fig. 2P-20, this side force has a tendency to cause 
the missile to tumble end over end, especially if the point P is in front of the 
center of gravity C. Let the angular acceleration of the missile about the point 
C, due to the side force, be denoted by a,. Normally, a, is directly 
proportional to the angle of attack @ and is given by 





Figure 2P-20 


where K,=a constant that depends on such parameters as dynamic pressure, velocity of the missile, 
air density, and so on, and 


J = missile moment of inertia about C 


d = distance between C and P 


The main objective of the flight-control system is to provide the stabilizing 
action to counter the effect of the side force. One of the standard control 
means is to use gas injection at the tail of the missile to deflect the direction 
of the rocket engine thrust T, as shown in Fig. 2P-20. 


(a) Write a torque differential equation to relate among T, 6, 0, and the 
system parameters given. Assume that 6 is very small, so that sin d(t) is 
approximated by d(t). 

(b) Repeat parts (a) with points C and P interchanged. The d_ in the 
expression of a, should be changed to d.. 


2-21. Figure 2P-21qa shows a well-known “broom-balancing” system in 
control systems. The objective of the control system is to maintain the broom 
in the upright position by means of the force u(t) applied to the car as shown. 
In practical applications, the system is analogous to a one-dimensional 
control problem of the balancing of a unicycle or a missile immediately after 
launching. The free-body diagram of the system is shown in Fig. 2P-215, 
where 





Figure 2P-21 


¢ f = force at broom base in horizontal direction 

¢ f, = force at broom base in vertical direction 

¢ M,=mass of broom 

¢ g = gravitational acceleration 

¢ M =mass of car 

¢ J, =moment of inertia of broom about center of gravity CG = ML/3 


(a) Write the force equations in the x and the y directions at the pivot 
point of the broom. Write the torque equation about the center of gravity CG 
of the broom. Write the force equation of the car in the horizontal direction. 


(b) Compare your results with those in Prob. 2-9. 


2-22. Most machines and devices have rotating parts. Even a small 
irregularity in the mass distribution of rotating components can cause 
vibration, which is called rotating unbalanced. Figure 2P-22 represents the 
schematic of a rotating unbalanced mass of m. Assume that the frequency of 
rotation of the machine is w. 


Derive the equations of motion of the system. 
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Figure 2P-22 


2-23. Vibration absorbers are used to protect machines that work at the 
constant speed from steady-state harmonic disturbance. Figure 2P-23 shows a 
simple vibration absorber. 


fd 





Figure 2P-23 


Assuming the harmonic force F(t) = Asin(q@t) is the disturbance applied to 
the mass M, derive the equations of motion of the system. 


2-24. Figure 2P-24 represents a vibration absorption system. 


Assuming the harmonic force F(t) = Asin(q@t) is the disturbance applied to 
the mass M, derive the equations of motion of the system. 





Figure 2P-24 


2-25. An accelerometer is a transducer as shown in Fig. 2P-25. 


Find the dynamic equation of motion. 





Figure 2P-25 


PROBLEMS FOR SEC. 2-2 
2-26. Consider the electrical circuits shown in Fig. 2P-26a and b. 
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Figure 2P-26 


For each circuit find the dynamic equations. 


2-27. Ina strain gauge circuit, the electrical resistance in one or more of 
the branches of the bridge circuit, shown in Fig. 2P-27, varies with the strain 
of the surface to which it is rigidly attached to. The change in resistance 
results in a differential voltage that is related to the strain. The bridge is 
composed of two voltage dividers, so the differential voltage Ae can be 
expressed as the difference in e and e.. 





Figure 2P-27 


(a) Find Ae. 

(b) If the resistance R, is has a fixed value of R>, plus a small increment in 
resistance, 5R, then R:=R:+5R, For equal resistance values (R, = R, = R, = R2= 
R), rewrite the bridge equation (i.e., for Ae). 


2-28. Figure 2P-28 shows a circuit made up of two RC circuits. Find the 
dynamic equations of the system. 
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Figure 2P-28 


2-29. For the Parallel RLC Circuit, shown in Fig. 2P-29, find the dynamic 
equations of the system. 





Figure 2P-29 


PROBLEMS FOR SEC. 2-3 


2-30. Hot oil forging in quenching vat with its cross-sectional view is 
shown in Fig. 2P-30. 
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Figure 2P-30 


The radii shown in Fig. 20-30 are r, r,, and r, from inside to outside. The 
heat is transferred to the atmosphere from the sides and bottom of the vat and 
also the surface of the oil with a convective heat coefficient of k. Assuming: 


k = thermal conductivity of the vat 

k = thermal conductivity of the insulator 
Cc = specific heat of the oil 

d = density of the oil 

c = specific heat of the forging 

m = mass of the forging 

A = surface area of the forging 

h = thickness of the bottom of the vat 

T = ambient temperature 


Determine the system model when the temperature of the oil is desired. 


2-31. A power supply within an enclosure is shown in Fig. 2P-31. 
Because the power supply generates lots of heat, a heat sink is usually 
attached to dissipate the generated heat. Assuming the rate of heat generation 
within the power supply is known and constant, Q, the heat transfers from the 
power supply to the enclosure by radiation and conduction, the frame is an 
ideal insulator, and the heat sink temperature is constant and equal to the 
atmospheric temperature, determine the model of the system that can give the 
temperature of the power supply during its operation. Assign any needed 
parameters. 
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Figure 2P-31 


2-32. Figure 2P-32 shows a heat exchanger system. 
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Figure 2P-32 


Assuming the simple material transport model represents the rate of heat 
energy gain for this system, then 


(mc)(T, _ be ) = A eained 


where m represents the mass flow, T and T, are the entering and leaving 
fluid temperature, and c shows the specific heat of fluid. 


If the length of the heat exchanger cylinder is L, derive a model to give the 
temperature of fluid B leaving the heat exchanger. Assign any required 
parameters, such as radii, thermal conductivity coefficients, and the 


thickness. 


2-33. Vibration can also be exhibited in fluid systems. Figure 2P-33 
shows a U-tube manometer. 





Figure 2P-33 


Assume the length of fluid is L, the weight density is m, and the cross- 
section area of the tube is A. 


(a) Write the state equation of the system. 
(b) Calculate the natural frequency of oscillation of the fluid. 


2-34. A long pipeline connects a water reservoir to a hydraulic generator 
system as shown in Fig. 2P-34. 





Figure 2P-34 


At the end of the pipeline, there is a valve controlled by a speed controller. 
It may be closed quickly to stop the water flow if the generator loses its load. 
Determine the dynamic model for the level of the surge tank. Consider the 
turbine-generator is an energy converter. Assign any required parameters. 


2-35. A simplified oil well system is shown in Fig. 2P-35. In this figure, 
the drive machinery is replaced by the input torque, T (t). Assuming the 
pressure in the surrounding rock is fixed at P and the walking beam moves 
through small angles, determine a model for this system during the upstroke 
of the pumping rod. 
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Figure 2P-35 


2-36. Figure 2P-36 shows a two-tank liquid-level system. Assume that Q. 
and Q) are the steady-state inflow rates, and H_ and H, are steady-state heads. 
If the other quantities shown in Fig. 2P-36 are supposed to be small, derive 
the state-space model of the system when h, and h, are outputs of the system 
and q., and q,, are the inputs. 
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Figure 2P-36 
PROBLEMS FOR SEC. 2-4 


2-37. Figure 2P-37 shows a typical grain scale. 


Assign any required parameters. 
(a) Find the free-body diagram. 


(b) Derive a model for the grain scale that determines the waiting time for 
the reading of the weight of grain after placing on the scale platform. 


(c) Develop an analogous electrical circuit for this system. 
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Figure 2P-37 


2-38. Develop an analogous electrical circuit for the mechanical system 


shown in Fig. 2P-38. 





Figure 2P-38 


2-39. Develop an analogous electrical circuit for the fluid hydraulic 
system shown in Fig. 2P-39. 
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Figure 2P-39 


PROBLEMS FOR SEC, 2-5 


See Chap. 3 for more linearization problems. 


“In more complex applications, advanced modeling topics such as Lagrange’s approach may be used 
as alternatives to Newton’s modeling approach. 

‘Rotations about an arbitrary axis or an axis passing through the rigid body center of mass are 
represented by different equations. The reader should refer to a textbook on dynamics of rigid bodies 
for a more detailed exposure to this topic. 

“For more in-depth study of this subject, refer to Refs. 1 to 7. 

“For a more in-depth study of this subject, refer to Refs. 1 to 7. 

"In a force-current analogy, f(t) and v(t) are analogous to i(t) and e(t), respectively, while M, K, and 
B are analogous to C, 1/L, and 1/R, respectively. 

°For instructions on setting up the Bluetooth connection, visit 
http://www.mathworks.com/matlabcentral/fileexchange/35206-simulink-support-package-for-lego- 
mindstorms-nxt-hardware/content/lego/legodemos/html/publish lego communication.html#4. 





Solution of Differential Equations of 
Dynamic Systems 


Before starting this chapter, the reader is encouraged to refer to App. B to 
review the theoretical background related to complex variables. 

As mentioned in Chap. 2, the design process of a control system starts with 
development of a mathematical model of the system, represented by 
differential equations. In this textbook, as in many conventional control 
engineering applications, we consider systems that are modeled by ordinary 
differential equations—as opposed to partial differential equations. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 
1. Convert linear time-invariant ordinary differential equations into the 
Laplace domain. 
2. Find the transfer function, poles and zeros of differential equations, 
represented in the Laplace domain. 
3. Find the response of linear time-invariant differential equations using 
inverse Laplace transforms. 
4. Understand the behavior of first and prototype second-order 
differential equations. 
5. Find the state space representation of linear time-invariant 
differential equations. 
6. Find the response of state space equations using inverse Laplace 
transforms. 
7. Find transfer functions using the state space approach. 
8. Find the state space representation, from the transfer function of the 
system. 


Once we obtain the equations of the system, we need to develop a set of 
analytical and numerical tools that can assist us with a clear understanding of 
the performance of the system. This is an important step in advance of 
extending the design of a control system to a prototype or the actual system. 
Two most common tools for studying the behavior of (i.e., the solution of) a 
control system are the transfer function and the state-variable methods. 
Transfer functions are based on the Laplace transform technique and are valid 
only for linear time-invariant systems, whereas the state equations can be 
applied to linear as well as nonlinear systems. 

In this chapter, we review ordinary time-invariant differential equations 
and how they are treated utilizing the Laplace transforms or the state space 
approach. The main objectives of this chapter are 


° To review ordinary time-invariant differential equations. 

° To review the fundamentals of Laplace transforms. 

° To demonstrate the applications of Laplace transforms to solve linear 
ordinary differential equations. 

* To introduce the concept of transfer functions and how to apply them 
to the modeling of linear time-invariant systems. 

¢ To introduce state space systems. 


° To provide examples on how Laplace transforms and state space 
systems are used to solve differential equations. 


Because some of these topics are considered as review material for the 
reader, the treatment of these subjects will not be exhaustive. Additional 
Supplemental material can be found in appendices. 


3-1 INTRODUCTION TO DIFFERENTIAL 
EQUATIONS 


As discussed in Chap. 2, a wide range of systems in engineering are 
modeled mathematically by differential equations. These equations generally 
involve derivatives (or integrals) of the dependent variables with respect to 
the independent variable—usually time. For instance, as shown in Sec. 2-2-2, 
a series electric RLC (resistance-inductance-capacitance) network, shown in 
Fig. 3-1q, can be represented by the differential equation: 





Figure 3-1 (a) A series RLC network. (b) A spring-mass-damper system. 


rc ee) pc Hel?) Do t= elt) (3-1) 
dt? dt . 
or alternatively, 
p< + Ri(t)+ [= MD) = e(t) (3-2) 


Similarly from Sec. 2-1-1, a simple mass-spring-dashpot mechanism, 
shown in Fig. 3-1b, may be modeled using the Newton’s second law as 


d° a“ dy(t) 
dt 





M (t)+ B——+ Ky(t)= f(t) (3-3) 


Recall from Chap. 2 that these two systems are analogous, and they can 
both be represented by a standard prototype second-order system of the 
form: 


P(t)+ 26o, p(t) + @, y(t) =, u(t) (3-4) 


3-1-1 Linear Ordinary Differential Equations 


In general, the differential equation of an nth-order system is written as 
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which is also known as a linear ordinary differential equation if the 
coefficients a,,a,....a_,andb,,b,...,5, are real constants and are not functions 
of y(t). In control systems, the terms u(t) and y(t) are known as the input and 
the output of the system, respectively, for t >t. Note that, in general, there 
may be more than one input function applied to Eq. (3-5). But since the 
system is linear, we can utilize the principle of superposition and study the 
effect of each input on the system separately. 

A first-order linear ordinary differential equation is therefore in the general 
form 


es ayylt)= f(0 (3-6) 


and the second-order general form of a linear ordinary differential equation 
is 
d y(t) dylt) 


7p a tM ylt)= FEE) (3-7) 


In this text, we primarily study systems represented by ordinary differential 
equations. As we saw, in Chap. 2, there are systems—for example, fluid and 
heat transfer systems—that are actually modeled by partial differential 
equations. In that case, these system equations are modified—under special 
circumstances such as restricting the fluid flow in one direction—and are 
converted into ordinary differential equations. 


3-1-2 Nonlinear Differential Equations 


Many physical systems are nonlinear and must be described by nonlinear 
differential equations. For instance, the differential equation describing the 
motion of a pendulum of mass m and length @, Eq. (2-169), is 


6+ = sind = 0 (3-8) 


Because in Eq. (3-8), sin@(t) is nonlinear, the system is a nonlinear 
system. In order to be able to treat a nonlinear system, in most engineering 
practices, the corresponding equations are linearized, about a certain 
operating point, and are converted into a linear ordinary differential equation 
form. In this case using static equilibrium position @ = 0 as the operating 
point, for small motions, the linearization of the system implies 0 * @, or 


6+ 0=0 (3-9) 


See Sec. 2-4 for more details on Taylor series linearization technique. Also 
you may wish to refer to Sec. 3-9 where this topic is revisited in matrix 
format. 


3-2 LAPLACE TRANSFORM 


Laplace transform technique is one of the mathematical tools used to solve 
linear ordinary differential equations. This approach is very popular in the 
study of control systems because of the following two features: 


Laplace transform is one of the techniques used to solve linear 
ordinary differential equations. 


1. The homogeneous and the particular components in the solution of 
the differential equation are obtained in one operation. 


2. The Laplace transform converts the differential equation into simple 
to manipulate algebraic form—in what is known as the s-domain. 


3-2-1 Definition of the Laplace Transform 


Given the real function f (t) that satisfies the condition: 


J |F@e*|dt <ee (3-10) 


for some finite, real o, the Laplace transform of f (t) is defined as 
F(s)=|_ (Qe “dt (3-11) 
or 
F(s) = Laplace transform of f(t) = LI f(t)] (3-12) 


The variable s is referred to as the Laplace operator, which is a complex 


variable; that is, s = o + j@, where a is the real component, J = —! and @ is 
the imaginary component. 

The defining equation in Eq. (3-12) is also known as the one-sided 
Laplace transform, as the integration is evaluated from t = 0 to «©, This 
simply means that all information contained in f(t) prior to t = 0 is ignored or 
considered to be zero. This assumption does not impose any limitation on the 
applications of the Laplace transform to linear systems, since in the usual 
time-domain studies, time reference is often chosen at t = 0. Furthermore, for 
a physical system when an input is applied at t = 0, the response of the system 
does not start sooner than t = 0.1 Such a system is also known as being causal 
or simply physically realizable. 

The following examples illustrate how Eq. (3-12) is used for the evaluation 
of the Laplace transform of f(t). 


EXAMPLE 3-2-1 Let f(t) be a unit-step function that is defined as 


ne (3-13) 
JO) =u()= l, t20 
The Laplace transform of f(t) is obtained as 
c - 1 _,{ 1 
F(s) = Llu, (t)]= | _u,(t)e“ dt=--e"| =- (3-14) 
S 0 § 





Eq. (3-14) is valid if 


J |u(e*|dt =| |e" |dt <x (3-15) 


which means that the real part of s, o , must be greater 
than zero. Having said that, ,, __,,., we simply refer to the 
Laplace transform of the unit-step function as 1/s. 


EXAMPLE 3-2-2 Consider the exponential function 
f(t)=e™ t20 (3-16) 


where @ is a real constant. The Laplace transform of 
f(t) is written 


as a eter - l 
F(s)= | ge" dts = (3-17) 
0 StH |, Sta 








Toolbox 3-2-1 
Use the MATLAB symbolic toolbox to find the Laplace transforms. 


>> laplace(£) 
ans = 
24/s°5 


3-2-2 Important Theorems of the Laplace Transform 


The applications of the Laplace transform in many instances are simplified 
by utilization of the properties of the transform. These properties are 
presented in Table 3-1 for which no proofs are given here. 


TABLE 3-1 Theorems of Laplace Transforms 


Multiplication by a 
constant 


Sum and difference 


Differentiation 


Integration 


Shift in time 


LU kf (t)]=kP(s) 


LA (O+ L(OI= F(s)£E (5) 





df(t 
0 

gO s)-f0 
oO er s" £(0) Pia “Fi (g) aoe fN(Q) 
where 

a’ f(t 
(k) ()= 

p'(0) i | 
denotes the kth-order derivative of f(t) with respect to t, evaluated at t=0. 
c\f (oat |=" 

0 s 


; 
c frm [fe (t)dtdt,dt, - dt,.|-—> 


Lif(t-T)u.(t-T)]=e™F(s) 


where u (tT) denotes the unit-step function that is shifted in time to 
the right by T. 


Initial-value theorem jy f(t)=limsF(s) 


Final-value theorem lim f(t) )=limsF(s ) if sF(s) does not have poles on or to the right of the 


imaginary axis in the s-plane. 

The final-value theorem is very useful for the analysis and design of 
control systems, because it gives the final value of a time function by 
knowing the behavior of its Laplace transform at s = 0. 


Complex shifting cle fo) = F(sta) 


Real convolution B(s)E )=e| f fle FOF nr 
» dfvese-ne) canon 


where the symbol * denotes convolution in the time domain. 
In — 


LTRS )E(s)]4 OA 


Complex convolution LIF (OF (I= F(s)*E(s) 


where * denotes complex convolution in this case. 


3-2-3 Transfer Function 


In classical control, transfer functions are used to represent input-output 
relations between variables. Let us consider the following nth-order 
differential equation with constant real coefficients: 


d a YE) eg oe ha, y(t) 
ar” dt” dt 
—p dull) de ult) | +b, me, u(t) (3-18) 





ee gh eet apt 


The transfer function between a pair of input and output variables is 
the ratio of the Laplace transform of the output to the Laplace transform 
of the input. 


The coefficients a,a,,...a_,and b,b,...b6. are real constants. Once the input 
u(t) for t >t, and the initial conditions of y(t) and the derivatives of y(t) are 
specified at the initial time t = t,, the output response y(t) for t = t, is 
determined by solving Eq. (3-18). 

The transfer function of Eq. (3-18) is a function G(s), defined as 


G(s)= Ll g(t)] (3-19) 


Taking the Laplace transform on both sides of the equation and assume 
zero initial conditions. The result is 


s" +4, 8°) +-—-+as+a, )¥(s)=(b5" +b. 8" +-+b84+5, Uls) (3-20) 
n—l ] 0 m ] 0 


m-1 
The transfer function between u(t) and y(t) is given by 


m m—| 
_Y(s) _ 6,8" +6, )8" +21: +05 +b, 
n n—l 
U(s) sta," +-—+as+a, 





G(s) (3-21) 


The properties of the transfer function? are summarized as follows: 


¢ The transfer function of a linear system of differential equations is the 
ratio of the Laplace transform of the output to the Laplace transform of 
the input. 


¢ All initial conditions of the system are set to zero. 
° The transfer function is independent of the input of the system. 


3-2-4 Characteristic Equation 


The characteristic equation of a linear system is defined as the equation 
obtained by setting the denominator polynomial of the transfer function to 
zero. Thus, for the system described by differential equation shown in Eq. (3- 
18), the characteristic equation of the system is obtained from the 
denominator of the transfer function in Eq. (3-21) so that 


s"+a,)s") ++-+asta,=0 (3-22) 


n—l 


3-2-5 Analytic Function 


A function G(s) of the complex variable s is called an analytic function in 
a region of the s-plane if the function and all its derivatives exist in the 
region. For instance, the function 


G(s) (3-23) 





- s(s+1) 


is analytic at every point in the s-plane except at the points s = 0 and s = — 
1. At these two points, the value of the function is infinite. As another 
example, the function G(s) = s + 2 is analytic at every point in the finite s- 
plane. 


3-2-6 Poles of a Function 


A pole, also known as a singularity, plays a very important role in the 
studies of classical control theory. Loosely speaking, the poles of a transfer 
function in Eg. (3-21) are the points in the Cartesian coordinate frame (aka 
the s-plane) at which the function becomes infinite. In other words, the poles 
are also the roots of the characteristic Eq. (3-22), which make the 
denominator of G(s) to become equal to zero.’ 

If the denominator of G(s) includes the factor (s — p)’, for r =1, the pole at s 
= p, is called a simple pole; for r = 2, the pole at s = p is of order two; etc. 


As an example, the function 


G(s) = 10s+2)_ — 
s(s+1)(s+3) 
has a pole of order 2 at s = —3 and simple poles at s = 0 and s = -1. It can 
also be said that the function G(s) is analytic in the s-plane except at these 
poles. See Fig. 3-2 for the graphical representation of the finite poles of the 
system in the s-plane. 





10(s+2) 


Figure 3-2 Graphical representation of s(s+1)(s+3)° in the s- 
plane: x poles and O zeros. 


3-2-7 Zeros of a Function 


The zeros of a transfer function G(s) in Eg. (3-24) are the points in the s- 
plane at which the function becomes zero. 

If the numerator of G(s) includes the factor (s — z,)’, for r =1, the zero at s = 
zis called a simple zero; for r = 2, the zero at s = z is of order two; and so 
on. 

In other words, the zeros of G(s) are also the roots of the numerator 
equation in Eq. (3-24).! For example, the function in Eq. (3-24) has a simple 
zero at Ss =-2. 

Mathematically speaking, the total number of poles equals the total 
number of zeros, counting the multiple-order poles and zeros and taking into 
account the poles and zeros at infinity. The function in Eq. (3-24) has four 
finite poles at s = 0, —1, —3, and —3; there is one finite zero at s = —2, but there 
are three zeros at infinity, because 


10 
lim G(s) = lim =0 (3-25) 


s—oo soe § 


Therefore, the function has a total of four poles and four zeros in the entire 
s-plane, including infinity. See Fig. 3-2 for the graphical representation of the 
finite zeros of the system. 


Practically speaking, we only consider the finite poles and zeros of a 
function. 


Toolbox 3-2-2 


For Eq. (3-23), use “zpk" to create zero-pole- Alternatively use: 

gain models by the following sequence of MATLAB >> clear all 

functions ce BEG gs" |) 

>> G = zpk([-2], [0 -1 -3 -3],10) >> Gp=10* (s+2) / (s* (s+1) * (+3) °2] 
Zero/pole/gain: Transfer function: 

10 (s+2) 10 s + 20 

(s+1) (s+3)°2 


g°4-4 TOS 415 2 HOG 


Convert the transfer function to polynomial form 
>> Gp=tf (G) 

Transfer function: 

10s + 20° 

s°4475°34159'2 498 


Use “pole” and “zero” to obtain the poles and Convert the transfer function Gp to zero- 
zeros of the transfer function pole-gain form 
>> pole(Gp) >> Gzpk=zpk (Gp) 

ans = Zero/pole/gain: 
0 10 (+2) 

“1 s (s+3)"2 (s+1) 
-3 

-3 

>> zero(Gp} 

ans = 

-2 


3-2-8 Complex Conjugate Poles and Zeros 


When dealing with the time response of control systems, see Chap. 7, 
complex-conjugate poles (or zeros) play an important role, and as a result, 


they deserve special treatment here. Consider the transfer function 


@” 
Ey), *—_; (3-26) 
s°+2C@,s+@- 


Let us assume that the value of ¢ is less than 1, so that G(s) has a pair of 
simple complex-conjugate poles at 


s=s,=-—oO+jo@ and s=s,=—o—j@ (3-27) 
where 
T= C0) (3-28) 
and 
O=0,./1-C° (3-29) 


The poles in Eq. (3-27) are represented in rectangular form, where 


:= V-1, (—o,@), and (—o,—@) are real and imaginary coefficients of s and s,, 
respectively. Focusing on (—o,q@), it represents a point in the s-plane as shown 
in Fig. 3-3. A point in a rectangular coordinate frame may also be defined by 
a vector R and an angle @. It is then easy to see that 


J@ 





Figure 3-3 A pair of complex conjugate poles in the s-plane. 


—0O = Ksing (3-30) 
@ = Rcos@ 


where 
R= magnitude of s 


@ = phase of s and is measured from the o (real) axis. Right-hand rule 
convention: positive phase is in counterclockwise direction. 


Hence, 


R=Vo°+@° 


(3-31) 
= tan” Lf 
—@ 
Introducing Eg. (3-30) into sin Eq. (3-27), we get 
s=s, = R(cos@+ jsing) (3-32) 


Upon comparison of Taylor series of the terms involved, it is easy to 
confirm 


e” =coso+ jsing (3-33) 


Equation (3-33) is also known as the Euler formula. As a result, s, in Eq. 
(3-1) may also be represented in polar form as 


S=5,= Re” =RZO (3-34) 
Note that the conjugate of the complex pole in Eq. (3-34) is 
s=s, = R(cosd— jsing) = Re” =RZ-6 (3-35) 
3-2-9 Final-Value Theorem 


The final-value theorem is very useful for the analysis and design of 
control systems because it gives the final value of a time function by knowing 
the behavior of its Laplace transform at s = 0. The theorem states: If the 


Laplace transform of f (t) is F(s), and if sF(s) is analytic (see Sec. 3-2-5 on 
the definition of an analytic function) on the imaginary axis and in the right 
half of the s-plane, then 


lim f (f) = limsF(s) (3-36) 


t—yco s 0 


The final-value theorem is not valid if sF(s) contains any pole whose real 
part is zero or positive, which is equivalent to the analytic requirement of 
sF(s) in the right-half s-plane, as stated in the theorem. The following 
examples illustrate the care that must be taken in applying the theorem. 


EXAMPLE 3-2-3 Consider the function 


Fa}- ——— (3-37) 
s(s° +5+2) 


Because SF(s) is analytic on the imaginary axis and in 
the right-half s-plane, the final-value theorem may be 
applied. Using Eq. (3-36), we have 





ze 
1 y= F = |jm —_—_—_——_ = — (3-38) 
lim f()=limsF(s)=lim 35 = 5 
EXAMPLE 3-2-4 Consider the function 
Hei= —— (3-39) 
s°+0° 


which is the Laplace transform of f(t) = sin ot. 
Because the function sF(s) has two poles on the 
imaginary axis of the s-plane, the final-value theorem 
cannot be applied in this case. In other words, although 
the final-value theorem would yield a value of zero as the 
final value of f(t), the result is erroneous. 


3-3 INVERSE LAPLACE TRANSFORM BY 


PARTIAL-FRACTION EXPANSION 


Given the Laplace transform F(s), the operation of obtaining f(t) is termed 
the inverse Laplace transformation and is denoted by 


f (t)= Inverse Laplace transform of F(s)= L™[F(S)] (3-40) 


The inverse Laplace transform integral is given as 
l C+ joo 
f(t) =— | F(s)e"ds (3-41) 
21] c— joo 


where c is a real constant that is greater than the real parts of all the 
singularities of F(s). Equation (3-41) represents a line integral that is to be 
evaluated in the s-plane. In a majority of the problems in control systems, the 
evaluation of the inverse Laplace transform does not rely on the use of the 
inversion integral of Eq. (3-41). For simple functions, the inverse Laplace 
transform operation can be carried out simply by referring to the Laplace 
transform table, such as the one given in App. C. For complex functions, the 
inverse Laplace transform can be carried out by first performing a partial- 
fraction expansion on F(s) and then using the Transform table. You can also 
use the MATLAB symbolic tool to find the inverse Laplace transform of a 
function. 


3-3-1 Partial Fraction Expansion 


When the Laplace transform solution of a differential equation is a rational 
function in s, it can be written as 


G(s)= Qs) (3-42) 


P(s) 


where P(s) and Q(s) are polynomials of s. It is assumed that the order of 
P(s) ins is greater than that of Q(s). The polynomial P(s) may be written as 


P(s)=s"+a,_,s") +++-+ast+a, (3-43) 


where d_,d_,....a_, are real coefficients. The methods of partial-fraction 


expansion will now be given for the cases of simple poles, multiple-order 
poles, and complex-conjugate poles of G(s). The idea here is to simplify G(s) 
as much as possible to allow us find its inverse Laplace transform at ease 
without referring to tables. 


G(s) Has Simple Poles 
If all the poles of G(s) are simple and real, Eq. (3-42) can be written as 


Qs) GS) (3-44) 


- P(s) - (sts, )(s+s,)---(s+s,) 


G(s) 


where s #S,#...4#S. Applying the partial-fraction expansion, Eq. (3-43) is 
written as 





K K K 
G(s) =—* +—_* -4..-44—* (3-45) 
sts, StS, r+5. 
or 
K K K 
Ete) = Sy oe _ OAS) (3-46) 
Sts S48, sts, (sts, )(s+s,):+(s+s_) 


The coefficient K_(i = 1,2,...,n) is determined by multiplying both sides of 
Eq. (3-46) by the factor (s + s) and then setting s equal to —s. To find the 
coefficient K_, for instance, we multiply both sides of Eg. (3-46) by (s + s ) 
and let s =—s.. Thus, 


K, =[(st+s,)G(s)]|__ (3-47) 
OF 
K. — Kis + ree Every Sern, 
6+ +. (3-48) 
O(-5,,) 


(s <8 MS, —S; pe (s, $i) 


EXAMPLE 3-3-1 Consider the function 


55+3 55+3 


——-——$—$$——— (3-49) 
(s+-1L(s+2)s4+3) 9°+65°-+11s+ 6 


G(s) 


which is written in the partial-fraction expanded form 


K K K 
G(s) =—-+—+ + —> (3-50) 
s+1l s4+2 5+3 





The coefficients K_,K ,, and K , are determined as 











follows: 
7 _ eaDt+3 3.5] 
K_, =[(s+1)G(s)] - “@-13-) =—] ( ) 
: — 5(-2)+3 | = 
K_, =|[(s+2)G(s)] - =“ G_2(3-D = ( ) 
7 7 5(-—3)+3 __ 3.53 
K_, =[(s+3)G(s)] - = 32-3) 6 ( ) 

Thus, Eq. (3-49) becomes 

ee (3-54) 


s+1 s+2 s+3 


Toolbox 3-3-1 
For Example 3-3-1, Eq. (3-49) is a ratio of two polynomials. 


>> b = [5 3] & numerator polynomial coefficients 
>> a = [1,6,11,6] % denominator polynomial coefficients 


You can calculate the partial fraction expansion as 


>> [r, p, k] = residue(b,a) 


Note r represents the numerators of Eq. (3-54), and p represents the 
corresponding pole values. Now, convert the partial fraction expansion 
back to polynomial coefficients. 


>> [b,a] = residue(r,p,k) 
b= 
0.0000 5.0000 3.0000 
a = 


1.Q000 6.0000 11.0000 6.0000 


Note b and a represent the coefficients of the numerator and 
denominator polynomials in Eq. (3-49), respectively. Note also that the 
result is normalized for the leading coefficient in the denominator. 


Taking the inverse Laplace transform on both sides using the Laplace 
table in App. C or using the following MATLAB toolbox, we get 


g(t)=-e '+7e"'-—6e™" t2=0 (3-55) 


Toolbox 3-3-2 


For Example 3-3-1, Eq. (3-54) is composed of three functions, which 
we call f1, {2, and £3. Using the Symbolic functions in MATLAB we 
have 


>> syms s 
s> f1=-1/ (s+1) 


fil = 
-1/(s + 1) 
>> £2=7/ (s+2) 
2 = 
T/(s + 2) 
>> £3=-6/(s+3) 
{3 = 
-6/(s + 3) 
>> g=llaplace(f1)+ilaplace(£2)+ilaplace(f£3) 
gq = 


7*exp(-2*t) - exp(-t) - 6*exp(-3*t) 


Note g is the inverse Laplace transform of G(s) in Eq. (3-54), as 
shown in Eg. (3-55). Alternatively you may also directly find the inverse 
Laplace transform of Eq. (3-49). 

>> f£4=(5*s+3) / ( (s4+1) * (842) * (s+3) ) 
f4 = 

(5*s + 3)/((s + 1)*(s + 2)*(s + 3)) 

>> g=ilaplace(f4) 

g — 

7*exp(-2*t) - exp(-t) - 6*exp(-3*t) 


G(s) Has Multiple-Order Poles 
If r of the n poles of G(s) are identical—that is the pole at s = —s is of 
multiplicity r— G(s) is written as 


Q(s)_ Q(s) 


G(s)= oe 
P(s) (sts, )(sts,)-<(st+s,_ (sts) 


(3-56) 


(i ~ 1,2,...,.n —r), then G(s) can be expanded as 


K K S\n-?r 
(tg) ts eG 
StS, SS; 54+ § 


|< n—r terms of simple poles > 
A A, A 
+ ~ beet 
s+s, (S+5,) (s+s,) 











(3-57) 
|< r terms of repeated poles >| 


Then (n — r) coefficients, K,,K.,,....K,,,, which correspond to simple poles, 
may be evaluated by the Hiethod described in Eq. (3-47). The determination 
of the coefficients that correspond to the multiple-order poles is described as 
follows: 

















A, =[(s+s)'G(s)]]__ (3-58) 
d 

A... =—|(s+s,)’G(s) | (3-59) 

ds _ 
r-2 7 mf 5 Rolie y" G(s) | _. (3-60) 
1 (3-61) 

A, = 7a ae ’ G(s) 7 
EXAMPLE 3-3-2 Consider the function 

st) <——_ =. _—___1+___ (3-62) 


s(s+T)(s+2) 9° 455" +95?-+75" +25 
By using the format of Eq. (3-57), G(s) is written as 


K, K A A A 
G(s) =$—+ + —44+— +—4>5 + —> 
S 


(3-63) 
Fe2 gel Geil §(6+1) 





The coefficients corresponding to the simple poles are 


Ky = [sG(s)]| 


s=0 7 


bole 


K_, =[(s+2)G(s)]| 


bole 


2 


and those of the third-order pole are 




















A; =[(s+1)G(s)]|__ =I 
d d l 
A =— +] a & —" > =0 
2 7,8 yG(s)] _ = mal 
1d ‘ 1d° l 
= ——|(s+1)°G S =—l 
'  2Q!ds? sr) GAs] a 2a al 
The completed partial-fraction expansion is 
G(s) nn. ane 


= —+ ae 
2s 2(st+2) stl (s+1) 


Toolbox 3-3-3 


For Example 3-3-2, Eq. (3-62) is a ratio of two polynomials. 


(3-64) 


(3-65) 


(3-66) 


(3-67) 


(3-68) 


(3-69) 


>> Clear all 
>> a= [15 9 7 2] % coefficients of polynomial s°4+5*s°3+9*s°24+7*s+2 


a= 
1 5 9 7 2 

>> b = [1] % polynomial coefficients 
b= 

1 


>> [r, p, k] = residue(b,a) % b is the numerator and a is the denominator 
r= 
-1.0000 
1.0000 
-1.0000 
1,0000 
i = 
-2,0000 
-1.0000 
-1.0000 
-1,0000 
k = 
[] 
>> [b,a] = residue(r,p,k) % Obtain the polynomial form 
b = 
-0,.0000 -Q.0000 -0.0000 1.0000 
a= 
1.0000 5.90000 9.0000 7.0000 2.0000 


Taking the inverse Laplace transform on both sides using the Laplace 
table in App. C or using the following MATLAB toolbox, we get 


l , i ee —£ 
(t)=—-—e '+—+ 
. 2 Z 





t20 (3-70) 


Toolbox 3-3-4 


For Example 3-3-2, Eq. (3-69) is composed of four functions, which 
we call f1, {2, £3, and f4. Using the Symbolic functions in MATLAB, 
we have 


>> syms s 
ss. ELL (2s) 
et = 
1/ (2*s) 
s> £2=1/(2* (842) ) 
ra = 
1/(2*s + 4) 
>> £3=-1/ (841) 


r3: = 
-1/(s + 1) 

>> £4=-1/(s+1)%*3 
£4 = 


17 (ss + Lys 

>> g=ilaplace(f1)+ilaplace(f2)+ilaplace(f3)+ilaplace(f4) 
= 
exp(-2*t)/2 - exp(-t) - (t*2*exp(-t))/2 + 1/2 


Note g is the inverse Laplace transform of G(s) in Eq. (3-69), as 
shown in Eg. (3-70). Alternatively you may also directly find the inverse 
Laplace transform of Eq. (3-63). 


>> £5=1/(s* (s+1) *3* (s4+2) ) 

£5 = 

1/ (s* (8s + 1)*3* (8 + 2B)) 

>> g=lilaplace (£5) 

= 

exp(-2*t)/2 - exp(-t) - (t°2*exp(-t))/2 + 1/2 


G(s) Has Simple Complex-Conjugate Poles 

The partial-fraction expansion of Eq. (3-42) is valid also for simple 
complex-conjugate poles. As discussed in Sec. 3-2-8, complex-conjugate 
poles are of special interest in control system studies and as a result require a 
more special attention. 

Suppose that G(s) of Eg. (3-42) contains a pair of complex poles s = —o + 
j@ and s = —o —jq@ . The corresponding coefficients of these poles are found 


by using Eq. (3-45), 
K =(s+o-—j@)G(s) 


—O+j@ 


(3-71) 





s=-—O+j@ 


ee a (s+0- j@)G(s)| | (3-71) 
s=—O+j@ 
The procedure for finding the coefficients in Eqs. (3-71) and (3-72) is 
illustrated through the following example. 


EXAMPLE 3-3-3 Consider the second-order prototype function 


w” 


G(s) =——— (3-73) 
s°+26@,5+ 0% 


Let us assume that the value of ¢ is less than 1, so that 
the poles of G(s) are complex. Then, G(s) is expanded as 








follows: 
K; K _. 
G(s) =——+-+—-"+* (3-74) 
st+O-j@ s+o+jo 
where 
0 =CO, 
G (375) 
@=0,1-¢7 
The coefficients in Eq. (3-73) are determined as 
, @* 
Bsa =(s+o— jo)G(s) oe (3-76) 
s=-O+j@ 2j@ 
@’ 
K_ gg = (S++ JO)G(S) = (3-77) 
s=-—O-j@ 2j@ 
The complete partial-fraction expansion of Eq. (3-73) 
1S 
2 
ery — Me) (3-78) 
2j@|s+O-j@ s+oO+t+ jo 


Taking the inverse Laplace transform on both sides 
of the last equation gives 


2 

w | | 

g(t) = Tl ll -e@™") £20 (3-79) 
J@ 


Or 


“*! sin(@, J1—C7t) t>0 (3-80) 


Toolbox 3-3-5 


For Example 3-3-3, Eq. (3-73) is composed of two functions, which 
we Call f1 and f2. Using the Symbolic functions in MATLAB, we have 
>> syms Ss WW 2Z 
>> fl= wn*2/(2*}*wn*sart (1-2°2))*(1/(s+z*wn-j*wn*sqrt (1-2°2) )) 
fi= 
~(wnti) /(2*(1 - 2°2)*(1/2)*(s + wntz - wn¥(1 - 2°2)*(1/2)*i)) 
>> £2= wn’2/(2*}*wn*sart (1-2°2))*(-1/(s+z*wn+j*wn*sqrt (1-22) }) 
f2 = 
(wn*i) /(2*(1 - 2°2)*(1/2)*(s + wn*z + wn*(1 - 2°2)°(1/2)*1)) 
>> O=llaplace(f1)+1laplace(f2) 
g= 
- (wntexp(-t*(wn*z - wn*(1 - 2°2)"(1/2)*i))*i) /(2*(1 - 2°2)°(1/2)) + (wn*exp(-t*(wntz + wn* (1 
- 2°2)*(1/2)*i)) *i) /(2*(1 - 2°2)°(1/2) 
>> g=simplify(g) 
g = 
(wn*exp (-t*wntz) *sin(t*wn*(1 - 2°2)*(1/2)))/(1 - 2°2)*(1 /2) 


Note g is the inverse Laplace transform of G(s) in Eq. (3-78), as 
shown in Eg. (3-80). We have used the symbolic simplify command to 
convert g to trigonometric format. Note also that in MATLAB (i) and (j) 
both represent SQRT(-1). 


Alternatively you may also directly find the inverse Laplace transform 


of Eq. (3-73). 


>> £3=wn*2/ (s*2+2*z*wn*s+wn’ 2) 
r3 = 
wn 2/(s°2 + 2*z*s*wn + wn’2) 
>> g=lilaplace(f£3) 
g = 
(wn*exp (-t*wn*z)*sin(t*wn*(1 - z°2)%*(1/2)))/(1 - z2*2)*(1/2) 


3-4 APPLICATION OF THE LAPLACE 
TRANSFORM TO THE SOLUTION OF LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS 


As we Saw in Chap. 2, mathematical models of most components of 
control systems are represented by first- or second-order differential 
equations. In this textbook, we primarily study linear ordinary differential 
equations with constant coefficients such as the first-order linear system: 


oe a yt)= FO (3-81) 


or the second-order linear system: 


d’y(t) _ dy(t) - . 
WP + a, rr +a, y(t)= f(t) (3-82) 





Linear ordinary differential equations can be solved by the Laplace 
transform method with the aid of the theorems on Laplace transform given in 
Sec. 3-2, the partial-fraction expansion, and the table of Laplace transforms. 
The procedure is outlined as follows: 


1. Transform the differential equation to the s-domain by Laplace 
transform using the Laplace transform table. 

2. Manipulate the transformed algebraic equation and obtain the output 
variable. 

3. Perform partial-fraction expansion to the transformed algebraic 
equation. 

4. Obtain the inverse Laplace transform from the Laplace transform 


table. 


Let us examine two specific cases, first- and second-order prototype 
systems. The prototype forms of differential equations provide a common 
format of representing various components of a control system. The 
significance of this representation became evident in Chap. 2 and becomes 
more evident when we study the time response of control systems in Chap. 
‘Z 


3-4-1 First-Order Prototype System 


In Chap. 2, we demonstrated that fluid, electrical, thermal, and mechanical 
systems are modeled by differential equations. Figure 3-4 shows four cases of 
mechanical, electrical, fluid, and thermal systems that are modeled by first- 
order differential equations, which may ultimately be represented by the 
first-order prototype of the form 


+k - 


iin hea 6 e (1) 





Figure 3-4 (a) A spring-dashpot mechanism. (b) A series RC network. (c) 
A one-tank liquid level system. (d) A heat transfer problem. 


The prototype forms of differential equations provide a common 
format of representing various components of a control system. 


dy(t) 


he y= —u(t) (3-83) 
dt 7 


where T is known as the time constant of the system, which is a measure 
of how fast the system responds to initial conditions of external excitations. 
Note that the input in Eq. (3-83) is scaled by 1/t for cosmetic reasons. 


In the spring-damper (no mass) system in Fig. 3-4a 


K Ku(t) 


+ I= B (3-84) 


B 


where Ku(t) = f(t) is the applied force to the system, and ‘ K is the time 
constant, which is the ratio of damping constant B and spring stiffness K. In 
this case, displacements y(t) and u(t) are the output and input variables, 
respectively. 

In the RC circuit in Fig. 3-4b, the output voltage e (t) satisfies the 
following differential equation: 


l l 
é pt (f)=—<e._(f) (3-85) 
RC 
where e (t) is the input voltage and tT = RC is the time constant. 


In the one-tank liquid level system in Fig. 3-4c, the system equation is 
defined in terms of the output volumetric flow rate q, as 


: q qj 
a 3-86 
40+ BC RC (3-86) 


where q_ is the input flow rate, RC = T is the system time constant, R is 
fluid resistance, and C is the tank capacitance. 

Finally, in the thermal system represented in Fig. 3-4d, C is thermal 
Capacitance C, R is convective thermal resistance, RC = T is system time 
constant, T, is solid object temperature, and T’ is top fluid temperature. The 
equation of the system representing the heat transfer process is 


Tt 

RC RC 
As evident from Eas. (3-84) through (3-87), they are all represented by the 

first-order prototype system Eq. (3-83), and to understand their respective 


behaviors, we can solve Eq. (3-83) for a test input—in this case a unit step 
input: 


(3-87) 


| 


QO, t<0O, 
(3-88) 


Mt)=u(0)=| i 


The unit step input is basically a constant input applied to the system, and 
by solving for the differential equation, we examine how the output responds 
to this input. Rewriting Eq. (3-83) as 


dy(t) 


iad err (3-89) 
_dy(0) | i! 
If n0)= dt 9. Alu (= s and L(y(t)) = Y(s), we have 


= st¥(s)+¥(s) (3-90) 
S 


Or, as a result, the output in s-domain is 





rig } 


= (3-91) 
sTst+l 


Notice that the system has a pole at zero due to the input and one at s = —1/ 
T as Shown in Fig. 3-5, For a positive T, the pole in the left-half s-plane. 


Using partial fractions, Eg. (3-91) becomes 


J@ 


s-plane 





Figure 3-5 Pole configuration of the transfer function of a prototype first- 
order system. 


K. K 
Y(t)=—°+—_——* (3-92) 
s Tstl 


where K,= 1 and K_,, =-—1. Applying the inverse Laplace transform to Eg. 
(3-92), we get the time response of Eg. (3-83). 


y(t)=1-e (3-93) 


where t is the time for y(t) to reach 63 percent of its final value of 
lim y(t)=limsY(s)=1 
t—yoo s30 : 

Typical unit-step response of y(t) is shown in Fig. 3-5 for a general value 
of t. As the value of time constant t decreases, the system response 
approaches faster to the final value. 


Toolbox 3-4-1 


The inverse Laplace transform for Eg. (3-91) is obtained using the 
MATLAB Symbolic Toolbox by the following sequence of MATLAB 
functions. 


>> syms s Cau; 

>> ilaplace(1/(tau*s*2+s) ) 
ans = 

1 - exp(-t/tau) 


The result is Eq. (3-93). 


Note, the sym command lets you construct symbolic variables and 
expressions, and the command 


>> syms s tau; 


is equivalent to 


>> s=sym(‘s’); 
>> tau=sym(‘tau’ ); 


Time response of Eq. (3-83), shown in Fig. 3-6, for a given value tT = 
0.1 s is obtained using 

>> clear all; 

sa EB = O:0.01L2l1y 

>> tau = 0.1; 

>> plot(l-exp(-t/tau) ) ; 


You may wish to confirm that at time t = 0.1 s, y(t) = 0.63. 





0 t 


Figure 3-6 Unit-step response of a first-order prototype differential 
equation. 


3-4-2 Second-Order Prototype System 


Similar to the previous section, various mechanical, electrical, and fluid 
systems discussed in Chap. 2 may be modeled as a second-order prototype 
system—see, for example, the systems shown in Fig. 3-1, represented by Eqs. 
(3-1) and (3-3). The standard second-order prototype system has the form: 


Damping ratio ¢ plays an important role in the time response of the 
prototype second-order system. 


d° y(t) dy(t 
y aH $260 + w* y(t) =@ult) (3-94) 
dt dt 
where ¢ is known as the damping ratio, w is the natural frequency of the 
system, y(t) is the output variable, and u(t) is the input. As in Sec. 3-4-1, we 
can solve Eq. (3-94) for a test input—in this case a unit step input: 


QO, t<0O, 


M0) u(0=, _— (3-95) 


-9(0)= ae 


eins in i seeds is 


=O, EU (t))= U(s )== , and L(y(t)) = Y(s), the output 


@? 


7 \=-5 alo sket 96) 


where the transfer function of the system is 


ey (3-97) 
U(s) s°+26@,s+@- 





G(s)= 


The characteristic equation of the prototype second-order system is 
obtained by setting the denominator of Eq. (3-97) to zero: 


A(s)=s° +2¢@,s+@, =0 (3-98) 


The two poles of the system are the roots of the characteristic equation, 
expressed as 


$8, =—-Co,+@,JC?-1 (3-99) 


From the poles of the system shown in Eq. (3-99), it is clear that the 
solution to Eg. (3-96) has a direct correlation to the value of the damping 
ratio ¢. The damping ratio determines if the poles in Eq. (3-99) are real or 
complex. In order to get a clear picture of the time behavior of the system, we 
first find the inverse Laplace transform of Eq. (3-96) for three important 
cases €<1,¢> 1. 


System Is Critically Damped ¢ = 1 

When the two roots of the characteristic equation are real and equal, we 
call the system critically damped. From Eq. (3-99), we see that critical 
damping occurs when ¢ = 1. In this case, the output relation in the s-domain, 
represented by Eq. (3-96), is rewritten as 

2 2 
¥(sj=-—__"s_ __.>_@ _ (3-100) 

ss°+2@,s+@, s(s+@,) 


Further, the transfer function in Eq. (3-98) becomes 


G(s)=—_—+} (3-101) 
(s+@,) 


where G(s) has two repeated poles at s = —w,, as shown in Fig. 3-7. In 
order to find the solution of the differential equation, in this case, we obtain 
the partial fraction representation of Eg. (3-100) following the process 
defined in Example 3-3-2. Hence, by using the format of Eq. (3-57), Y(s) is 
written as 





Figure 3-7 Poles of Y(s) in a critically damped prototype first-order 


system with a unit step input. 


l 


K A A 
Y(s)=—*+ ng 
s  (s+@,) (s+@,) 





where 








A,=|(+0,) or | =—] 
(st+@,)° ||. 

a4 — | =-1 
d s(s+@,)° _. 





The completed partial-fraction expansion is 


(3-102) 


(3-103) 


(3-104) 


(3-105) 


l l l 
aT teem Dee (3-106) 


Taking the inverse Laplace transform on both sides using the Laplace 
table in App. C or using the following MATLAB toolbox, we get 


y(t)=1-e °" —-te°” t>0 (3-107) 


Toolbox 3-4-2 


Equation (3-106) is composed of three functions, which we call f1, f2, 
and £3. Using the Symbolic functions in MATLAB, we have 


>> syms s wn 


Ss Lis L/s 

cL = 

1/s 

>> £2=-1/ (s+wn) 
f2 = 


-1/(s + wn) 
>> £3=-1/ (s+wn)*2 
£3 = 
-~1/ (s + wn)“2 
>> y=ilaplace(f1)+ilaplace(f2)+ilaplace (£3) 
y = 
1 - t*exp(-t*wn) - exp(-t*wn) 


Alternatively, we can directly find the inverse Laplace transform of 


Eg. (3-100). 


>> syms s wn 
sx £Ll= i/s 
fl = 
1/s 
>> £2= wn’ 2/(s+wn) “2 
2 = 
wn*2/(s + wn) %*2 
>> y=ilaplace(f1*£2) 
vi = 
1 - t*exp(-t*wn) - exp(-t*wn) 


Note y is the inverse Laplace transform of Y(s) in Eq. (3-100), as 


shown in Eq. (3-107). 


System Is Overdamped ¢ > 1 


When the two roots of the characteristic equation are distinct and real, we 
call the system overdamped. From Eq. (3-99), we see that an overdamped 
scenario occurs when ¢ > 1. In this case the output relation in the s-domain, 


represented by Eq. (3-96) is rewritten as 


2 
Visi=- QO, 


ss°+26@,s+@- 
Further, the transfer function in Eq. (3-108) becomes 


om 


G(s) =————_———_ 
s°+260,s+@- 


where G(s) has two poles at 
SS, =—-C,, +o,/C?-1 
Let’s define 
T= CO; 


as the damping factor, and 


@=0,/C°-1 


(3-108) 


(3-109) 


(3-110) 


(3-111) 


(3-112) 


is, for the purpose of reference, loosely called the conditional (or damped) 
frequency of the system—note the system will not exhibit oscillations in the 
overdamped case, so usage of the term frequency is not an accurate term. We 


use the following numerical example for easier understanding of the 
approach. 


3/2 

EXAMPLE 3-4-1 Consider Eq. (3-108) with ° ~ 4 and®,=~2 rad/s: 
oe (3-113) 

ss°+3s+2 s(s+1)(s+2) 


The transfer function of the system G(s) in Eq. (3-109) 
has two poles at s = 1 ands, = 2, as shown in Fig. 3-8. In 
order to find the solution of the differential equation, in 
this case, we obtain the partial fraction representation of 
Eq. (3-113) following the process defined in Example 3- 
3-1. Hence, by using the format of Eq. (3-45), Y(s) is 
written as 


J@ 





Figure 3-8 Poles of Y(s) in an overdamped prototype first-order system 
with a unit-step input. 
K 2 


Y Mis K_, ime 3-114 
‘s) s  (s+l) (s+2) 





where 





K, -| | ui] (3-115) 
sts+Io42) ||... 
1 2 
_l(s¢pi—_2_ |] = 3-116 
met otal. ° —_— 
K, [or | ad (3-117) 
s(st+1)(st+2) ]|_, 


The completed partial-fraction expansion is 


1 2 l 
¥(c)— | 3-118 
‘s) s (stl) (s+2) 








Taking the inverse Laplace transform on both sides 
using the Laplace table in App. C or using the following 
MATLAB toolbox, we get 


y(t)=1-2e'+e" t20 (3-119) 


Toolbox 3-4-3 


Equation (3-118) is composed of three functions, which we call f1, f2, 
and £3. Using the Symbolic functions in MATLAB, we have 


>> Syms S 


>. Fl=1/s 
rl = 
1/s 

>> £2=-2/ (s+1) 
£2 = 

-2/(s + 1) 

>> £3=1/ (8+2) 
£3 = 
1/(s + 2) 

>> y=ilaplace(f1)+ilaplace(f2)+ilaplace (£3) 
y = 


exp(-2*t) - 2*exp(-t) + 1 


Alternatively we can directly find the inverse Laplace transform of 


Eq. (3-113), 


>> syms s 
>> y=ilaplace(2/(s*(s+1)*(s+2) )) 

y = 

exp(-2*t) - 2*exp(-t) + 1 


which is the same as Eq. (3-119). 


EXAMPLE 3-4-2 Consider a modified second-order prototype of the 





form: 
J a. +260, a w: y(t) = Aw; u(t) (3-120) 
where A is a constant. The transfer function of this 
system 1s 
G(s)-—A@n (3-121) 


s°+26@,s+@-; 


Assigning the following values to the differential 
equation parameters, we get 


d°y(t) _dy(t 
FE) | WO) | oy =5u (1) (3-122) 
dt” dt 
where u(t) is the unit-step function. The initial 
conditions are y(0) = —1 and dt |, To solve 


the differential equation, we first take the Laplace 
transform on both sides of Eq. (3-122): 


s°Y(s)—sy(0)— 9(0)+3sY(s)—3y(0)+2Y(s)=5/s (3-123) 


Substituting the values of the initial conditions into the 
last equation and solving for Y(s), we get 
—st+5 —s°—s+5 


na on (3-124) 
s(9° +3e42) sls+1s42) 


Equation (3-124) is expanded by partial-fraction 
expansion to give 


ii 4" (3-125) 
s+1 2(s+2) 


Taking the inverse Laplace transform of Eq. (3-125), 
we get the complete solution as 


3 3 
y(t)=7 Se" + e™ t>0 (3-126) 


The first term in Eq. (3-126) is the steady-state or the 
particular solution; the last two terms represent the 
transient or homogeneous solution. Unlike the classical 
method, which requires separate steps to give the 
transient and the steady-state responses or solutions, 
the Laplace transform method gives the entire solution in 
one operation. 


If only the magnitude of the steady-state solution of 
y(t) is of interest, the final-value theorem of Eq. (3-36) 
may be applied. Thus, 


The terms transient and steady-state responses are used to indicate 
the homogeneous and particular solutions of differential equations. 


“StI _ 9 
lim y(t) = lim sY(s)= een (3-127) 
t—yco s90 § +3s+2 9 


where, in order to ensure the validity of the final-value 


theorem, we have first checked and found that the poles 
of function sY(s) are all in the left-half s-plane. 

From Example 3-4-2, it is important to highlight that in control systems, 
the terms transient and steady-state responses are used to indicate the 
homogeneous and particular solutions of differential equations. We study 
these topics in detail in Chap. 7. 


System Is Underdamped ¢ < 1 


When the two roots of the characteristic equation are complex with equal 
negative real parts, we call the system underdamped. From Eq. (3-99), we 
see that underdamped scenario occurs when 0 < ¢ < 1. In this case, the output 
relation in the s-domain, represented by Eq. (3-96), is written as 


l Oo, 
¥(s)=-,_—__"—_— (3-128) 
ss°+2C@,s+@- 


Further, the transfer function in Eq. (3-128) becomes 


wo” 


G(s) = 3-129 
‘s) s°+260,s+@- \ 


where G(s) has two complex-conjugate poles at 


5,8, =-Co, + jo, f1-C? (3-130) 


where the j term was cosmetically introduced to reflect that the poles are 
complex-conjugate. Let’s define 


0 =CO, (3-131) 
as the damping factor, and 
w=0,J1-C° (3-192) 
as the conditional (or damped) frequency of the system. Figure 3-9 


illustrates the relationships among the location of the characteristic equation 
roots and 0,¢,@_ and w. For the complex-conjugate roots shown, 


J@ 


-plane 
X----- 2 


" v W= OO, I -¢ 


Root 


Figure 3-9 Relationships among the characteristic-equation roots of the 
prototype second-order system and o, ¢,  , and o. 


* q_ is the radial distance from the roots to the origin of the s-plane, or 


o, — J (Co, )° +@,;,(1-¢*) : 


° ois the real part of the roots. 
° q@ is the imaginary part of the roots. 
° Cis the cosine of the angle between the radial line to the roots and the 
negative axis when the roots are in the left-half s-plane, or ¢ = cos@. 
The partial-fraction expansion of Eq. (3-128) is written as 
K I mein A ae 


Y(s)=—"+ 


, , (3-133) 
s st+O-j@ s+o+ja@ 


where 
K,=aY (9) |_, = (3-134) 
— j@ 
: (3-135) 


s=-—O+j@ 7 2j 1-€° 





an = (s+ O— j@)Y(s) 


_4- 
: (3-136) 


s=—O—j@ 7 2j 1-¢° 





Keo =(St+@+ jo)Y(S) 


The angle @ is given by 
o=nm—-cos ¢ (3-137) 
and is illustrated in Fig. 3-9. The inverse Laplace transform of Eq. (3-128) 
is now written as 
y(t) =—]+ Loto, [eer _ e ior) | 
2jJ1-C° 
(3-138) 
| —Co,t —: ey 
sin] @,,/1-C“t-@| t2=0 


ne 


where Euler’s formula from Eq. (3-33) has been used to convert 
exponential terms inside the brackets in Eg. (3-138) to a sine function. 


Substituting Eq. (3-137) into Eq. (3-138) for @, we have 








l 
vii) =i- en sin| (@, f1— 0 }t +cos*¢ | t>0 (3-139) 
41-6? 
EXAMPLE 3-4-3 Consider the linear differential equation 
2 
2 i) + 452° +1000 y(t) = 1000u,(f) (3-140) 


The initial values of y(t) and dy(t)/dt are zero. Taking 
the Laplace transform on both sides of Eg. (3-140), and 


solving for Y(s), we have 


1000 ‘ 
o-———_—— @————* (3-141) 


~ s(s?+34.5s+1000) s(s?+2C@,s+@;) 


where, using the second-order prototype 
representation, ¢ = 0.5455 and w_ = 31.6228. The inverse 
Laplace transform of Eq. (3-141) can be executed 
substituting these values into Eq. (3-139). Or 





y(t) =1-1.193e'"*” sin(26.5t+ 0.9938) t>0 (3-142) 
where 
e ,@ rad 
@=cos '€ =0.9938 rad] = 56.94 (4-143) 
180° 
o =o, =17,25 (3-144) 
M@=0,J1-6° =26.5 (3-145) 


Notice the final value of y(t) = 1 in this case, which 
implies the output perfectly follows the input at steady 
State. See Fig. 3-10 for the time response plot obtained 
from the following MATLAB toolbox. 


Step Response 


Amplitude y(t) 
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Figure 3-10 Time response y(t) of the second-order system in Eq. (3-140) 
for a unit-step input. 


Toolbox 3-4-4 


Time response plot of Eq. (3-140) for a unit-step input may be 
obtained using 


num = [1000]; Alternatively: 


den = [1,34.5 1000]; s=tf (‘s'); 

G@ = t£ (num,den); G=1000/ (s*2+34.5*s+1000) ; 
step (G) ; step (G); 

title (‘Step Response’ ) title (‘Step Response’ ) 
xlabel (‘Time (sec’) xlabel (‘Time(sec’) 
ylabel (‘Amplitude y(t) ‘) ylabel (‘Amplitude’) 


“step” produces the time response of a function for a unit-step input. 


3-4-3 Second-Order Prototype System—Final Observations 


The effects of the system parameters ¢ and w. on the step response y(t) of 
the prototype second-order system can be studied by referring to the roots of 
the characteristic equation in Eq. (3-89). 

Using the next toolbox, we can plot the unit-step time responses of Eq. (3- 
96) for various positive values of ¢ and for a fixed natural frequency wm = 10 
rad/s. As seen, the response becomes more oscillatory with larger overshoot 
as € decreases. When ¢ > 1, the step response does not exhibit any overshoot; 
that is, y(t) never exceeds its final value. 


Toolbox 3-4-5 


The corresponding time responses for Fig. 3-11 are obtained by the 
following sequence of MATLAB functions: 


clear all 

wn=10; 

For L=([0.22 0.4 0.56 O68 2 2.2 2.4 2.6 2:8 2] 
G=0 20,7256; 


num = [wn.*2]; 

den = [1 2*1*wn wn.*2]; 
t=0:0.01:2; 

step (num, den, t) 

hold on; 

end 


xlabel (‘Time(secs) ’) 
ylabel (‘Amplitude y(t) ’) 


Step Response 


Amplitude y(t) 
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Figure 3-11 Unit-step responses of the prototype second-order system 
with various damping ratios. 


The effect of damping of the second-order system on the characteristic 
equation roots—that is, poles of the transfer function in Eq. (3-97)—is further 
illustrated by Figs. 3-12 and 3-13. In Fig. 3-12, @ is held constant while the 
damping ratio ¢ is varied from —oo to +00, Based on the values of @, the 
classification of the system dynamics appears in Table 3-2. 





Figure 3-12 Locus of roots of the characteristic equation of the prototype 
second-order system. 
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Figure 3-13 Step-response comparison for various characteristic- 
equation-root locations in the s-plane. 


TABLE 3-2 Classification of the System Response Based on the 
Values of ¢ 


4 


Poles of G(s) “— aa 

0<f<1:5,,s,=-Co, + jo, j-t t to, <0) Underdamped 

(=I: $18, =-@, Critically damped 

f>1: s,s, =-Co, +0, JC-1 Overdamped 

C=0: s,s, =+jo, Undamped (marginally unstable) 
C<0: s,s, =-Co, + ja, jie? { (to, >0) Negatively damped (unstable) 


° The left-half s-plane corresponds to positive damping; that is, the 
damping factor or damping ratio is positive. Positive damping causes the 
unit-step response to settle to a constant final value in the steady state 
due to the negative exponent of exp(—Cw t). The system is stable. 


° The right-half s-plane corresponds to negative damping. Negative 
damping gives a response that grows in magnitude without bound, and 
the system is unstable. 


° The imaginary axis corresponds to zero damping (o = 0 or ¢ = 0). 
Zero damping results in a sustained oscillation response, and the system 
is marginally stable or marginally unstable. 


Figure 3-13 illustrates typical unit-step responses that correspond to the 
various root locations already shown. 

In this section, we demonstrated that the location of the characteristic 
equation roots plays an important role in the time response of a prototype 


second-order system—or any control system for that matter. In practical 
applications, only stable systems that correspond to ¢ > 0 are of interest. 


3-5 IMPULSE RESPONSE AND TRANSFER 
FUNCTIONS OF LINEAR SYSTEMS 


An alternative way to define the transfer function is to use the impulse 
response, which is defined in the following sections. 


3-5-1 Impulse Response 


Consider that a linear time-invariant system has the input u(t) and output 
y(t). As shown in Fig. 3-14, a rectangular pulse function u(t) of a very large 
magnitude u/2¢ becomes an impulse function for very small durations as € = 
Q. The equation representing Fig. 3-14 is 


u (ft) 





Figure 3-14 Graphical representation an impulse function. 


0 Lar—£ 


(3-146) 


u(t)= T-E<t<T+H+E 


u 
LE 
0 E2T+Eé 


For u = 1, u(t) = 6(t), is also known as unit impulse or Dirac delta function 
with the following properties: 


O(t—T)=0; t#T 


[- 5(t- t)dt=1; e>0 (3-147) 
[_ dtt- T) f(t)dt= f(t); E>0 


where f(t) is any function of time. For t = 0 in Eq. (3-146) taking the 
Laplace transform, using Eq. (3-11), and noting the actual limits of the 
integral are defined from t = 0 to t = ~, the Laplace transform of ¢ (t), using 
the third property in Eq. (3-147) is unity, that is, ase — 0 


L{8(t)]= I. ” &(t)e “dt a 
3-148 


ttE 


=| d(t-1) f)dt=e"|™ =1 





In the following examples, we obtain the impulse response of a prototype 
second-order system. 


EXAMPLE 3-5-1 For the following second-order prototype system find the 
impulse response: 


ze, 0, 0, 20 +0; O. y(t) = @; u(t) (3-149) 





For zero initial conditions, 


re) _ o, (3-150) 


U(s) s°+26@,s+@? 


G(s)= 





is the transfer function of system (3-149). For u(t) = ¢ 
(t), since L[¢(t)] = U(s) = 1, using the inverse Laplace 
calculations in Example 3-3-3, the impulse response y(t) 
= g(t) for0<¢<1is 


W -—Cmt . 2 
y(t) = =e *" sin(, L=¢, t) t>0 (3-151) 
Vi-c* 


EXAMPLE 3-5-2 Consider the linear differential equation 


2 





Following the solution in Eq. (3-151), the impulse 
response is 


y(t) =37.73e °°" sin(26.5t) t>0 (3-153) 


Using Toolbox 3-5-1, the time response plot of Eq. (3- 
153) is shown in Fig. 3-15. 


Impulse Response 
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Figure 3-15 Impulse response y(t) of the second-order system in Eq. (3- 
153). 


Toolbox 3-5-1 


The unit impulse response of Eq. (3-152) may also be obtained using 
MATLAB. 


num = [1000]; Alternatively: 


den = [1,34.5,1000]; s= tf (‘s'); 

G = tf (num,den)- G=1000/ (s*2+34.5*s+1000) ; 

impulse (G) ; impulse (G) ; 

title (‘Impulse Response’ ) title (‘Impulse Response’ ) 

xlabel (‘Time (sec’) xlabel (‘Time (sec') 

ylabel (‘Amplitude y(t)’) ylabel (‘Amplitude y(t)’) 

“impulse” produces the time response of a function for an impulse 
input. 


3-5-2 Time Response Using the Impulse Response 


It is important to point out that the response of any system can be 
characterized by its impulse response g(t), which is defined as the output for 
a unit-impulse input d(t). Once the impulse response of a linear system is 
known, the output of the system y(t), for any input, u(t), can be found by using 
the transfer function. Recall, 


The time response of any linear system, for any given input can be 
found by using the impulse response. 


_L(y(t)) _ Y(s) 


G(s) = 
L(u(t)) U(s) 


(3-154) 


is the transfer function of the system. For more details see, for example, 
Ref. 14. We demonstrate this concept through the following example. 


EXAMPLE 3-5-3 For the second-order prototype system in Eq. (3-149) use 
the impulse response g(t) from Example 3-5-1 to find 
the time response for a unit-step input u(t) = u(0). 


The Laplace transform of Eq. (3-149) for zero initial 
conditions is 


Liy(t)]=¥(s)=t——2»_—_ = &9) 


ss°+26@,s+@- = s 





(3-155) 


Recall from Eg. (3-139), the time response of this 
system was obtained to be 


—-C@_t 
en 


We)= Frain (a ft-C*)ereont t>0 (3-156) 





Using Eg. (3-155) and the convolution properties of 
Laplace transforms, from Table 3-1, we have 


G(s) _ G(s) _ 


LIl= T= = Llu, *g(t)]=L| [ u,g(t—t)de | (3-157) 


As aresult from Eg. (3-157), the output y(t) is 
therefore 





' f O, —Co,(t-t) . 2 
jatar = Je " sin(, J/1-¢ (t—t))dt t20 (3-158) 
—$ 


or, after some manipulations, we get 


fo t 


y(t)=1-——sin| (@, iC? )t+| t>0 (3-159) 
alla -E 8 





where @ = cos" ¢. Obviously, Eqs. (3-159) and (3-156) 
are identical. 


3-5-3 Transfer Function (Single-Input, Single-Output 
Systems) 


Let G(s) denote the transfer function of a single-input, single-output 
(SISO) system, with input u(t), output y(t), and impulse response g(t). We can 
formalize the findings in Sec. 3-5-1 and conclude the following. 


The transfer function is alternatively defined as the Laplace transform 


of the impulse response, with all the initial conditions set to zero. 


Hence, the transfer function G(s) is defined as 


Y(s) 
U(s) 





G(s)= Lig(t)|= (3-160) 


with all the initial conditions set to zero, and Y(s) and U(s) are the Laplace 
transforms of y(t) and u(t), respectively. 


3-6 SYSTEMS OF FIRST-ORDER 
DIFFERENTIAL EQUATIONS: STATE 
EQUATIONS 


State equations provide an alternative to the transfer function approach, 
discussed earlier, to study differential equations. This technique particularly 
provides a powerful means to treat and analyze higher-order differential 
equations and is highly utilized in modern control theory and more advanced 
topics in control systems, such as optimal control design. 

In general, an nth-order differential equation can be decomposed into n 
first-order differential equations. Because, in principle, first-order differential 
equations are simpler to solve than higher-order ones, first-order differential 
equations are used in the analytical studies of control systems. As an 
example, for the differential equation in Eq. (3-2), shown here 


Ps Ritt)+ [Pat = ele (3-161) 





i, 


if we let 
x,(t) = fi(t)dt (3-162) 


and 


x,(t) = =i(t) 





dx, (t) 
dt 


then Eq. (3-161) is decomposed into the following two first-order 
differential equations: 





dx, (t) 
‘iasacmeei f 
dt ie 
ax{t) l R 
a = —# (1) —-— 4, (+ elt 
,, 7p x, (f) le (ft) el ) 
Alternatively, for the differential equation in Eq. (3-3), 
d* y(t) ot 
M t)+ B—+Ky(t)= f(t 
if we let 
x, (t)= y(t) 
and 
dx,(t) dy(t 
x(t) = a) (t) _ dy(t) 


dt dt 


then Eg. (3-166) is decomposed into the following two first-order 
differential equations: 





dx,(t) 

dt “ile 
dx(t) B.. K 
"le Ti eT, —# ()-— — fit) 


In a similar manner, for Eq. (3-5), let us define 


(3-163) 


(3-164) 


(3-165) 


(3-166) 


(3-167) 


(3-168) 


(3-169) 


(3-170) 


x, (t) = y(t) 





(3-171) 
_d” y(t) 
x, (t) a dt” 


then the nth-order differential equation is decomposed into n first-order 
differential equations: 


ax, (t) _ 
a a 
a =e, (0) 
(3-172) 
Sl Mays (0) =a, (= 0, 3% (= Oy hy (t)4 f(t) 


Notice that the last equation is obtained by equating the highest-ordered 
derivative term in Eq. (3-5) to the rest of the terms. In control systems theory, 
the set of first-order differential equations in Eq. (3-172) is called the state 
equations, and x ,x,,...,x,, are called the state variables. Finally, the minimum 
number of state variables needed is usually the same as the order n of the 
differential equation of the system. 


The minimum number of state variables needed to represent a 
differential equation, is usually the same as the order of the differential 
equation of the system. 


EXAMPLE 3-6-1 Considering the two degrees of freedom mechanical 
system shown in Fig. 3-16 with two masses M and M, 
constrained by three springs, while a fore f(t)is applied 


to mass M.. 


> yy (0) -—> y(t) 


(b) 


Figure 3-16 A two degree of freedom mechanical system with three 
Springs. 


The displacements of masses M_ and M, are measured 
by y(t) and y(t), respectively. From Example 2-1-2, the 
two second-order differential equations of motion are 


M, y,(t)+(K, + K,)y,(t)- K,y,(t) =0 (3-173) 

M,y,(t)—K,y,(t)+(K,+K,)y,(0= f(t) (3-174) 
if we let 

eH=r(h (3-175) 

x,(t)=y,(t) (3-176) 


and 


dx,(t) _ dy,(t) 


_ 3-177 

Ut) rm it ( ) 

ofp ee (3-178) 
dt dt 


Then the two second-order differential equations are 
decomposed into four first-order differential equations, 
that is, the following state equations: 





a. x,(t) (3-179) 

—. x, (t) (3-180) 

> ean MCA Ae (3-181) 
ea Bs py "am x, (t)+ - (3-182) 


Note that the process of selecting the state variables is 
not unique, and we could have used the following 


representation: 
eHow) (3-183) 
07) LY emt (3-184) 
dt dt 
x {O= y(t) (3-185) 
dx,(t) _ dy,(t) 
joe 3-186 
“A(t dt dt | : 
As aresult the state equations become 
Pl) _ (1) (3-187) 





MPA) gays Re 3-188 
_—_ M, x, (t)+ M, x(t) ( ) 
we 00 (3-189) 
dt 
BAR) Bs gy a Be). oy LO (3-190) 
dt M, M, M, 


3-6-1 Definition of State Variables 


The state of a system refers to the past, present, and future conditions of 
the system. From a mathematical perspective, it is convenient to define a set 
of state variables and state equations to model dynamic systems. As stated 
earlier, the variables x (t),x,(0),...,x.(t) defined in Eq. (3-171) are the state 
variables of the nth-order system described by Eg. (3-5), and the n first-order 
differential equations, in Eq. (3-172), are the state equations. In general, 
there are some basic rules regarding the definition of a state variable and 
what constitutes a state equation. The state variables must satisfy the 
following conditions: 


- At any initial time t = t, the state variables x (t,),x,(t,),....x (t,) define 
the initial states of the system. 
* Once the inputs of the system for t = t, and the initial states just 


defined are specified, the state variables should completely define the 
future behavior of the system. 


The state variables of a system are defined as a minimal set of variables, 
X (t),x,(t),...,x (t), such that knowledge of these variables at any time t, and 
information on the applied input at time ¢, are sufficient to determine the state 
of the system at any time t > t.. Hence, the space state form for n state 
variables is 


x(t) = Ax(t)+ Bu(f) (3-191) 


where x(t) is the state vector having n rows, 


x, (t) 
x(t =] 2? (3-192) 
x(t) 
and u(t) is the input vector with p rows, 
u, (t) 
u(t)= ‘a (3-193) 
u,(t) 


The coefficient matrices A and B are defined as 


a, 4a, A, , 
Aza=| “2 Sm "Mn Nya) (3-194) 
dy, Oy oy 
Bb, Dy b,, 
B= ’a °n “P \(nx p) (3-195) 
by yy o> by 
EXAMPLE 3-6-2 For the system described by Eqs. (3-187) through (3- 
190), 
x, (t) 
x(a] 72? (3-196) 
x; (t) 


x(t) 


u(t) = f(t) (3-197) 


v 1 v 0 
_(K, +K;) 0 K 0 
M, M, (3-198) 
A= (4x4) 
v v v 
Ky 6 (Ki +K,) , 
M, M, 
v 
v 
22 
M 


3-6-2 The Output Equation 


One should not confuse the state variables with the outputs of a system. An 
output of a system is a variable that can be measured, but a state variable 
does not always need to satisfy this requirement. For instance, in an electric 
motor, such state variables as the winding current, rotor velocity, and 
displacement can be measured physically, and these variables all qualify as 
output variables. On the other hand, magnetic flux can also be regarded as a 
State variable in an electric motor because it represents the past, present, and 
future states of the motor, but it cannot be measured directly during operation 
and therefore does not ordinarily qualify as an output variable. In general, an 
output variable can be expressed as an algebraic combination of the state 
variables. For the system described by Eq. (3-5), if y(t) is designated as the 
output, then the output equation is simply y(t) = x(t). In general, 


y, (t) 


t 
yity=| 72? |ex(t)+Du(t) (3-200) 
y(t) 
Cy Ci Cin 
C C - 
G=| - = (3-201) 
Ca ga Con 
11 db hs 
d d we ae 
Be = = = (3-202) 
d., d,. as d., 


We will utilize these concepts in the modeling of various dynamical 
systems next. 


EXAMPLE 3-6-3 Consider the second-order differential equation, which 
was also studied in Example 3-4-1. 


d’y(t) _ dy(t) 





77 +3—7 +2 y(t) = 2u(t) (3-203) 
If we let 
<= 7) (3-204) 
and 


_dx,(t) _ dy(t) 


(8) dt dt 


(3-205) 


then Eg. (3-203) is decomposed into the following two 
first-order differential equations: 


dell) _ op (3-206) 
dt ° 
SW 2x, (t)—3x,(0)+2u(t) (3-207) 


where x (f), x,(t) are the state variables, and u(t) is the 
input, we can—at this point arbitrarily—define y(t) as the 
output represented by 


y(t) =x,(t) (3-208) 


In this case, we are simply interested in state variable 
X(t) to be our output. As a result, 


“| *{¢) | u(t) =u(t) (3-209) 
x,(t) 

0 1 0 
_ - RK CK pe 3-210 
a} 2 Jf a-| 3h ef: 0} peo (3-210) 


EXAMPLE 3-6-4 As another example the state equations in vector-matrix 





form: 
dx, (t) 
Py ( i ) | 1 a *{¢) 0 
dx, (t) _—| —_» —4A, a 2 x, (t) 4+| 0 r(t) (3-211) 
dt 1+ 4,4, I+ apd, ' 
dx, (t) 0 Oo 0 x(t) 
dt 


The output equation may be a more complex 


representation of the state variables, for example, 








] a 
y(t)= x, (t)+—*—- x, (t) (3-212) 
043 Lt 03 
where 
c.|_) 9 _%_ (3-213) 
l+a,a, lads 


EXAMPLE 3-6-5 Consider an accelerometer, which is a sensor used to 
measure the acceleration of an object it is attached to, 
as shown in Fig. 3-17. If the motion of the object is 
u(t), the equation of motion for the accelerometer 
seismic mass M shown in the free-body diagram of 
Fig. 3-17b may be written as 





+ Accelerometer 
e,(t) Output Voltage 


Accelerometer Casing 


MMMM (2) = Motion of the Object 
(a) 
y(t) measures motion from equilibrium 
of mass M 


Figure 3-17 (a) Schematic of an accelerometer mounted on a moving 
object. (b) Free-body diagram. 


—K(y(t)—u(t))— BUy(t) -— u(t) = My(t) (3-214) 


where B and K are the accelerometer internal material 
damping constant and stiffness, respectively. If we define 
the relative motion of the seismic mass M by z(t) 


2(t)= y(t) —u(t) (3-215) 


Then Eg. (3-214) can be rewritten in terms of the 
object acceleration which the sensor measures: 


Mz(t)+ Bz(t)+ Kz(t)=—Mu(t) (3-216) 


The accelerometer output is in terms of voltage, which 
is linearly proportional to the seismic mass relative 
motion through constant K —also known as the sensor 
gain. That is 


e (t)=K,z(t) (3-217) 
In state space form, if we define the state variables as 
x (QH=<® (3-218) 


and 


_dx,(t) _ da(t) 


(3-219) 
dt dt 


x,(t) 


then Eg. (3-216) is decomposed into the following two 
State equations: 





dx, (t) _ 3-220 

dt =¥A{8) , 

dx,(t) _ B _ K - 3.991 
ae —x,(t)-—*x,()+ 0) ( ) 


where x (t), x,(t) are the state variables, and u(t) is the 
input. We can define e (t) as the output. 


SO 
x=) | u(t) =ii(t) (3-222) 
x,(t) 
0 1 . 
A=| KB |; B-|' C=[K, 0]; D=0 (3-223) 
M M 
e (t)=K,x,(t) (3-224) 


We will revisit this problem later on in this chapter. As 
a side note, in order to better understand how an 
accelerometer measures acceleration, we need to 
understand its frequency response characteristics, which 
we will address in Chap. 10. For more appreciation of 
this topic, you may wish to refer to Ref. 14. 


EXAMPLE 3-6-6 Consider the differential equation 


d°y(t) _d°y(t) _ dy(t) _ 3-225 
25 FO + 2y(t) =ult) (3-225) 





Rearranging the last equation so that the highest-order 
derivative term is set equal to the rest of the terms, we 
have 


d’y(t)__.d' y(t) dy(t) 


dt? dt’ 7 dt —2y(t)+ u(t) (3-226) 








The state variables are defined as 


x, (t)= y(t) 
«(j= 2) (3-227) 
dt 
d*y(t) 
dt° 





x,(t)= 


Then the state equations are represented by the vector- 
matrix equation 


x(t) = Ax(t)+ Bu(t) (3-228) 


where x(t) is the 2 x 1 state vector, u(t) is the scalar 
input. The output equation is arbitrarily selected in this 


case to be 
y(t)=x,(t)=[1 O]x(t) (3-229) 
Hence, 
0 ] 0 0 
A=| 0 0 1 |; B=] 0 |; C=[1 0 | (3-230) 
—2 -] -5 l 


3-7 SOLUTION OF THE LINEAR 
HOMOGENEOUS STATE EQUATION 


The linear time-invariant state equation 
x(t) = Ax(t)+ Bu(t) (3-231) 


can be solved using either the classical method of solving linear 
differential equations or the Laplace transform method. The Laplace 
transform solution is presented in the following equations. 


Taking the Laplace transform on both sides of Eq. (3-231), we have 
sX(s)—x(0)= AX(s)+ BU(s) (3-232) 


where x(0) denotes the initial-state vector evaluated at t = 0. Solving for 


X(s) in Eq. (3-232) yields 
X(s)=(sI—A)'x(0)+(sI— A) [BU(s)] (3-233) 


where I is the identity matrix, X(s) = L[x(t)] and U(s) = Liu(t)]. The 
solution of the state equation of Eq. (3-231) is obtained by taking the inverse 
Laplace transform on both sides of Eq. (3-233): 


x(t) == £L'[(sI— A)“ ]x(0) +L '{(sI-— A) ‘[BU(s)]} (3-234) 
Once the state vector x(t) is found, the output is easy to obtain through 
y(t) =Cx(t)+Du(t) (3-235) 


EXAMPLE 3-7-1 Consider the state equations representation of the system 
represented by Eq. (3-203) in Example 3-6-3 


x(t) 2 0 l x, (t) 0 : 
Sort 2 -3 (rob labo alam 


The problem is to determine the solution for the state 
vector x(t) for t => 0 when the input is a unit step, that is, 
u(t) = 1 for t= 0. This system is the same as the second- 
order overdamped system in Example 3-4-1. The 
coefficient matrices are identified to be 


A-| ‘ } B-| | (3-237) 
—2 -3 2 


Therefore, 


t-A-| ey H a + $s *h | (3-238) 
0 s J % 2 s+3 


The inverse matrix of (sI — A) is 


- Ay" x-——| PF 3 (3-239) 
s°+3s+2| —2 § 


The solution of the state equation is found using Eq. 


(3-234). Thus, 
—t —2t —t —2t a) —2f 
ye] rE mE be] OE” | reo 200 
—2e +2e —e +2e e —2e 


where, the second term of the solution can be obtained 
by taking the inverse Laplace transform of (sI — A) 
“BU(s). Thus, we have 


l s+3 ] 0 1 
s°+3s+2| 2 s 2 |s 
j l 
s°+3s+2 


L"[(sI-—A)' ]BU(s)= £7 





_ oot, -2t 
+? ie | t>0 (3-241) 
e —2e- 


bo om |b 


Note that in the current example, the overall solution in Eq. (3-239) is a 
Superposition of the response due to the initial conditions and the input u(t). 
For zero initial conditions, the response in this case is identical to the solution 
in Eq. (3-119) obtained earlier for the overdamped system in Example 3-4-1. 
The solution of the state equations, however, is more powerful because it 
shows both states x (t) and x(t). Finally, having found the states, we can now 


find the output y(t) from Eg. (3-235). 


3-7-1 Transfer Functions (Multivariable Systems) 


The definition of a transfer function is easily extended to a system with 
multiple inputs and outputs. A system of this type is often referred to as a 
multivariable system. In a multivariable system, a differential equation of the 
form of Eq. (3-5) may be used to describe the relationship between a pair of 
input and output variables, when all other inputs are set to zero. This equation 
is restated as 








ay) _. d AO eta, OO 5a, yt 











n n—] n—l 
dt c. 7 — 
ee eee te 
dt” dt” dt 


The coefficients a,a,....a_,andb,b,...,5. are real constants. Using the state 
Space representation of Eq. (3-242), we have 





~ ~ Ax(t)+Bu(t) (3-243) 
y(t) =Cx(t)+Du(t) (3-244) 


Taking the Laplace transform on both sides of Eq. (3-242) and solving for 
X(s), we have 


X(s)=(sI—A) x(0)+(sI-A) BU(s) (3-245) 


The Laplace transform of Eg. (3-244) is 


Y(s) =CX(s)+DU(s) (3-246) 
Substituting Eg. (3-245) into Eq. (3-246), we have 
Y(s)=C(sI-—A) x(0)+C(sI—A) BU(s)+DU(s) (3-247) 


Because the definition of a transfer function requires that the initial 
conditions be set to zero, x(0) = 0; thus, Eq. (8-247) becomes 


Y(s)=[C(sI— A) 'B+D]U(s) (3-248) 
We define the transfer-function matrix between u(t) and y(t), as 
G(s)=C(sI- A)'B+D (3-249) 
where G(s) is ag x p. Then, Eq. (3-248) becomes 
Y(s) =G(s)U(s) (3-250) 


In general, if a linear system has p inputs and g outputs, the transfer 
function between the jth input and the ith output is defined as 


— Ys) 


G;, (s)= U, (s) 


(3-251) 


with U(s) = 0, k = 1,2,..., p, k #j. Note that Eq. (8-251) is defined with 
only the jth input in effect, whereas the other inputs are set to zero. Because 
the principle of superposition is valid for linear systems, the total effect on 
any output due to all the inputs acting simultaneously is obtained by adding 
up the outputs due to each input acting alone. When all the p inputs are in 
action, the ith output transform is written as 


Y,(s) = G, (s)U, (s)+ G,,(s)U,(s)+---+G,,(s)U,, (s) (3-252) 
where 
Giyts) Gy(S) = Gils) 
G(s) = G(s) G(s) =: G(s) (3-253) 
Gyld) Gals) Gl) 


is the g x p transfer-function matrix. 


Later in Chaps. 4 and 8 we will provide more details on treatment of 
differential equations using the state-space approach. 


EXAMPLE 3-7-2 Consider a multivariable system, described by the 
following differential equations 


2 
dt dt 


dy, (t) fi dy,(t) 
dt at 





—3y,(t)=u,(t) (3-254) 


+ y, (f)+2y,(t)=u,(f) (3-255) 


Using the following choice of state variables: 


x, (t)= y, (t) 


AT} = ie (3-256) 


x,(t)=y,(t) 


where, these state variables are defined by mere 
inspection of the two differential equations because no 
particular reasons for the definitions are given other than 
that these are the most convenient. Now equating the first 
term of each of the equations of Eqs. (3-254) and (3-255) 
to the rest of the terms and using the state-variable 
relations of Eq. (3-256), we arrive at state equations and 
output equations in vector-matrix form as represented by 


Eqs. (3-243) and (3-244). Or, 


ah) 0 1 0 | “4 001 La) 
x(t) |=| 0 -4 3 x(t) |+} 1 0 en (3-257) 
x,(t) -1 -1 -2 || x(t) 0 1 : 
x, (t) 
| y, (bt) | 1 O O | x, (t) ~Cx(t) (3-258) 
y(t) 00 1 
x,(t) 


where the output choice has been set arbitrarily. In 
order to determine the transfer-function matrix of the 
system using the state-variable formulation, we substitute 
the A, B, and C matrices into Eg. (3-249). First, we form 
the matrix (sI — A): 


s -l 0 
(sSI-A)=| 0 s+4 -3 (3-259) 
] l s+2 


The determinant of (sI — A) is 


|sI— A] =s°+6s° +11s+3 (3-260) 


Thus, 


_ adj(sI— A) 


wl ay= det(sI— A) 


PH6sttt 8 8€4+2 3 
=——_.—_— —3 s(s+2) 35 (3-261) 
s +6s° +11s+3 
—(s+4)  —-(s+l1) s(s+4) 


The transfer-function matrix between u(t) and y(t) is 


1 s+2 3 
G(s) =C(sI— A)’ B= ——_.—_—_ — 
ane ail Ast1) s(s+4) | 


Alternatively, using the conventional approach, we 
take the Laplace transform on both sides of Eqs. (3-257) 
and (3-258) and assume zero initial conditions. The 


resulting transformed equations are written in vector- 
matrix form as 


s(s+4) -3 Y,(s) 7 U,(s) (3-263) 
stl st2 |] ¥,(s) | | U,(s) 
Solving for Y¥(s) from Eq. (3-263), we obtain 


Y(s)=G(s)U(s) (3-264) 


where 


G(s) = s(s+4) 3 | 
stl s+2 (3-265) 


7 l (s+2) 3 
(9° +65? +11s+3)| —(s+1) s(s+4) 


which will give the same results as in Eq. (3-262). 


EXAMPLE 3-7-3 For the state equation represented in Example 3-7-1, if we 
define the output as 


y(t)=Cx(t); C=[l 0] (3-266) 


That is y(t) = x(t). For zero initial conditions, the 
transfer-function matrix between u(t) and y(t) is 


or, 
G(s)= —— (3-268) 
$°+3s+2 


which is identical to the second-order transfer function 
for the overdamped system in Example 3-4-1. 
3-7-2 Characteristic Equation from State Equations 


From the transfer function discussions in the previous section, we can 
write Eq. (3-249) as 


G(s)=C(sI- A)'B+ D=Cc2@USE A) Bp 
det(sI— A) 
(3-269) 
_ Cladj(sI— A)]B+|sI— A|D 
- |sI— Al 


Setting the denominator of the transfer-function matrix G(s) to zero, we get 
the characteristic equation: 


|sI— A] =0 (3-270) 


which is an alternative form of the characteristic equation but should lead 
to the same equation as in Eq. (3-22). An important property of the 
characteristic equation Is that, if the coefficients of A are real, then the 
coefficients of |sI — A| are also real. The roots of the characteristic equation 


are also referred to as the eigenvalues of the matrix A. 


EXAMPLE 3-7-4 The matrix A for the state equations of the differential 
equation in Eq. (3-225) is given in Eq. (3-230). The 


characteristic equation of A is 


s =I OQ 
ISI-—AJ=| 0 s  -1 |=s°+5s°+s+2=0 (3-271) 
2 | &+*3 


Note that the characteristic equation is a polynomial of 
third order while A is a 3 X 3 matrix. 


EXAMPLE 3-7-5 The matrix A for the state equations of Example 3-7-1 is 
given in Eg. (3-237). The characteristic equation of A 


1S 


s -l 
2 st+3 


|sI— A] = =s°+3s+2=0 (3-272) 








Note in this case the order of the characteristic 
equation and the A matrix dimension are the same. 


EXAMPLE 3-7-6 The characteristic equation in Example 3-7-2 is 
IsI— A] =s°+6s° +11s+3=0 (3-273) 


Again A is a 3 X 3 matrix, and the characteristic 
equation is a third-order polynomial. 


3-7-3 State Equations from the Transfer Function 


Based on the previous discussions, transfer function of the system can be 
obtained from the state space equations. However, obtaining the state space 
equations from the transfer function without a clear knowledge of the 
physical system model and its properties is not a unique process— 
particularly because of variety of potential choices for the state and the output 
variables. The process of going from the transfer function to the state diagram 


is called decomposition. In general, there are three basic ways to decompose 
transfer functions. These are direct decomposition, cascade decomposition, 
and parallel decomposition. Each of these three schemes of decomposition 
has its own merits and is best suited for a particular purpose. This topic will 
be further discussed in more detail in Chap. 8. 


In this section, we demonstrate how to get state equations from the transfer 
function using the direct decomposition technique. Let us consider the 
transfer function between u(t) and y(t) is given by 


ig bs +b st tee tbhstb 
Bia) aA Mat Tigh “beets m<n—] (3-274) 
U(s) s'+a_,s" ++-+as+a, 


where, the coefficients a,,a,....a_,,andb,b,...,b are real constants, U(s) = 
L{u(u(t)], and Y(s) = Ll y(t)]. As we shall see later it is necessary to have m < 
n—1. Premultiplying both sides of Eq. (3-274) by the denominator, we get 


Obtaining the state space equations from the transfer function without 
a clear knowledge of the physical system model and its properties is not 
a unique process. 


(s” +4, Ss" +e+a S44, )Y(s) = (b,,s” +b svi tee tbst b, )U(s) (3-275) 
Taking the inverse Laplace transform of Eq. (3-275), while recalling that 
the transfer function is independent of initial conditions of the system, we get 

the following nth-order differential equation with constant real coefficients: 








gy, OO eta, OY tay ylt 
- m—1 
1 Liss, Eonar AD styl) (278 
dt” dt" ” 


In this decomposition approach, our goal is to convert the transfer function 
in Eq. (3-274) into the state space form: 


a“ =Ax(t)+Bu(t) (3-277) 





y(t) =Cx(t)+ Du(t) (3-278) 


Note y(t) and u(t) are not vectors and are scalar functions. From the 
denominator of Eq. (3-274) the characteristic equation is an nth-order 
polynomial, 


IsSI—Al=s"+a_,s" ++-+ast+a, =0 (3-279) 


which implies A to be an X n matrix. As a result the system is expected to 
have n states. Hence, 


x, (t) 
AL 
x(t)=| aft) (3-280) 
x, (t) 
We assume the following form for the coefficient matrix B: 
0 
0 
B=| . (nX1) (3-281) 
l 


Hence, for Eqs. (3-277), (3-278), and (3-279), respectively, we must have 


dx, (t) 





dt =f) 
dx,(t) _ 
— alt) 
dx,_,(t) _ 
ae nll) 
a =—a,x,(t)—a,x,(t)—---—a_,x,_,(t)-—a,_,x, (f)+u(t) (3-282) 
and 
y(t)=b, x, (f)+6 x, (t)+---+b,_,x, (t) (3-283) 


This implies, in the output Eq. (3-278), D = 0 and C has one row and n 
columns. That is, 


C=[b, b b, «+ b, b] (xn) (3-284) 


where this requires m not to exceed n — 1 in Eg. (3-274)—that is, m < n— 
1. 

Finally, as a result of the direct decomposition technique, the coefficient 
matrices A, B, C, and D are 


0 ] 0 0 0) 
0 ] 0 0 0 
A; = . : B= 
0 0 0 0 ] () 
—4, —a, —G, TE,» = ~Gy 4 I 
c=| b b b = b, b, |; D=0 (3-285) 


Again, please note that this topic will be further discussed in more detail in 
Chap. 8. 


EXAMPLE 3-7-7 Consider the following input-output transfer function: 


Y(s)  —- 2s* +545 


— (3-286) 
U(s) s°+6s>+11s+4 





The dynamic equations of the system using direct 
decomposition method are 


dx, (t) 
dt 
0 ] 0 x, (t) 0 
ae = 0 0 l x,(t) |+] 0 |u(t) 
dx. (t) 4 -ll -6 x,(t) 1 
dt 
yt)=[ 5 1 2 Jx(t) (3-287) 


EXAMPLE 3-7-8 Consider the accelerometer in Example 3-6-4, as shown 
in Fig. 3-17. If the motion of the object is u(t), the 
equation of motion for the accelerometer seismic mass 
M shown in the free-body diagram of Fig. 3-17b may 
be written as 


—K(y(t)—u(t))— BUy(t)— u(t) = My(t) (3-288) 


where B and K are the accelerometer internal material 
damping constant and stiffness, respectively. Rearranging 


Eg. (3-288), we have 
M y(t)+By(t)+K y(t) = Bu(t)+ Ku(t) (3-289) 


In this case, we use the accelerometer absolute 
displacement y(t) as our output variable. The transfer 
function in this case represents a displacement input- 
output relation 





B K 
M M 


BLK 
¥(s) __M. M_ (3-290) 
ONS) gf gg 


z 


then using direct decomposition, Eq. (3-290) is 
decomposed into the following two state equations: 


dx (t) 


: x,(t) ( ) 
dx,(t)___K B 3-292 
, x, (t) x(t) + uh) ( ) 


where x (ft), x,(t) are the state variables, and 
displacement u(t) is the input. From Eq. (3-283), the 
output is therefore 


K B 
| ic _ 3-293 
y(t) | Tay jn-4 ape = ati ( ) 


In order to confirm that Eqs. (3-291) through (3-293) 
do indeed represent the transfer function in Eg. (3-290), 
let us take the Laplace transform while setting the initial 
conditions to zero. Hence, 


sX,(s) =X;(s) (3-294) 
sX,(s)=-X, are 3x ,(s)+U(s) (3-295) 
¥()=— x, (s)+- Dy ,(s) (3-296) 


where X (s) = L[x (01, X,(s) = LLx,(O], U(s) = Llu] 
and Y(s) = L[y(t)]. Using Eg. (3-294) to eliminate X_(s) 
from Eqs. (3-295) and (3-296), we have 


(s+ st) X() =US) (3-297) 
M mM 


3 hr" X(s) (3-298) 


Solving Eqs. (3-297) and (3-298) in terms of Y(s) and 
U(s), we get 


5 z (3-299) 
Ut) 2,8 K 


B K 
s° + 
which is the same as Eq. (3-290). 
In order to reconcile this representation of the 


accelerometer with that of Example 3-6-5, let us 
introduce a new output variable 


gi =y(t)—-Wb)= — = x(t)+—— a(t) ult (3-300) 


Taking the Laplace transform, assuming zero initial 
conditions, we have 


Z(s)= x (s)+— 3x ,(s)—U(s) (3-301) 
Using Eq. (3-294) to eliminate X,(s) from Eq. (3-301), 


and solving the resulting equation and Eq. (3-297) in 
terms of Z(s) and U(s), we get 


Z(s) —§" 


_ (3-302) 
Us) 243 54% 
M 





which is the transfer function of Eq. (3-216). 


3-8 CASE STUDIES WITH MATLAB 


In this section, we use state space to find the time response of simple 


practical examples. 


EXAMPLE 3-8-1 Let us consider the RLC network shown in Fig. 3-18. 


Using the voltage law 


Figure 3-18 RLC network. 


iE 


elty=2, te, +2, (3-303) 


where e, = voltage across the resistor R 
e, = voltage across the inductor L 
e.= voltage across the capacitor C 





Or 
o(t)=+e.(t)+ Ri(t)+L ae (3-304) 
Using current in C, 
c Hed _ ity (3-305) 
dt 


and taking a derivative of Eq. (3-304) with respect to 
time, we get the equation of the RLC network as 











dit) | pdi(t) , it) _ dett) 


; (3-306) 
dt dt C dt 


A practical approach is to assign the current in the 
inductor L, i(t), and the voltage across the capacitor C, 


e(t), as the state variables. The reason for this choice is 
because the state variables are directly related to the 
energy-storage element of a system. The inductor stores 
kinetic energy, and the capacitor stores electric potential 
energy. By assigning i(t) and e (ft) as state variables, we 
have a complete description of the past history (via the 
initial states) and the present and future states of the 
network. The state equations for the network in Fig. 3-18 
are written by first equating the current in C and the 
voltage across L in terms of the state variables and the 
applied voltage e(t). In vector-matrix form, the equations 
of the system are expressed as 





de (t) 9 L . 
dt |_ C e.(t) el a lew (3-307) 
di(t) 1 JR i(t) Tr 
dt L i. 
This format is also known as the state form if we set 
mM) | | eC) (3-308) 
x,(t) i(t) 
or 
| 9 = 0 
me Coy * lal a lee) (3-309) 
X., it R a = 
a L 
i, L 


Let us define the output as 


hens x(t) | | e,(t) 
y(t)! | x(t) | | it) 
| 1.0 
=| 4 ro 


That is we are interested in measuring both the current 
i(t) and the voltage across the capacitor, ec(t). 
As aresult, the coefficient matrices are 


(3-310) 


| 
o  G ‘ 1 0 
1 oR ed 0 1 
ae eee L 
cL 6U. 


The transfer functions between e(t) and y(t) are 


obtained by applying Eq. (3-249), when all the initial 
States are set to zero. Hence, from 


G(s)=C(sI-A)"B 


1 1 (3-312) 
- airaenl Cs | 
More specifically, the two transfer functions are 
BNA) (3-313) 





E(s) 1+RCs+LCs? 


I3)___ Gs 


i a (3-314) 
E(s) 1+RCs+LCs? 


Toolbox 3-8-1 


Time-domain step responses for the outputs in Eqs. (3-313) and (3- 
314) are shown in Fig. 3-19, using R=1,L=1, C= 1: 


R=1 ; 


L=1; C=1; 


C=0:0.02::30 > 


numl = [1]; 

denl = [L*C R*C 1]; 
num2 = [C 0]; 

den2 = [L*C R*C 1]; 
G1 = tf£(numl1, dent) ; 
G2 = tf£(num2, den2) ; 
yl = step (G1, t); 
y2 = step (G2, t); 
plot (t 471); 

hold on 

plot {(t, y2, *-"),; 


xlabel(‘Time (s)’) 
ylabel (‘Output’ ) 


Voltage e.(t) Volts 





3 
= 
0 
© 
Current 1(t) Amps 
—(),2 
() 5 10 15 20 25 30 
Time (s) 
Figure 3-19 Output voltage and current step responses for Example 3-8- 
i. 


EXAMPLE 3-8-2 As another example of writing the state equations of an 
electric network, consider the network shown in Fig. 
3-20. According to the foregoing discussion, the 
voltage across the capacitor, e(t), and the currents of 
the inductors, i(t) and i(t), are assigned as state 
variables, as shown in Fig. 3-20. The state equations 
of the network are obtained by writing the voltages 
across the inductors and the currents in the capacitor 
in terms of the three state variables. The state 


equations are 





Figure 3-20 Electrical schematic of the network of Example 3-8-2. 
di,(t) 








L i =—Ri(t)—edt) elt) (3-315) 
di,(t 
Lb a = Rite (3-316) 
de(t) _. , 
Cm EA -a) (3-317) 
In vector-matrix form, the state equations are written 
as 
2 er) 
x - hi x i 
x, |=| 0 — x, |+ - e(t) LaLB) 
i i 0 
x, 1 1 Xx; 0 
—- -— 9 
C & 
where 
x i, (t) 
x, |=| i(t) (3-319) 


x, e.(t) 


Similar to the procedure used in the previous example, 
the transfer functions between J1(s) and E(s), [(s) and 
F(s), and E (s) and E(s), respectively, appear next i,(t) 


I,(s)_ L,Cs*+R,Cs+1 
E(s) A 


I,(s) 1 


E(s) A 





E(s) ,s+R, 
E(s) A 


where 


A =1 Le ORL, +R, CS {tL +b. + RRC £2 
| Ege a 7 Koad | 1 2 2 i 2 


Toolbox 3-8-2 


(3-320) 


(3-321) 


(3-322) 


(3-323) 


Time-domain step responses for the outputs in Eqs. (3-320) to (3-322) 


are shown in Fig. 3-21, using R =1,R,=1,L,=1,L,=1,C=1: 


RI=1; R2=1; Li=1; L2=1; C1; 
t=0:0.02:30; 

numl = [{L2*C R2*C I] 

num2 = [1]; 

num3 = [L2 R2]; 

den = [L1*L2*C R1*L2*C+R2*L1*C L14+L2+R1*R2*C R1+R2] ; 
Gl = tf£(numl1, den) ; 

G2 tf£(num2, den); 

G3 = tf(num3, den); 

yl = step (G1, t):; 

y2 = step (G2, t); 

ys = step (G3, t); 


plot (t, yi); 

hold on 

plOE(E; V2, *--')}% 
hold on 


plot lt, v3, *=.') 
xlabel (‘Time (s) ’ 
ylabel (‘Output 
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Figure 3-21 Output voltage and current step responses for Example 3-8- 
Z. 


EXAMPLE 3-8-3 Consider the accelerometer in Examples 3-6-4 and 3-7-8, 
as shown in Fig. 3-17. The state equations of the 


system using the state variables defined in Example 3- 
7-8 are 


dx,(t) 
dt = my 





(3-324) 
dx,(t)__K 


B 
4 ap tia alt) + u(t) (3-325) 


where x (ft), x,(t) are the state variables, and 
displacement u(t) is the input. Here we define the output 
equation to reflect both absolute and relative 
displacements of the seismic mass as outputs, that is, y(t) 
and z(t). From Eq. (3-283), the output is therefore 


B 


K 
| y(t) | M M | x, (t) I+ 0 feo (3-326) 
z(t) K B x,(t) = 
M M 


The two system transfer functions were obtained 








earlier as 
BK 
Y(s)__ MM (3-327) 
OM) py ig 
M 
2 
Zs) TS (3-328) 
BW) giFgi® 


Toolbox 3-8-3 


Time-domain step responses for the outputs in Eqs. (3-327) and (3- 
328) are shown in Fig. 3-22, using M = 1, B = 3, and K = 2: 


K=2; M=1; B=3; 
t=0:0.02:30; 


numl = [B/M K/M] ; 
num2 = [-1 0 0]; 
den = [1 B/M K/M]; 
G1 = tf(numl1, den); 
G2 = tf£(num2, den) ; 
yl = step (G1, ¢t); 
y2 = step (G2, t); 
plot l(t, wi)? 

hold on 

pPleE(t, ya, *==<') 7 
xlabel (‘Time 


(Second) ’ ) 


. 
/ 


ylabel 


(‘Step Response’ 


) 


Absolute Displacement y(t) 





Relative Displacement z(t) 


Step Response 
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Figure 3-22 Absolute and relative displacement time responses to a step 
displacement input for the accelerometer seismic mass in Example 3-8-3. 


Considering the time response plots in Fig. 3-22, are as expected. That is, 
for a unit step base movement, the absolute displacement follows the base at 
Steady state, while the mass relative motion with respect to base, after 
experiencing initial acceleration, settles to zero. 


3-9 LINEARIZATION REVISITED—THE 
STATE-SPACE APPROACH 


In Sec. 2-4, we introduced the concept of linearization using the Taylor 
series technique. Alternatively, let us represent a nonlinear system by the 
following vector-matrix state equations: 


wa) 
= f[x(t),r(t)] (3-329) 





where x(t) represents the n x 1 state vector; r(t), the p < 1 input vector; and 
f[x(t), r(t)], an n x 1 function vector. In general, f is a function of the state 
vector and the input vector. 

Being able to represent a nonlinear and/or time-varying system by state 
equations is a distinct advantage of the state-variable approach over the 
transfer-function method, since the latter is strictly defined only for linear 
time-invariant systems. 

As a simple example, the following nonlinear state equations are given: 








OD) (1)4+22() (3-330) 
dt 

MMO) _ 5 W)tr(t) (3-331) 
dt 


Because nonlinear systems are usually difficult to analyze and design, it is 
desirable to perform a linearization whenever the situation justifies it. 

A linearization process that depends on expanding the nonlinear state 
equations into a Taylor series about a nominal operating point or trajectory is 
now described. All the terms of the Taylor series of order higher than the first 
are discarded, and the linear approximation of the nonlinear state equations at 
the nominal point results. 

Let the nominal operating trajectory be denoted by x,(t), which 
corresponds to the nominal input r(t) and some fixed initial states. 
Expanding the nonlinear state equation of Eq. (3-329) into a Taylor series 
about x(t) = x,(t) and neglecting all the higher-order terms yields 


where i = 1, 2,...,n. Let 


AX, = Ky Re 

and 
Ar, =1-h, 

Then 

AX, = h— Xe 
Since 

Kae = Fe Xo, ) 
Equation (3-332) 1s written as 

As, = > 2h) Ax 5 cae) 
jn OX, jn, 





Xo ae) 


Equation (3-337) may be written in vector-matrix form: 


Ax = A* Ax+B* Ar 


where 


of, 
Ox, 
Of, 
A*=| Ox, 


OS 
Ox, 


Of, 
Ox, 
Of, 
ax, 





Sn 
Ox, 


Of, 
Ox, 


of, 








(3-333) 


(3-334) 


(3-335) 


(3-336) 


(3-337) 


(3-338) 


(3-339) 


p 
Of, 9 | oh 
B*=| Or OF, Or, (3-340) 





The following simple example illustrates the linearization procedure just 
described. 


EXAMPLE 3-9-1 For the pendulum in Fig. 2-38, with a mass m and a 
massless rod of length /, if we define x = 0 and x, = 0 
as state variables, the state space representation of the 
system model becomes 


ee, (2) 

g (3-341) 

x, = —7 sin x, (£) 
Expanding the nonlinear state equation of Eq. (3-341) 

into a Taylor series about x(t) = x(t) = 0 (or 6 = 0) and 

neglecting all the higher-order terms yields, with r(t) = 0 

since there is no input (or external excitations) in this 


case, we get 
Ai (= as (= 29 ax, (t)= Ae, (0 (3-342) 
0| ——sin x, (t) 
| Of, (t) - é _ 5 (3-343) 
At, ()= 52 yAnl)=|——— Ax (1)=—£Ax (1) 


X)=0 


where Ax, and Ax,(t) denote nominal values of x(t) and 
X(t), respectively. Notice that the last two equations are 
linear and are valid only for small signals. In vector- 
matrix form, these linearized state equations are written 


as 
aaa Ls a || aoe a 
Ax, (t) a 0 || Ax,(t) 
where 
a= = constant (3-345) 


If we let 4= O,, Eq. (3-344) becomes 
Ax, (t)= @; Ax, (t) (3-346) 


Switching back to classical representation, we get the 
linear system 


0+@°0=0 (3-347) 


EXAMPLE 3-9-2 In Example 3-9-1, the linearized system turns out to be 
time-invariant. As mentioned earlier, linearization of a 
nonlinear system often results in a linear time-varying 
system. Consider the following nonlinear system: 


—] 
’ = 3-348 
x, (t) AD ( ) 
x,(t)=u(t)x, (t) (3-349) 


These equations are to be linearized about the nominal 
trajectory |x, (t),x,,(t)], which is the solution to the 
equations with initial conditions x(0) = x,(0) = 1 and input 
u(t) = 0. 


Integrating both sides of Eq. (3-349) with respect to t, 


we have 
(7) =x, (0) =1 (3-350) 
Then Eg. (3-348) gives 
eal (3-351) 


Therefore, the nominal trajectory about which Eas. (3- 
350) and (3-351) are to be linearized is described by 


x,,(t)=—t+1 (3-352) 
X(t) =1 (3-353) 


Now evaluating the coefficients of Eq. (3-337), we get 

















of(t) . of(t) 2 aft). Of,(t) 
Ox, (t) 7 Ox,(t) - x;(t) ox,(t) =ult) du(t) =% (0) oleate 
Equation (3-337) gives 
Ax, (t)=—— Ax, (t) (3-355) 
Xo (t) 
Ax, (t)=u,(t)Ax, (t)+ x, (t)Au(t) (3-356) 


By substituting Eqs. (3-353) and (3-354) into Eqs. (3- 
348) and (3-349), the linearized equations are 


Ax, (t Ax, (t 
mp ) |_| 9 2 +| _” | aeatey (3-357) 
Ax, (t) 0 0 Ax, (t) 1-t 
which is a set of linear state equations with time- 


varying coefficients. 


EXAMPLE 3-9-3 Figure 3-23 shows the diagram of a magnetic-ball- 
suspension system. The objective of the system is to 


control the position of the steel ball by adjusting the 
current in the electromagnet through the input voltage 
e(t). The differential equations of the system are 


Magnetic-Ball Suspension System 


Steel ball 





Figure 3-23 Magnetic-ball-suspension system. 


d’y(t) _.,,_i(t) 





M 2 § (3-358) 
dt y(t) 
e(t)= Ri(t) +L (3-359) 


where e(t) = input voltage 
y(t) = ball position 
i(t) = winding current 
R=winding resistance 
L =winding inductance 
M = mass of ball 

g = gravitational acceleration 

Let us define the state variables as x (t) = y(t),x,(Q) = 


dy(t)/dt, and x,(t) = i(t). The state equations of the system 
are 


dx,(t) _ 


3-360 
Hy w(t) ( ) 
20 ag — 2 et (3-361) 

t M x,(t) 
dx,(t)_ oR I 3.349 
a pattie ae ( ) 


Let us linearize the system about the equilibrium point 
y(t) = x,, = constant. Then, 


_ Axo (t) _ 3-363 
x(t)= ‘? = 0 ( ) 
d*Yo(t) _ (3-364) 

dt? 


The nominal value of i(t) is determined by substituting 


Eg. (3-364) into Eg. (3-359) 





e(t)=Ri(t)+L aii (3-365) 
dt 
Thus, 
t= x (f) =.) Mex. (3-366) 


The linearized state equation is expressed in the state 
Space form, with the coefficient matrices A* and B* 
evaluated as 








Pe dy 1/2 
3B gq _A<~0s § 0 2 § : 
A*= Mx;, Mx,, = Xo Mx,, (3 367) 
R 
0 0 7 () @) _R 
d, 
0 
pe-| 2 (3-368) 
a 
L 


3-10 SUMMARY 


Two most common tools for solving the differential equations representing 
dynamic systems are the transfer function and the state-variable methods. 
Transfer functions are based on the Laplace transform technique and are valid 
only for linear time-invariant systems, whereas the state equations can be 
applied to linear as well as nonlinear systems. 


In this chapter, we started with differential equations, and how the Laplace 
transform is used for the solution of linear ordinary differential equations. 
This transform method is characterized by first transforming the real-domain 
equations into algebraic equations in the transform domain. The solutions are 
first obtained in the transform domain by using the familiar methods of 
solving algebraic equations. The final solution in the real domain is obtained 
by taking the inverse transform. For engineering problems, the transform 
tables and the partial-fraction expansion method are recommended for the 
inverse transformation. Throughout, we introduced various MATLAB 
toolboxes to find the solution of differential equations and to plot their 
corresponding time responses. 


This chapter was presented the state space modeling of linear time- 
invariant differential equations. We further provided solution to the state 
equations using Laplace transform technique. The relationship between the 
State equations and transfer functions was also established. We finally 


demonstrated that given the transfer function of a linear system, the state 
equations of the system can be obtained by decomposition of the transfer 
function. 

Later in Chaps. 7 to 11 we will provide more examples on modeling of 
physical systems that will utilize these subjects. Further in Chaps. 7 and 8, we 
will provide more details on solution and time response of differential 
equations using the Laplace transform and the state-space approaches, 
respectively. 
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PROBLEMS 


PROBLEMS FOR SEC. 3-2 


3-1. Find the poles and zeros of the following functions (including the 


ones at infinity, if any). Mark the finite poles with < and the finite zeros with 
o in the s-plane. 


G(s) = 10(s+2) 
(a) s*(s+1)(s+10) 
G(s)= 10s(s+1) 
(b) ($4-2)(5" +3542) 
G(s)= 10(s+2) 
(c) 5(8"4:29:4-2) 
G(s) —— : 
(d) 10s(s+1)(s+2) 


3-2. Poles and zeros of a function are given; find the function: 
(a) Simple poles: 0, —2; poles of order 2: —3; zeros: —1, © 

(b) Simple poles: —1, —4; zeros: 0 

(c) Simple poles: —3, ~; poles of order 2: 0, —1; zeros: +j, © 


3-3. Use MATLAB to find the poles and zeros of the functions in Prob. 


3-4. Use MATLAB to obtain L{sin’ 2t}. Then, calculate L{cos’ 2t} when 
you know L{sin’ 2t}. Verify your answer by calculating L{cos’ 2t} in 
MATLAB. 


3-5. Find the Laplace transforms of the following functions. Use the 
theorems on Laplace transforms, if applicable. 


(a) g(t)=5Ste'u,(t) 
(b) g(t)=(tsin2t+e~ )u,(t) 
(c) g= 2e sin 2tu, (t) 
(d) g(f)=sin2tcos2tu,(t) 
g(t)= ye 5(t —kT), where 0(t) = unit-impulse function 


k=0 
3-6. Use MATLAB to solve Prob. 3-5. 


3-7. Find the Laplace transforms of the functions shown in Fig. 3P-7. 
First, write a complete expression for g(t), and then take the Laplace 
transform. Let g(t) be the description of the function over the basic period 
and then delay gI(t) appropriately to get g(t). Take the Laplace transform of 
g(t) to get the following: 





Figure 3P-7 


3-8. Find the Laplace transform of the following function. 


t+1 O<t<l 
0 L<t<2 
2-¢ 16f<3 
0 t>3 


g(t)= 


3-9. Find the Laplace transform of the periodic function in Fig. 3P-9. 
f(t) 


T/2 T 


Figure 3P-9 


3-10. Find the Laplace transform of the function in Fig. 3P-10. 


Figure 3P-10 


3-11. The following differential equations represent linear time-invariant 
systems, where r(t) denotes the input and y(t) the output. Find the transfer 
function Y(s)/R(s) for each of the systems. (Assume zero initial conditions.) 

3 2 
d yee) 4g MO) pg A®) y(t) = 3s + r(4) 
(a) dt dt’ dt dt 
+f 2 
d ye) saint ye) wt) 
(b) dt dt dt 





+5 y(t) =5r(t) 


d’y(t) _ d°y(t) _ dy(t) dr(t) 

(c) dt? +10 dt? +2 dt +y(t)+2f y(t)at = ‘7 
d° yO), a(t) 

(d) = dt dt 
d'y(t+l) | dy(t+) a 

(e) dt? +4 dt +5 y(t+1)= +2r(t)+2[_ r(t )dt 
d’y(t)  ,d'y(t) | dy(t) 

(f) dt dt? dt 














+5 y(t) =r(t)+2r(t—1) 





+ 2r(t—2) 











dr(t—2) 
+2y(t)+2 7 y(t)dt =—— 


3-12. Use MATLAB to find Y(s)/R(s) for the differential equations in 
Prob. 2-29. 


PROBLEMS FOR SEC. 3-3 


3-13. Find the inverse Laplace transforms of the following functions. 
First, perform partial-fraction expansion on G(s); then, use the Laplace 
transform table. 


“§-— > 
(a) s(s+2)(s+3) 


G(s) = —_—— 
(b) (s+1)°(s+3) 

G(s) =< 1008 +2)_ 
(c) s(s* +4)(s+1) 

G(s) = 2(s+1) 
(d) i(s" 4-842) 

] 

(Grn 

G(s) = 2(s* +s+1) 
(f) s(s+1.5)(s?+5s+5) 

2+2se*+4e°° 


G(s) == —— 
(g) s°+3s+2 


2s+1 

G(s) <-—_ ——_ 

(h) s°+6s° +11s+6 
35° +1057 +8s+5 

G(s) = S S S 


(i) s'+5s°+7s° +5s+6 


3-14. Use MATLAB to find the inverse Laplace transforms of the 
functions in Prob. 3-13. First, perform partial-fraction expansion on G(s); 
then, use the inverse Laplace transform. 


3-15. Use MATLAB to find the partial-fraction expansion to the 
following functions. 


G(s) = 10(s+1) 
(a) s*(s+4)(s+6) 
60) o——_ a) _ 
(b) s(s+2)(s* +2s+2) 
G(s) = 5(s+2) 
(c) s°(st+1)(s+5) 
83 -—*_. 
(d) (s+1)(s°+s+1) 
G(s) = 100(s* +s +3) 
(e) s(s* +5s+3) 
G(s) = — 
(f) s(s“ +1)(s+0.5) 
G(s) = 2s°+s°+8s+6 
(g) (s" +4)(9* +2542) 
G(s) = 2s°+9s°+15s°+s+2 
(h) s*(s+2)(s+1)° 


3-16. Use MATLAB to find the inverse Laplace transforms of the 
functions in 3-15. 


PROBLEMS FOR SEC. 3-4 


3-17. Solve the following differential equations by means of the Laplace 
transform. 
2 

df(t), a(t) 


(a) dt? “7 + 4fO =e “u(t 





) Te a: 
(Assume zero initial conditions. ) 





dx, (t) x(t) 











dt 

AE) _ 9x (t)—3x,(t)-+us(t)x (0) =1,x,(0) =0 
(b) 

d°y(t) ,d°y(t) , dy(t) na 

ap + 7p + 71 +2y(t)=—e “u,(t) 

VY y— 1 2) =1 vt0)= 
(lar (0)= aT ler a itl 


3-18. Use MATLAB to find the Laplace transform of the functions in 
Prob. 3-17. 


3-19. Use MATLAB to solve the following differential equation: 


dy gt 
de” (Assuming zero initial conditions.) 





3-20. A series of a three-reactor tank is arranged as shown in Fig. 3P-20 
for chemical reaction. 


tC 
at} ] Sel Cas 
L 
[= — ee ae 
Reactor 3 
Reactor 2 


Reactor | 


Figure 3P-20 


The state equation for each reactor is defined as follows: 





dC 1 
R1: 7 = 7, [1000 +100C,, —1100C,, -k,V,C,,] 
1 
dC 1 
R2: — = ~ [1100C,, —1100C,, —k,V,C,, | 
dC 1 
R3- ry 7 77 O00, —1000C,,,—k,V,C,.] 
3 


when V and k represent the volume and the temperature constant of each 
tank as shown in the following table: 


Reactor V, k 

] 1,000 0.1 
2 1,500 0.2 
3 100 0.4 


Use MATLAB to solve the differential equations assuming C, = C,, = C,, = 
Oat t= 0. 


PROBLEMS FOR SEC. 3-5 


3-21. Figure 3P-21 shows a simple model of a vehicle suspension system 
hitting a bump. If the mass of wheel and its mass moment of inertia are m and 
J, respectively, then 


(a) Find the equation of the motion. 

(b) Determine the transfer function of the system. 

(c) Calculate its natural frequency. 

(d) Use MATLAB to plot the step response of the system. 


Figure 3P-21 
3-22. An electromechanical system has the following system equations. 
di 
L—+R1l+K,0=et 
di e(t) 
dw 
— i BW — Kt = 
at 
For a unit-step applied voltage e(t) and zero initial conditions, find 
responses i(t) and w(t). Assume the following parameter values: 
L=1HmJ =kg m’, B=2N ms, R=1Q, K,=1Vs, K,=1N mi/A. 


3-23. Consider the two-degree-of-freedom mechanical system shown in 
Fig. 3P-23, subjected to two applied forces, f(t) and f(t), and zero initial 
conditions. Determine system responses x (t) and x,(t) when 


(a) f,() = 9, £0 = uO 
(b) £0) =u), £0 =u,©. 
Use the following parameter values: 


m, =m, =1 kg, b, =2Ns/m, b, =1Ns/m, k, =k, =1N/m. 


fd) 





\ 


b, b, 


Figure 3P-23 
PROBLEMS FOR SECs, 3-6 AND 3-7 


3-24. Express the following set of first-order differential equations in the 


dx(t) 





vector-matrix form of df =Am(E)+ Eat) 

a. _x,(t)+2x,(t) 
a —2x KE) Sx, (t)+u,(t) 
dx,(t) - 7 

(ay dp MP SMD 2 Flt) 
#0 __ 4 ()42x,()+24(0 
MO) _ oy (t)—x,(t)+u,(£) 
dt 
aT) nies - 

(b) dt = 3x, (t)— 4x, (1)— x3(¢) 


3-25. Given the state equation of the system, convert it to the set of first- 
order differential equation. 


O -l 2 Oo =I 

A= l 0 1 Bia!) J v 

(a) =] #2 | 0 v 
> iI -gZ =] 
A=| -1 2 2 | B= v 
(b) 0 0 l 2 


3-26. Consider a train consisting of an engine and a car, as shown in Fig. 
3P-26. 






= 
OU meen O80 eatin OF On @rasterre),0mrC 









Figure 3P-26 


A controller is applied to the train so that it has a smooth start and stop, 
along with a constant-speed ride. The mass of the engine and the car are M 
and m, respectively. The two are held together by a spring with the stiffness 
coefficient of K. F represents the force applied by the engine, and p 
represents the coefficient of rolling friction. If the train only travels in one 
direction: 

(a) Draw the free-body diagram. 

(b) Find the state variables and output equations. 

(c) Find the transfer function. 

(d) Write the state space of the system. 


3-27. A vehicle towing a trailer through a spring-damper coupling hitch is 
shown in Fig. 3P-27. The following parameters and variables are defined: M 
is the mass of the trailer; K,, the spring constant of the hitch; B,, the viscous- 
damping coefficient of the hitch; B, the viscous-friction coefficient of the 
trailer; y(t), the displacement of the towing vehicle; y,(t), the displacement of 
the trailer; and f(t), the force of the towing vehicle. 


fit), y(t) y(t) 


i v 








TRAILER 
M 


Figure 3P-27 


(a) Write the differential equation of the system. 


(b) Write the state equations by defining the following state variables: 
x0) = y,© — y(t) and x,(t) = dy,(t)dt. 


3-28. Figure 3P-28 shows a well-known “ball and beam” system in 
control systems. A ball is located on a beam to roll along the length of the 
beam. A lever arm is attached to the one end of the beam and a servo gear is 
attached to the other end of the lever arm. As the servo gear turns by an angle 
0, the lever arm goes up and down, and then the angle of the beam is changed 


by a. The change in angle causes the ball to roll along the beam. A controller 
is desired to manipulate the ball’s position. 


at 


Beam 
Lever Arm 
af == 
) 
Gear 
d 


Figure 3P-28 


Assuming: 
m = mass of the ball 
r = radius of the ball 
d= lever arm offset 
g = gravitational acceleration 
L=length of the beam 
J] =ball’s moment of inertia 
p = ball position coordinate 
a= beam angle coordinate 
0 = servo gear angle 
(a) Determine the dynamic equation of the motion. 
(b) Find the transfer function. 


(c) Write the state space of the system. 
(d) Find the step response of the system by using MATLAB. 


3-29. Find the transfer function and state-space variables in Prob. 2-12. 


3-30. Find the transfer function Y(s)/T (s) in Prob. 2-16. 


3-31. The schematic diagram of a motor-load system is shown in Fig. 3P- 
31. The following parameters and variables are defined: T (t) is the motor 
torque; w (t), the motor velocity; 0 (t), the motor displacement; w (t), the load 
velocity; 0 (t), the load displacement; K, the torsional spring constant; J, the 
motor inertia; B , the motor viscous-friction coefficient; and B,, the load 
viscous-friction coefficient. 

(a) Write the torque equations of the system. 

(b) Find the transfer functions © (s)/T (s) and © (s)/T (s). 

(c) Find the characteristic equation of the system. 

(d) Let T (Q) = T bea constant applied torque; show that w = @, = 
constant in the steady state. Find the steady-state speeds m and @. 


(e) Repeat part (d) when the value of J, is doubled, but J. stays the same. 


9,,(0) 9; (1) 


im K 
Flexible 


mv? Bin T(t) shaft OO, (f) Ji 
On (T) L 


Figure 3P-31 


3-32. In Prob. 2-20, 

(a) Assume that T is a constant torque. Find the transfer function @(s)/ 
A(s), where @(s) and A(s) are the Laplace transforms of @(t) and ¢ (6), 
respectively. Assume that ¢ (t) is very small. 

(b) Repeat part (a) with points C and P interchanged. ‘The d_ in the 
expression of a, should be changed to d.. 


3-33. In Prob. 2-21, 

(a) Express the equations obtained in earlier as state equations by 
assigning the state variables as x, = 0, x, = d6/dt,x, = x and x, = dx/dt. Simplify 
these equations for small 8 by making the approximations sin 8 = @ and cos@ 
= 1. 


(b) Obtain a small-signal linearized state-equation model for the system 
in the form of 
dAx(t) 

dt 





= A*Ax(t)+ B*Ar(t) 


at the equilibrium point oi (2) = 1,%)(f) =0,%);(£) =0, and x,,(f) =0. 


3-34. Vibration absorbers are used to protect machines that work at the 
constant speed from steady-state harmonic disturbance. Figure 3P-34 shows a 
simple vibration absorber. 


FO) 





Figure 3P-34 


Assuming the harmonic force F(t) = Asin(q@t) is the disturbance applied to 
the mass M: 


(a) Derive the state space of the system. 
(b) Determine the transfer function of the system. 


3-35. Figure 3P-35 represents a damping in the vibration absorption. 


Assuming the harmonic force F(t) = Asin(a@t) is the disturbance 
applied to the mass M: 


(a) Derive the state space of the system. 
(b) Determine the transfer function of the system. 





Figure 3P-35 


3-36. Consider the electrical circuits shown in Fig. 3P-36a and b. 


C/2 C/2 
@ ee 
+ 2R 2R + 
Vig C R Vat 
& i 
(a) 
} L, L, R 


Figure 3P-36 


For each circuit: 
(a) Find the dynamic equations and state variables. 


(b) Determine the transfer function. 
(c) Use MATALB to plot the step response of the system. 


3-37. The following differential equations represent linear time-invariant 
systems. Write the dynamic equations (state equations and output equations) 


in vector-matrix form. 























d°y(t) _, dy(t) 
(a) dt’ — dt + y(t) =5r(t) 
d°y(t) ,d-y(t) _ _dy(t) 
oy 2 ae ge tg RRO 
d°y(t) _d°y(t) _dy(t) : 
() de? dt dt + y(t) + [y(nde =r() 
d‘y(t) __dy(t) _ _dy(t) 
ay ae gp t Pg TPR 


3-38. The following transfer functions show linear time-invariant 


systems. Write the dynamic equations (state equations and output equations) 


in vector-matrix form. 


mt, 
G(s) =—-—-— 
(a) s°+3s+2 


6 
Gls) 3+ 
(b) s°+6s° +11s+6 


+2 
a 
(c) 5° + 78412 


G(s) = s* + 11s* + 35s'+.250 
(d) s*(s° + 4s* +39s + 108) 


3-39. Repeat Prob. 3-38 by using MATLAB. 


3-40. Find the time response of the following systems: 


(a) | s I 2-3 | ‘ | ' 
oli He PIE HS tos, 


4-41. Given a system described by the dynamic equations: 


ne = Ax(t)+Bu(t) y(t) =Cx(t) 





(a) i 2 3 


wea adetilete 


0 1 0 0 
A=|0 0 1 | B=| 0 | c=[11 0] 
(c) 0 -l 2 1 


(1) Find the eigenvalues of A. 
(2) Find the transfer-function relation between X(s) and U(s). 
(3) Find the transfer function Y(s)/U(s). 


3-42. Given the dynamic equations of a time-invariant system: 





AMO _ ax(t)+Bult) y(t) =Cx(t) 
where 
0 1 0 a 
A=| 0 0 1 | B=} 0} C=[11 0 | 
[| Df 3 I 


Find the matrices A, and B, so that the state equations are written as 


dx(t) 
dt 





= A,x(t)+B u(t) 


where 


x, (t) 
y(t) 


ays) 
dt 


X(h)= 


3-43. Figure 3P-43a shows a well-known “broom-balancing” system in 
control systems. The objective of the control system is to maintain the broom 
in the upright position by means of the force u(t) applied to the car as shown. 
In practical applications, the system is analogous to a one-dimensional 
control problem of the balancing of a unicycle or a missile immediately after 
launching. The free-body diagram of the system is shown in Fig. 3P-435, 
where 





Figure 3P-43 


f= force at broom base in horizontal direction 

id = force at broom base in vertical direction 
M,, = mass of broom 

g = gravitational acceleration 


M =mass of car 


Cc 


J, = moment of inertia of broom about center of gravity CG = M,L,/3 


(a) Write the force equations in the x and the y directions at the pivot 
point of the broom. Write the torque equation about the center of gravity CG 
of the broom. Write the force equation of the car in the horizontal direction. 

(b) Express the equations obtained in part (a) as state equations by 
assigning the state variables as x, = 0, x, = d0/dt,x, = x and x, = dx/dt. Simplify 
these equations for small 8 by making the approximations @ = @ and cos@ = 1. 

(c) Obtain a small-signal linearized state-equation model for the system in 
the form of 


dAx(t) 
dt 





= A* Ax(t)+ B* Ar(t) 


at the equilibrium point x, (t) = 1,x,(0) = 0,x,.(0) = 0, and x(t) = 0. 


3-44. The “broom-balancing” control system described in Prob. 3-43 has 
the following parameters: 


M,=l1kg M.=10kg L=lm g=32.2ft/s° 
The small-signal linearized state equation model of the system is 


Ax(t) = A* Ax(t)+ B* Ar(t) 


where 
0 1 O O 0 
AX 25.92 0 O O BX= —0).0732 
0 0 O |] 0 
—2.36 0 0 O 0.0976 


Find the characteristic equation of A* and its roots. 


3-45. Figure 3P-45 shows the schematic diagram of a ball-suspension 
control system. The steel ball is suspended in the air by the electromagnetic 
force generated by the electromagnet. The objective of the control is to keep 
the metal ball suspended at the nominal equilibrium position by controlling 
the current in the magnet with the voltage e(t). The practical application of 
this system is the magnetic levitation of trains or magnetic bearings in high- 
precision control systems. The resistance of the coil is R, and the inductance 
is L(y) = L/y(t), where L is a constant. The applied voltage e(t) is a constant 
with amplitude E. 

(a) Let E, be a nominal value of FE. Find the nominal values of y(t) and 
dy(t)/dt at equilibrium. 

(b) Define the state variables at x (t) = i(t),x,(Q) = y(t), and x,(t) = dy(t)/dt. 


mit =f (x,e). 





Find the nonlinear state equations in the form of dt 
(c) Linearize the state equations about the equilibrium point and express 


the linearized state equations as 
dAx(t) 
dt 





= A* Ax(t)+ B* Ae(t) 


The force generated by the electromagnet is Ki’(t)/y(t), where K is a 
proportional constant, and the gravitational force on the steel ball is Mg. 


e(t) 





Figure 3P-45 


3-46. The linearized state equations of the ball-suspension control system 
described in Prob. 3-45 are expressed as 


Ax(t) = A* Ax(t) + B* Ai(t) 


where 
() 1 0 0) () 
A*= 115.2 -—0.05 —-18.6 0 B= —6.55 
0 0 (0) 1 0) 
—=37,2 0 37.2 —0.1 —6§.55 


Let the control current Ai(t) be derived from the state feedback Ai(t) = 
—-KAx(t), where 


K =| k k kk, | 
(a) Find the elements of K so that the eigenvalues of A* — B*K are at —1 
+j,-1-j, -10, and -10. 
(b) Plot the responses of Ax (t) = Ay (t) (magnet displacement) and Ax .(t) 
= Ay,(t) (ball displacement) with the initial condition 


Ax(0) = 


0 
(c) Repeat part (b) with the initial condition 


eeael |e 


v 


Comment on the responses of the closed-loop system with the two sets of 
initial conditions used in (b) and (c). 


“Strictly speaking, the one-sided Laplace transform should be defined from t = 0 to t = oo. The 
symbol t = 0 implies the limit of t > 0 is taken from the left side of t = 0. For simplicity, we shall use t 
= 0 or t= t, (& 0) as the initial time in all subsequent discussions. A Laplace transform table is given in 
App. C. 

‘The transfer function in Eq. (3-20) is said to be strictly proper if the order of the denominator 
polynomial is greater than that of the numerator polynomial (i.e., n > m). If n = m, the transfer function 
is called proper. The transfer function is improper if m > n. 


“The definition of a pole can be stated as: If a function G(s) is analytic and single-valued in the 
lim[(s— p, )’ G(s)] 

neighborhood of point p,, it is said to have a pole of order r at s = p, if the limit >? as 
a finite, nonzero value. In other words, the denominator of G(s) must include the factor (s — p,)’, so 
when s = p,, the function becomes infinite. If r =1, the pole at s = p. is called a simple pole. 

“The definition of a zero of a function can be stated as: If the function G(s) is analytic at s = Z,, it is 

lim|(s—z,) "G(s)] 

said to have a zero of order r at s = Z, if the limit si has a finite, nonzero value. Or, 
simply, G(s) has a zero of order r at s = Z. if 1/G(s) has an rth-order pole at s = Z.. 





Block Diagrams and Signal-Flow 
Graphs 


In Chap. 2, we studied the modeling of basic dynamic systems, and later in 
Chap. 3 we utilized transfer function and state space methods to convert these 
models from differential equation representation into formats more suitable 
for control system analysis. In this chapter, we introduce block diagrams as 
graphical alternatives for modeling control systems and their underlying 
mathematics. Block diagrams are popular in the study of control systems 
because they provide better understanding of the composition and 
interconnection of the components of a dynamic system. A signal-flow graph 
(SFG) may also be used as an alternative graphical representation of a control 
system model. SFGs may be regarded as an alternative representation of a 
block diagram. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 
1. Utilize block diagrams, its components, and their underlying 
mathematics to obtain transfer function of a control system. 
2. Establish a parallel between block diagrams and signal-flow graphs. 
3. Utilize signal-flow graphs and Mason’s gain formula to find transfer 
function of a control system. 
4. Obtain the state diagrams, an extension of the SFG to portray state 
equations and differential equations. 


In this chapter, we utilize the block diagrams and SFGs and the Mason’s 
gain formula to find the transfer function of the overall control system. 
Through case studies at the end of the chapter, we apply these techniques to 
the modeling of various dynamic systems that we already studied in Chaps. 2 


and 3. 


4-1 BLOCK DIAGRAMS 


Block diagram modeling together with transfer function models describe 
the cause-and-effect (input-output) relationships throughout the system. For 
example, consider a simplified block diagram representation of the heating 
system in your lecture room, shown in Fig. 4-1, where by setting a desired 
temperature, also defined as the input, one can set off the furnace to provide 
heat to the room. The process is relatively straightforward. The actual room 
temperature is also known as the output and is measured by a sensor within 
the thermostat. A simple electronic circuit within the thermostat compares the 
actual room temperature to the desired room temperature (comparator). If 
the room temperature is below the desired temperature, an error voltage will 
be generated. The error voltage acts as a switch to open the gas valve and 
turn on the furnace (or the actuator). Opening the windows and the door in 
the classroom would cause heat loss and, naturally, would disturb the heating 
process (disturbance). The room temperature is constantly monitored by the 
output sensor. The process of sensing the output and comparing it with the 
input to establish an error signal is known as feedback. Note that the error 
voltage here causes the furnace to turn on, and the furnace would finally shut 
off when the error reaches zero. 


Block diagrams provide better understanding of the composition and 
interconnection of the components of a dynamic system. 


Heat Loss 







Actual Room 
Temperature 


Desired Room 
Temperature 








Figure 4-1 A simplified block diagram representation of a heating 


system. 


The block diagram in this case simply shows how the system components 
are interconnected, and no mathematical details are given. If the 
mathematical and functional relationships of all the system elements are 
known, the block diagram can be used as a tool for the analytic or computer 
solution of the system. 

In general, block diagrams can be used to model linear as well as nonlinear 
systems. For nonlinear systems, the block diagram variables are in time 
domain, and for linear systems, the Laplace transform variables are used. 

So in this case, assuming linear models for all system components, the 
system dynamics can be represented, in the Laplace domain, by a transfer 
function 


Ti(s) 
To(s) 





(4-1) 


where Ti(s) is the Laplace representation of the Desired Room 
Temperature and To(s) is the Actual Room Temperature, as shown in Fig. 4- 
i 

Alternatively, we can use signal flow graphs or state diagrams to provide a 
graphical representation of a control system. These topics are discussed later 
in this chapter. 


4-1-1 Modeling of Typical Elements of Block Diagrams in 
Control Systems 


The common elements in block diagrams of most control systems include 


° Comparators 

° Blocks representing individual component transfer functions, 
including 

° Reference sensor (or input sensor) 

° QOutput sensor 

° Actuator 

° Controller 

° Plant (the component whose variables are to be controlled) 


¢ Input or reference signals’ 
° Output signals 

° Disturbance signal 

° Feedback loops 


Figure 4-2 shows one configuration where these elements are 
interconnected. You may wish to compare Figs. 4-1 and 4-2 to find the 
control terminology for each system. As a rule, each block represents an 
element in the control system, and each element can be modeled by one or 
more equation. These equations are normally in the Laplace domain (because 
of ease in manipulation using transfer functions), but the time representation 
may also be used. Once the block diagram of a system is fully constructed, 
one can study individual components or the overall system behavior. The key 
components of a block diagram are discussed next. 


Disturbance 





Reference 
Sensor 






Output 
Sensor 
Figure 4-2 Block diagram representation of a general control system. 


Comparators 


One of the important components of a control system is the sensing and the 
electronic device that acts as a junction point for signal comparisons— 
otherwise known as a comparator. In general, these devices possess sensors 
and perform simple mathematical operations such as addition and subtraction 
(such as the thermostat in Fig. 4-1). Three examples of comparators are 
illustrated in Fig. 4-3. Note that the addition and subtraction operations in 
Fig. 4-3q and b are linear, so the input and output variables of these block 
diagram elements can be time-domain variables or Laplace-transform 
variables. Thus, in Fig. 4-3a, the block diagram implies 








A comparator 
e(t) = r)(t) + ro(t) - y(t) performs addition 


- 


and subtraction 


(c) 


Figure 4-3 Block diagram elements of typical sensing devices of control 
systems. (a) Subtraction. (b) Addition. (c) Addition and subtraction. 


e(t)=r(t)— y(t) (4-2) 
or 
E(s)= R(s)—Y(s) (4-3) 
Blocks 


As mentioned earlier, blocks represent the equations of the system in time 
domain or the transfer function of the system in the Laplace domain, as 
demonstrated in Fig. 4-4. 


u (ft) X (t) Time 
gM) domain 


U (s) X (Ss) 


G (5) Laplace 


domain 
Figure 4-4 Time and Laplace domain block diagrams. 


In Laplace domain, the following input-output relationship can be written 
for the system in Fig. 4-4: 


E(s)= R(s)—Y(s) (4-3) 


If signal X(s) is the output and signal U(s) denotes the input, the transfer 
function of the block in Fig. 4-4 is 


X(s) 


OO=T5) 





(4-5) 


Typical block elements that appear in the block diagram representation of 
most control systems include plant, controller, actuator, and sensor. 


EXAMPLE 4-1-1 Consider the block diagram of a cascade system with 
transfer functions G1(s) and G2(s) that are connected 
in series, as Shown in Fig. 4-5. The transfer function 
G(s) of the overall system can be obtained by 
combining individual block equations. Hence, for 
variables A(s) and _X(s), we have 


U (s) A (s) X (s) 


Figure 4-5 Block diagrams G1(s) and G2(s) connected in series—a 
cascade system. 


X(s)=A(s)G,(s) 
A(s)=U(s)G,(s) 
X(s)=G,(s)G,(s) 


G(s) =G,(s)G,(3) 4.6) 


Using Eq. (4-6), the system in Fig. 4-5 can be 
represented by the system in Fig. 4-4. 


EXAMPLE 4-1-2 Consider a more complicated system of two transfer 
functions G(s) and G(s) that are connected in parallel, 
as shown in Fig. 4-6. The transfer function G(s) of the 
overall system can be obtained by combining 
individual block equations. Note for the two blocks, 
G(s) and G(s), As) act as the input, and A,(s) and 
As) are the outputs, respectively. Further, note that 
signal U(s) goes through a branch point P and is 
renamed as A(s). Hence, for the overall system, we 
combine the equations as follows: 





Figure 4-6 Block diagrams G(s) and G,(s) connected in parallel. 


A,(s)=U(s) 
A,(s)=A,(s)G, (s) 
A,(s)=A,(s)G,(s) 
X(s)=A,(s)+ A,(s) 
X(s)=U(s)(G,(s)+G,(s)) 


_X() 
nak 
Or, 
G(s)=G,(s)+G,(s) (4-7) 


Using Eq. (4-7), the system in Fig. 4-6 can be 
represented by the system in Fig. 4-4. 


Feedback 


For a system to be classified as a feedback control system, it is necessary 
that the controlled variable be fed back and compared with the reference 
input. After the comparison, an error signal is generated, which is used to 
actuate the control system. As a result, the actuator is activated in the 
presence of the error to minimize or eliminate that very error. A necessary 
component of every feedback control system is an output sensor, which is 
used to convert the output signal to a quantity that has the same units as the 
reference input. A feedback control system is also known a closed-loop 
system. A system may have multiple feedback loops. Figure 4-7 shows the 
block diagram of a linear feedback control system with a single-feedback 


loop. The following terminology is defined with reference to the diagram: 





r(t), R(s) = reference input (command) 
y(t), Y(s) = output (controlled variable) 
b(t), B(s) = feedback signal 
u(t), U(s) =actuating signal, also known as error signal e(t), E(s) when H(s) = 1. 
But in most textbooks E(s) is used regardless of value of the feedback 
transfer function 
H(s) = feedback transfer function 
G(s)H(s) = L(s) = loop transfer function 
G(s) = forward-path transfer function 
M(s) = Y(s)/R(s) = closed-loop transfer function or system transfer function 


The closed-loop transfer function M(s) can be expressed as a function of 


G(s) and H(s). From Fig. 4-7, we write 
Y(s)=G(s)U(s) 
and 
B(s)= H(s)¥(s) 
The actuating signal is written as 


U(s)= R(s)— B(s) 


(4-8) 


(4-9) 


(4-10) 


Substituting Eq. (4-10) into Eq. (4-8) yields 
Y(s)=G(s)R(s)—G(s)H(s)Y(s) (4-11) 


Substituting Eq. (4-9) into Eq. (4-7) and then solving for Y(s)/R(s) gives 
the closed-loop transfer function 


Mim. A _ (4-12) 
R(s) 14+G(s)H(s) 


The feedback system in Fig. 4-7 is said to have a negative feedback loop 
because the comparator subtracts. When the comparator adds the feedback, 
it is called positive feedback, and the transfer function Eg. (4-12) becomes 


Misha et = — _ (4-13) 
R(s) 1—G(s)H(s) 


If G and H are constants, they are also called gains. If H = 1 in Fig. 4-7, 
the system is said to have a unity feedback loop, and if H = 0, the system is 
Said to be open loop. 


4-1-2 Relation between Mathematical Equations and Block 
Diagrams 


Consider the second-order prototype system that we have studied in Chaps. 
2 and 3: 


X(t)+ 26m, x(t)+ @; x(t)=@- u(t) (4-14) 


which has Laplace representation (assuming zero initial conditions 


x(0)=x(0)=0). 
X(s)s*+2¢@, X(s)s+@- X(s)=@* U(s) (4-15) 


Equation (4-15) consists of constant damping ratio ¢, constant natural 
frequency @ , input U(s), and output X(s). If we rearrange Eg. (4-15) to 


w- U(s)—2¢@, X(s)s—@* X(s) = X(s)s° (4-16) 


it can graphically be shown as in Fig. 4-8. 


(,7U CS) & s* X(s) 









26w,,7X(s) 
00,,7X(s) 


Figure 4-8 Graphical representation of Eq. (4-16) using a comparator. 


The signals 26@,sX (s) and ®;,% (s) may be conceived as the signal X(s) 


going into blocks with transfer functions 2@@ s and, respectively, and the 
signal X(s) may be obtained by integrating s’ X(s) twice or by postmultiplying 
by 1/s2, as shown in Fig. 4-9. 


s* X(s) X(s) 
ee | a ax 
7 “eal 
2C,,s 


(,°X (s) 


w,7U(s) 4+ 










Figure 4-9 Addition of blocks 1/s,, 2@@ s, and » to the graphical 
representation of Eq. (4-16). 


Because the signals X(s) in the right-hand side of Fig. 4-9 are the same, 
they can be connected, leading to the block diagram representation of the 
system Eq. (4-16), as shown in Fig. 4-10. If you wish, you can further dissect 
the block diagram in Fig. 4-10 by factoring out the term 1/s as in Fig. 4-11a 
to obtain Fig. 4-115. 





Figure 4-10 Block diagram representation of Eq. (4-16) in Laplace 
domain. 





Figure 4-11 (a) Factorization of 1/s term in the internal feedback loop of 
Fig. 4-10. (b) Final block diagram representation of Eq. (4-16) in Laplace 
domain. 


From Chap. 2, we know that the second-order prototype system in Eq. (4- 
14) can represent various dynamic systems. If the system studied here, for 
example, corresponds to the spring-mass-damper seen in Fig. 2-2, then 
internal variables A(s) and V(s) representing acceleration and velocity of the 
system, respectively, may also be incorporated in the block diagram model. 
The best way to see this is by recalling that 1/s is equivalent of integration in 
Laplace domain. Hence, if A(s) is integrated once, we get V(s), and after 
integrating V(s), we get the X(s) signal, as shown in Fig. 4-11. 

It is evident that there is no unique way of representing a system model 
with block diagrams. We may use different block diagram forms for different 
purposes. As long as the overall transfer function of the system is not altered. 
For example, to obtain the transfer function V(s)/U(s), we may yet rearrange 
Fig. 4-11 to get V(s) as the system output, as shown in Fig. 4-12. This enables 
us to determine the behavior of velocity signal with input U(s). 





Figure 4-12 Block diagram of Eg. (4-16) in Laplace domain with V(s) 
represented as the output. 


EXAMPLE 4-1-3 Find the transfer function of the system in Fig. 4-11b and 
compare that to Eq. (4-15). 


SOLUTION The ™:: block at the input and feedback 
signals in Fig. 4-11b may be moved to the right-hand side 
of the comparator, as shown in Fig. 4-13a. This is the 


same as factorization of @» as shown below: 





X(s) 
(a) 


U(s) + ; A,(s) + A(s) 1 Vis) 1 X(S) 
O- -@O- + 


2C,, 


(b) 


Figure 4-13 (a) Factorization of n. (b) Alternative block diagram 
representation of Eq. (4-16) in Laplace domain. 


w-U(s)—@* X(s)=@- (U(s)— X(s)) (4-17) 


The factorization operation on Eq. (4-16) results in a 
simpler block diagram representation of the system 
shown in Fig. 4-13b. Note that Figs. 4-11b and 4-135 are 
equivalent systems. Considering Fig. 4-11), it is easy to 
identify the internal feedback loop, which in turn can be 
simplified using Eq. (4-12), or 


1 


_ (4-18) 
s+2C@, 


l 
V(s)_ os 
A,(s) 1a 26a, 


S 


After pre- and postmultiplication by » and 1/s, 
respectively, the block diagram of the system is 
simplified to what is shown in Fig. 4-14, which 
ultimately results in 





Oy) 


i 


Figure 4-14 A block diagram representation of $ *+260,5+@,, 


2 


,, 
X(s)__s(s+20@,) (4-19) 
U(s) oo: s°+26@,5+@° 

s(s+2C@, ) 


Equation (4-19) is the transfer function of system Eq. 
(4-15). 


EXAMPLE 4-1-4 Find the velocity transfer function using Fig. 4-12 and 
compare that to the derivative of Eq. (4-19). 


SOLUTION Simplification of the two feedback 
loops in Fig. 4-12, starting with the internal loop first, we 














have 
1 
S 2 
1, 260," 
V(s) _ 5 
U(s) 1 : 
{¢—_ 8 _ 
14% f 
S 
2 
V(s) Ws (4-20) 


U(s) s?+260,s+@? 


Equation (4-20) is the same as the derivative of Eq. (4- 





19), which is nothing but multiplying Eq. (4-19) by ans 
term. Try to find the A(s)/U(s) transfer function. 
Obviously you must get s*X(s)/U(s). 


4-1-3 Block Diagram Reduction 


As you might have noticed from the examples in the previous section, the 
transfer function of a control system may be obtained by manipulation of its 
block diagram and by its ultimate reduction into one block. For complicated 
block diagrams, it is often necessary to move a comparator or a branch 
point to make the block diagram reduction process simpler. The two key 
operations in this case are 


1. Moving a branch point from P to Q, as shown in Figs. 4-15a and 
b. This operation must be done such that the signals Y(s) and B(s) are 
unaltered. In Fig. 4-15a, we have the following relations: 


(a) | 
Y(s) 


B(s) 





(b) 


B(s) 





Figure 4-15 (a) Branch point relocation from point P to (b) point Q. 


Y(s)= A(s)G,(s) 


(4-21) 
B(s)= Y(s)H,(s) 


In Fig. 4-15b, we have the following relations: 


Y(s)= A(s)G,(s) 





7 H,(s) (4-22) 
B(s)= A(s) G.(5) 
But 
_ A(s) 
G,(s)= Y(s) (4-23) 


= Bis}=Y (s)H,(s) 


2. Moving a comparator, as shown in Figs. 4-16a and b, should also 
be done such that the output Y(s) is unaltered. In Fig. 4-16qa, we have the 
following relations: 





(a) ij 


A(s) Y(s) 


(b) 
Y(s) 





Figure 4-16 (a) Comparator relocation from the right-hand side of block 
G(s) to (b) the left-hand side of block G(s). 


Y(s)= A(s)G,(s)+ B(s)H,(s) (4-24) 


In Fig. 4-16b, we have the following relations: 


7 H,(s) 
¥(s)= AGT BSI (4-25) 


Y(s)=Y,(s)G,(s) 
So 


H,(s) 
Y(s)= A(s)G,(s)+ B(s) G(s) G,(s) (4-26) 


= Y(s)= A(s)G,(s)+ B(s)H,(s) 





EXAMPLE 4-1-5 Find the input-output transfer function of the system 
shown in Fig. 4-17a. 





(d) 


Figure 4-17 (a) Original block diagram. (b) Moving the branch point at 
Y to the left of block G,. (c) Combining the blocks G,, G,, and G.. (d) 
Eliminating the inner feedback loop. 


SOLUTION To perform the block diagram 
reduction, one approach is to move the branch point at Y, 
to the left of block G,, as shown in Fig. 4-17b. After that, 
the reduction becomes trivial, first by combining the 
blocks G,, G,, and G, as shown in Fig. 4-17c, and then by 
eliminating the two feedback loops. As a result, the 
transfer function of the final system after the reduction in 
Fig. 4-17d becomes 


Y(s)_ GiG.G. +26, 


ee ls (4-27) 
E(@) 14+6,6,8,4+6,0:6, +66, 


4-1-4 Block Diagrams of Multi-Input Systems: Special Case 
—Systems with a Disturbance 


An important case in the study of control systems is when a disturbance 
Signal is present. Disturbance (such as heat loss in the example in Fig. 4-1) 
usually adversely affects the performance of the control system by placing a 
burden on the controller/actuator components. A simple block diagram with 
two inputs is shown in Fig. 4-18. In this case, one of the inputs, D(s), is 
known as disturbance, while R(s) is the input. Before designing a proper 
controller for the system, it is always important to learn the effects of D(s) on 
the system. 


D(s) 


Controller _ Plant 
R(s) E(s) Y(s) 
© S 
~ - 
Output Sensor 


he 


Figure 4-18 Block diagram of a system undergoing disturbance. 


We use the method of superposition in modeling a multi-input system. 


Super Position 


For linear systems, the overall response of the system under multi-inputs is 
the summation of the responses due to the individual inputs, that is, in this 
case, 


Frowt =p i= +Y;, ee (4-28) 


When D(s) = 0, the block diagram is simplified (Fig. 4-19) to give the 
transfer function: 


R(s) 





Figure 4-19 Block diagram of the system in Fig. 4-18, when D(s) = 0. 


Y(s) 7 G, (s)G,(s) 


= (4-29) 
R(s) 14+G,(s)G,(s)H,(s) 


When R(s) = 0, the block diagram is rearranged to give (Fig. 4-20): 


Y(s 
- © : 
ao 





(b) 


Figure 4-20 Block diagram of the system in Fig. 4-18, when R(s) = 0. 


Y(s) _ -G,(s) 


_ (4-30) 
D(s) 1+G,(s)G,(s)H,(s) 





As aresult, from Eg. (4-28) to Eq. (4-32), we ultimately get 


Y(s) 


vs) RO)+ 
S 


otal a ee 
° R(s) D=0 R=0 (4-31) 


GG —G 
Y(s)=———— _R(s) + ——_ D (s) 
1+GGH, LéGG,H. 





D(s) 








Observations 


Flp-0 and D 
R{p=0 and P |r=0 have the same denominators if the disturbance signal goes 


¥ 
to the forward path. The negative sign in the numerator of ?lr=0 shows that 
the disturbance signal interferes with the controller signal, and, as a result, it 
adversely affects the performance of the system. Naturally, to compensate, 
there will be a higher burden on the controller. 


4-1-5 Block Diagrams and Transfer Functions of 
Multivariable Systems 


In this section, we illustrate the block diagram and matrix representations 
(see App. A) of multivariable systems. Two block diagram representations of 
a multivariable system with p inputs and g outputs are shown in Figs. 4-21a 
and b. In Fig. 4-21a, the individual input and output signals are designated, 
whereas in the block diagram of Fig. 4-21b, the multiplicity of the inputs and 
outputs is denoted by vectors. The case of Fig. 4-215 is preferable in practice 
because of its simplicity. 


MULTIVARIABLE 


SYSTEM ° 





(a) 


r(f) MULTIVARIABLE y(t) 
SYSTEM 


(b) 
Figure 4-21 Block diagram representations of a multivariable system. 


Figure 4-22 shows the block diagram of a multivariable feedback control 


system. The transfer function relationships of the system are expressed in 
vector-matrix form (see App. A): 





Figure 4-22 Block diagram of a multivariable feedback control system. 


Y(s) =G(s)U(s) (4-32) 
U(s)=R(s)—B(s) (4-33) 
B(s)=H (s) ¥(s) (4-34) 


where Y(s) is the g x 1 output vector; U(s), R(s), and B(s) are all p x 1 
vectors; and G(s) and H(s) are g x p and p * gq transfer-function matrices, 


respectively. Substituting Eq. (4-11) into Eg. (4-10) and then from Eq. (4-10) 
to Eq. (4-9), we get 


Y(s)=G(s)R(s)— G(s)H (s) Y¥(s) (4-35) 
Solving for Y(s) from Eq. (4-12) gives 
Y(s)=[I+ G(s)H (s)] G(s)R(s) (4-36) 


provided that I + G(s)H (s) is nonsingular. The closed-loop transfer matrix 
is defined as 


M(s)=[I+ G(s)H(s)]" G(s) (4-37) 
Then Eq. (4-14) is written as 
Y(s)= M(s)R(s) (4-38) 


EXAMPLE 4-1-6 Consider that the forward-path transfer function matrix 
and the feedback-path transfer function matrix of the 


system shown in Fig. 4-22 are 


Fault 
s+] S 1 O 
(s) (s) | _ | (4-39) 
2 a 
s+2 
respectively. The closed-loop transfer function matrix 
of the system is given by Eq. (4-15), and is evaluated as 
follows: 
1 ] s+2 ] 
ice — — 
[+G(s)H(s)= s+] S _| stl S (4-40) 
1 s+3 
2 L-——— 2 —— 
§+2Z $42 


The closed-loop transfer function matrix is 


s+3 1 _- 1 
l 
MOeeweHeres-| 7 + stl ss (4-41) 
A s+2 ] 
2 —— i 
s+] $S+2 
where 
+2 s+3 *+5s+ 
stl st+2 $s = s(s+l) 
Thus, 
35°+95+4 - 
s(s+1) s(s+1)(s+2) S (4-43) 
3s+2 





M(s)= 
(s) §° +5542 : 
s(s+1) 


4-2 SIGNAL-FLOW GRAPHS 


A SFG may be regarded as an alternative representation of a block 
diagram. The SFG was introduced by S. J. Mason [2, 3] for the cause-and- 
effect (input-output) representation of linear systems that are modeled by 
algebraic equations. An SFG may be defined as a graphical means of 
portraying the input-output relationships among the variables of a set of 
linear algebraic equations. 

The relation between block diagrams and SFGs are tabulated for four 
important cases, as shown in Fig. 4-23. 


Transfer Function Block Diagram Signal Flow Diagram 














One block System (a) (b) 
Y(s) 
Ris) = G(s) 
R(s) V(s) R(s) = G(s) Y(s) 
G(s) O————_»>———_-0 
Cascade (c) (d) 
Y(s) . 
Ris) = (5) G,(s) : 
ah: | (s) G(s) A(s) G(s) (5) 
R(s) G(s) A(s) Gyo) Y(s) 
Parallel (e) (f) 





Feedback (g) (h) 


Y(s) _ G(s) 
R(s) ~~ 1+G(s) H(s) 





Figure 4-23 Block diagrams and their SFG equivalent representations. 
(a) Input-output representation in block diagram form. (b) Equivalent input- 
output representation in SFG form. (c) A cascade block diagram 
representation. (d) Equivalent cascade SFG representation. (e) A parallel 
block diagram representation. (f) Equivalent parallel SFG representation. (g) 
A negative feedback block diagram representation. (h) Equivalent negative 


feedback SFG representation. 


Considering Fig. 4-235, when constructing an SFG, junction points, or 
nodes, are used to represent variables—in this case U(s) is the input variable 
and Y(s) is the output variable. The nodes are connected by line segments 
called branches, according to the cause-and-effect equations. The branches 
have associated branch gains and directions—in this case the branch 
represents the transfer function G(s). A signal can transmit through a branch 
only in the direction of the arrow. In general, the construction of the SFG is 
basically a matter of following through the input-output relations of each 
variable in terms of itself and the others. As a result, in Fig. 4-23b, the SFG 
represents the transfer function: 


In an SFG, signals can transmit through a branch only in the direction 
of the arrow. 


Y(s) _ 
U(s) = G(s) (4-44) 


where U(s) is the input, Y(s) is the output, and G(s) is the gain, or 
transmittance, between the two variables. The branch between the input node 
and the output node should be interpreted as a unilateral amplifier with gain 
G(s), so when a signal of one unit is applied at the input U(s), a signal of 
strength G(s)U(s) is delivered at node Y(s). Although algebraically Eq. (4-44) 
can be written as 


1 
U(sj= Ga? (4-45) 


the SFG of Fig. 4-23b does not imply this relationship. If Eq. (4-45) is 
valid as a cause-and-effect equation, a new SFG should be drawn with Y(s) as 
the input and U(s) as the output. 

Comparing Fig. 4-23c with Fig. 4-23d, or Fig. 4-23e with Fig. 4-234, it is 
easy to see that the nodes in SFGs represent the variables in the block 
diagrams—that is, input, output, and intermediate variables such as A(s). The 


nodes are then connected through branches with gains that represent the 
transfer functions G(s) and G(s), respectively. 
The SFG representation of cascade and parallel forms and the feedback 


system, shown in Figs. 4-23e and f, are discussed in more detail in the next 
section. 


4-2-1 SFG Algebra 


Let us outline the following manipulation rules and algebra for the SFGs: 


1. The value of the variable represented by a node is equal to the sum 
of all the signals entering the node. For the SFG of Fig. 4-24, the value 
of y, is equal to the sum of the signals transmitted through all the 
incoming branches; that is, 


y\ =a), + A3) 3 TAY, Tas) ¥; (4-46) 
3 
© 
Y4 
Y20 0 
a3 
5 
a4) 
As | EJ 
yy 
y5O a1 O Vg 
“16 
17 
® e) 
Y6 V7 


Figure 4-24 Node as a summing point and as a transmitting point. 


2. The value of the variable represented by a node is transmitted 
through all branches leaving the node. In the SFG of Fig. 4-24, we have 


V6 —A7); 
V7 = Az) (4-47) 


V3 Ay 


3. Parallel branches in the same direction connecting two nodes can 
be replaced by a single branch with gain equal to the sum of the gains of 
the parallel branches. An example of this case is illustrated in Figs. 4-237 
and 4-25. 





\ a+b +e 4 


y| Y2 


Figure 4-25 Signal-flow graph with parallel paths replaced by one with a 
single branch. 


4. A series (cascade) connection of unidirectional branches, as shown 
in Fig. 4-23d or 4-26, can be replaced by a single branch with gain equal 
to the product of the branch gains. 


249 493 434 


194932034 
yj Y4 


Figure 4-26 Signal-flow graph with cascade unidirectional branches 
replaced by a single branch. 


5. A feedback system as shown in Fig. 4-23g is subject to the 


following algebraic equations: 
E(s)= R(s)— H(s)¥(s) (4-48) 
and 
Y(s)=G(s)E(s) (4-49) 


Substituting Eq. (4-49) into Eq. (4-48), while eliminating the 
intermediate variable E(s), we get 


Y(s)=G(s)R(s)—G(s)H(s)Y (s) (4-50) 
Solving for Y(s)/R(s), we get the closed-loop transfer function 


_Y)___ Gs 


M(s)= = —______ 
R(s) 1+G(s)H(s) 


(4-51) 


EXAMPLE 4-2-1 Convert the block diagram in Fig. 4-27a to an SFG 
format. 





Figure 4-27 (a) Block diagram of a control system. (b) Signal nodes. (c) 
Equivalent signal-flow graph. 


SOLUTION First identify all block diagram 
variables—in this case, R, E, Y,, Y,, Y, and Y. Next, 


EXAMPLE 4-2-2 


associate each variable to a node, as shown in Fig. 4-27b. 

Note that it is important to clearly identify the input and 

output nodes R and Y, respectively, as shown in Fig. 4- 

27b. Use branches to interconnect the nodes while 

ensuring the branch directions match the signal directions 

in the block diagram. Label each branch with the 

appropriate gain corresponding to a transfer function in 

Fig. 4-27a. Make sure to incorporate the negative 

feedback signs into the gains (i.e., -G(s),-G,(s) and — 1) 

—see Fig. 4-27c. 

As an example on the construction of an SFG, consider 
the following set of algebraic equations: 

V2 =AnyV, Tay, 

V3 =4y3V. Tag V4 (4-52) 

V4 = Aygo T Ag4 V3 1 Ags V4 

V5 = Ags V2 TAs V4 


The SFG for these equations is constructed, step by 
step, in Fig. 4-28. 


32 43 


Po Os 
cr * ® * O 


1 Y2 ¥3 V4 Y5 


(b) Yo = 41 2V1 + 432V3 V3 = 4732 + 4434 





(C) Vo = Gy2V1 + 430V3 V3 = 4p3V2 + 443V4 V4 = Ao4V2 + 4343 + Ag4yg 


4) 





(d) Complete signal-flow graph 


Figure 4-28 Step-by-step construction of the signal-flow graph in Ea. (4- 
52). 


4-2-2 Definitions of SEG Terms 


In addition to the branches and nodes defined earlier for the SFG, the 
following terms are useful for the purpose of identification and execution of 
the SFG algebra. 


Input Node (Source) 
An input node is a node that has only outgoing branches (example: node 


U(s) in Fig. 4-23b). 
Output Node (Sink) 


An output node is a node that has only incoming branches (example: node 
Y(s) in Fig. 4-235). However, this condition is not always readily met by an 
output node. For instance, the SFG in Fig. 4-29a does not have a node that 
satisfies the condition of an output node. It may be necessary to regard y, 
and/or y, as output nodes to find the effects at these nodes due to the input. To 
make y, an output node, we simply connect a branch with unity gain from the 
existing node y, to a new node also designated as y,, as shown in Fig. 4-295. 
The same procedure is applied to y,. Notice that, in the modified SFG of Fig. 
4-29b, the equations y, = y, and y, = y, are added to the original equations. In 
seneral, we can make any noninput node of an SFG an output by the 
procedure just illustrated. However, we cannot convert a noninput node into 
an input node by reversing the branch direction of the procedure described 
for output nodes. For instance, node y, of the SFG in Fig. 4-29a is not an 
input node. If we attempt to convert it into an input node by adding an 
incoming branch with unity gain from another identical node y,, the SFG of 
Fig. 4-30 would result. ‘he equation that portrays the relationship at node y, 
now reads 


An input node has only outgoing branches. 


An output node has only incoming branches. 


we) 473 


a39 





as? 
(b) Modified signal-flow graph 


Figure 4-29 Modification of a signal-flow graph so that y, and y, satisfy 
the condition as output nodes. 





a3 


Figure 4-30 Erroneous way to make node y, an input node. 


V2 = V2 FAV, + A323 (4-53) 
which is different from the original equation given in Fig. 4-29a. 
Path 


A path is any collection of a continuous succession of branches traversed 
in the same direction. The definition of a path is entirely general, since it 
does not prevent any node from being traversed more than once. Therefore, 
as simple as the SFG of Fig. 4-29a is, it may have numerous paths just by 


traversing the branches a,, and a,, continuously. 


Forward Path 


A forward path is a path that starts at an input node and ends at an output 
node and along which no node is traversed more than once. For example, in 
the SFG of Fig. 4-28d, y is the input node, and the rest of the nodes are all 
possible output nodes. The forward path between y, and y, is simply the 
connecting branch between the two nodes. There are two forward paths 
between y_ and y,: One contains the branches from y, to y, to y,, and the other 
one contains the branches from y, to y, to y, (through the branch with gain a,,) 
and then back to y, (through the branch with gain a). The reader should try to 
determine the two forward paths between y, and y,. Similarly, there are three 
forward paths between y, and y.. 


Path Gain 


The product of the branch gains encountered in traversing a path is called 
the path gain. For example, the path gain for the path y —y,—y, —y, in Fig. 4- 
28d is a_.a,.a 


120 23 (34 


Loop 


A loop is a path that originates and terminates on the same node and along 
which no other node is encountered more than once. For example, there are 
four loops in the SFG of Fig. 4-28d. These are shown in Fig. 4-31. 


437 A432 


34 Yq V4 


a39 43 
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Figure 4-31 Four loops in the signal-flow graph of Fig. 4-28d. 


The SFG gain formula can only be applied between an input node 
and an output node. 


A is the same regardless of which output node is chosen. 


Forward-Path Gain 
The forward-path gain is the path gain of a forward path. 


Loop Gain 


The loop gain is the path gain of a loop. For example, the loop gain of the 
loop y,-—y, —y, —y, in Fig. 4-31 is a,a_q.,. 


Nontouching Loops 


Two parts of an SFG are nontouching if they do not share a common node. 


For example, the loops y, — y, — y, and y, — y, of the SFG in Fig. 4-28d are 
nontouching loops. 


Two parts of an SFG are nontouching if they do not share a common 
node. 


4-2-3 Gain Formula for SFG 


Given an SFG or block diagram, the task of solving for the input-output 
relations by algebraic manipulation could be quite tedious. Fortunately, there 
is a general gain formula available that allows the determination of the input- 
output relations of an SFG by inspection. 

Given an SFG with N forward paths and K loops, the gain between the 
input node y. and output node y _ is [3] 


m= 2o0 = Mie 


: ri (4-54) 
in k=1 


where 
y, = input-node variable 
y., = output-node variable 
M = gain between y. andy. | 
N = total number of forward paths between y, and y 
M, = gain of the kth forward paths between y._ and y 


out 


out 
A=1-)1,+ DL,,- > Ljst (4-55) 
i=l j= k=1 


Or 


A = 1-—(sum of the gains of all individual loops) + (sum of products 
of gains of all possible combinations of two nontouching loops) — (sum 
of products of gains of all possible combinations of three nontouching 
loops) + (sum of products of gains of all possible combinations of four 
nontouching loops) —... 


A, = the A for that part of the SFG that is nontouching with the kth 
forward path. 

The gain formula in Eq. (4-54) may seem formidable to use at first glance. 
However, A and A, are the only terms in the formula that could be 
complicated if the SFG has a large number of loops and nontouching loops. 

Care must be taken when applying the gain formula to ensure that it is 
applied between an input node and an output node. 


EXAMPLE 4-2-3 Consider that the closed-loop transfer function Y(s)/R(s) 
of the SFG in Fig. 4-23f is to be determined by use of 
the gain formula, Eq. (4-54). The following results are 
obtained by inspection of the SFG: 


1. There is only one forward path between R(s) and 
Y(s), and the forward-path gain is 


M, =G(s) (4-56) 


2. There is only one loop; the loop gain is 


L,, =-G(s)H(s) (4-57) 


3. There are no nontouching loops since the forward 
path is in touch with the loop L_. Thus, Al = 1, and 


A=1-L,, =1+G(s)H(s) (4-58) 


Using Eq. (4-54), the closed-loop transfer function is 
written as 


Y(s)_MA,_ Gls) (4-59) 
R(s) A 1+G(s)H(s) 





which agrees with Eq. (4-12) or (4-51). 


EXAMPLE 4-2-4 Consider the SFG shown in Fig. 4-28d. Let us first 
determine the gain between y and y. using the gain 
formula. 

The three forward paths between y, and y. and the 
forward-path gains are 


Forward path Gain 

a ae ae ae My = 418305444. 
ViVi Vs M, = 4,4), 
Vi-Vo- Vas M, = 4))4),4,; 


The four loops of the SFG are shown in Fig. 4-28. The 
loop gains are 


Loop Gain 
V>—Va-Ir 21 = Analy 
joe ae Ly) = 54443 
V2-Va-Va “Vr Ly) = Ay4Ay35, 
Ma Ns Ly, = Ay, 


There are two nontouching loops; that is, 


Yi Ya —Y3 and Va SG 


Thus, the product of the gains of the two nontouching 
loops is 


Lip = y345)A 44 (4-60) 
All the loops are in touch with forward paths M_ and 
M.,. Thus, A, = A, = 1. Two of the loops are not in touch 


with forward path M2. These loops are y, — y, —y, and y, — 
y,. Thus, 


A= 1 — ty sli Big (4-61) 
Substituting these quantities into Eq. (4-54), we have 


Vs _ M,A,+M,A,+M,A, 
yi A 


(ys sas )+ (G2 Ays A= sy y3 ~ Gyg) Fyn as (4-62) 
l= (Ri gilin + A, A 43 e A, 44z5443 + Ay, ) t A,343,A44 


where 


Aes plete ds dg) Les 


_ =)— (a,,a 32 7 As, Ay, - A,,a 32 Ay, a,,)+ A,34 32 Ay, (4-63) 
The reader should verify that choosing y2 as the 
output, 
72, A, (1— 5,44, = 44) (4-64) 


yi \ 
where A is given in Eq. (4-63). 


EXAMPLE 4-2-5 We can convert the block diagram in Fig. 4-32a to an 
SFG format in Fig. 4-32c, by first associating all block 
diagram variables y — y, to a node as in Fig. 4-32b. 
Next using branches we interconnect the nodes while 
ensuring the branch directions match the signal 
directions in the block diagram. Then we label each 


branch with the appropriate gain corresponding to a 
transfer function in Fig. 4-32qa. Make sure to 
incorporate the negative feedback signs into the gains 
(i.e., -—H(s), —H(s), —H,(s), and — H(s))—see Fig. 4- 
32C. 
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Figure 4-32 (a) Block diagram of a control system. (b) Signal nodes 


representing the variables. (c) Equivalent signal-flow graph. 


The two forward paths between y, and y, and the 
forward-path gains are 


Forward path Gain 
V1 V2—- 3 Yas Ne IF M, =G,G,G,G, 
are 4 me Le Lae M, =G,G, 


The four loops of the SFG are shown in Fig. 4-32. The 
loop gains are 


Loop Gain 

Vo—V3— Vo L,, =—G,H, 
Ve-Vs— Vs L,, =—G,H, 

) it ae amas aah 2 L,, =—G,G,G,H, 
Ve Vie bg = ty 


The three following loops are nontouching 
Vo Ys Vax Va Vs Yq and Ye— V7 — Vo 


Thus, the products of the gains of two of the three 
nontouching loops are 


Lo =G GH, L ~=G.4,H, aid L,.=6,4,H, (4-65) 
Also the following two loops are nontouching 
Vo- Vs Va Vs. ANd Ye V7 Ve 
Thus, the product of the gains of the nontouching loops 
is 
L, ~G,G.G.FA, (4-66) 


Further, the product of the three nontouching loop 
gains 1s 


L,, =-G,G,H,H.H, (4-67) 
Hence, 
A=1+G,H,+G,H,+G,G,G,H,+H, 
+G,G,H,H,+G,H,H,+G,H,H,+G,G,G,H,H,+G,G,H,H,H, (4-68) 
All the loops are in touch with forward paths M.. Thus, 


A = 1. Loop y,-y.-—y, is not in touch with forward path 
M.,. Thus, 


A,=1+G.H (4-69) 
2 3 2 


Substituting these quantities into Eq. (4-54), we have 


Ye _ 7 MA, bMaths Z G,G,G,G,+G,G.(1+G,H,) 


(4-70) 
nN A A 


The following input-output relations may also be 
obtained by use of the gain formula: 


y, 1+G,H,+H,+G,H,H, 
y; A 

Ys _GG,+H,) 

y; A 


(4-71) 


(4-72) 


4-2-4 Application of the Gain Formula between Output 
Nodes and Noninput Nodes 


It was pointed out earlier that the gain formula can only be applied 
between a pair of input and output nodes. Often, it is of interest to find the 
relation between an output-node variable and a noninput-node variable. For 
example, in the SFG of Fig. 4-32, it may be of interest to find the relation 
y/y,, which represents the dependence of y, upon y,; the latter is not an input. 


We can show that, by including an input node, the gain formula can still be 
applied to find the gain between a noninput node and an output node. Let y, 


be an input and y_ be an output node of an SFG. The gain, y_ /y,, where y, is 
not an input, may be written as 








out _ Yin A (4-73) 
y2 FR XM,A, from y,,,to y 
Via — 


Because A is independent of the inputs and the outputs, the last equation is 
written as 








Y out - FE cea yee (4-74) 
y 2 2M,A, from y,,,to vy, 





Notice that A does not appear in the last equation. 


EXAMPLE 4-2-6 From the SFG in Fig. 4-32, the gain between y, and y, is 
written as 


Vz _Yrly, __G,G,G,G, +G,G;(1+G,H,) (4-75) 


¥, FNP, AG ht, +G 4A, 


EXAMPLE 4-2-7 Consider the block diagram shown in Fig. 4-27a. The 
equivalent SFG of the system is shown in Fig. 4-27c. 
Notice that since a node on the SFG is interpreted as 
the summing point of all incoming signals to the node, 
the negative feedback on the block diagram is 
represented by assigning negative gains to the 
feedback paths on the SFG. First, we can identify the 
forward paths and loops in the system and their 
corresponding gains. That is, 


Forward path Gain 
R-E-¥-%-V-¥ M, =GG,G, 
R-E-¥,- ¥,-¥ M,=G,G, 


The four loops of the SFG are shown in Fig. 4-28. The 
loop gains are 


Loop Gain 

Yx- V3 )2 L,, =—-G,G,H, 
ya Se Va L,, =-G,G,H, 
Yo-¥3-Va-V5—)2 L,, =—G,G,G, 
Ye 7 —IVe L,, =—-G,G, 


Note that all loops touch. Hence, the closed-loop 
transfer function of the system is obtained by applying 
Fg. (4-54) to either the block diagram or the SFG in Fig. 


4-27. That is, 
Y(s) _ G,G,G,+GG, (4-76) 
R(s) A 
where 
A=1+G,G,H, +G,G,H,+G,G,G,+G,H,+G,G, (4-77) 
Similarly, 
E(s)_1+G,G,H, +G,G,H, +G,H, (4-78) 
R(s) A 
Y(s)_ G.G.G, #G)G, (4-79) 


E(s) 1+G,G,H,+G,G,H, +G,H, 


The last expression is obtained using Eq. (4-74). 


4-2-5 Simplified Gain Formula 


From Example 4-2-7, we can see that all loops and forward paths are 
touching in this case. As a general rule, if there are no nontouching loops and 
forward paths (e.g., y, —y, —y, and y, — y, in Example 4-2-3) in the block 
diagram or SFG of the system, then Eq. (4-54) takes a far simpler look, as 


shown next. 


M= Vise 3 Forward Path — (4-80) 
Vin 1— Loop Gains 


EXAMPLE 4-2-8 For Example 4-2-5, where there are nontouching loops, as 
seen in Fig. 4-33, the simplified gain formula can be 
used by eliminating the nontouching loops after some 
block diagram manipulations. 





Figure 4-33 (a) Modified block diagram of the control system in Fig. 4- 
32 to eliminate the nontouching loops. (b) Signal nodes representing the 


variables. (c) Equivalent signal-flow graph. 


The two forward paths between y, and y, and the 
forward-path gains are now 


Forward path Gain 
Pe Ys Se  Se e Jey M, =G,G,G,G,G, 
Yi faa Se ON M, =G,G.G, 


The two touching loops of the SFG are shown in Fig. 
4-33. The loop gains are 


Loop Gain 
¥2o—-V3— J L,,=-G,H, 
Vo—- V3 Ya- Vs — J 2 L,, =-G,G,G,A; 


Note in this case 


G I 
~=-——— and G.=-—— (4-81) 
1+G,H, L+H, 
Hence, 
A=1+G,H, +G., +G,G,G,8e+-A, 
+ G.G.H. Hot GAA +G, 8, +G,G.G.H.A, +6658. A, (4-82) 


As a result, 


Y(s) GG,G,+G,G, 


(4-83 
R(s) A 


4-3 STATE DIAGRAM 


In this section, we introduce the state diagram, which is an extension of the 
SFG to portray state equations and differential equations. A state diagram is 


constructed following all the rules of the SFG using the Laplace-transformed 
state equations. The basic elements of a state diagram are similar to the 
conventional SFG, except for the integration operation. 

Let the variables x (t) and x,(t) be related by the first-order differentiation: 


dx. (t) 


1 =%(0) (4-84) 


Integrating both sides of the last equation with respect to t from the initial 
time t,, we get 


x,(t)=f x,(t)dt+x,(t,) (4-85) 


Because the SFG algebra does not handle integration in the time domain, 
we must take the Laplace transform on both sides of Eg. (4-85). We have 


_¢lf’ (to) _ Xals)_f xl) ag 
X(s)=L| J x,(e)dr }+ a fos s(t) dt += (4-86) 


S 


Because the past history of the integrator is represented by x (t,), and the 
State transition is assumed to start at T=, x,(t) = 0 for0 <t<t. Thus, Eg. 
(4-86) becomes 

X,(s) | x, (to) 


X,(s)=—+— + ——_ tat 
s S 


, (4-87) 

Equation (4-83) is now algebraic and can be represented by an SFG, as 
shown in Fig. 4-34, where the output of the integrator is equal to s" times the 
input, plus the initial condition x (t,)/s. An alternative SFG with fewer 


elements for Eq. (4-87) is shown in Fig. 4-35. 





X4(S) X (5) 


Figure 4-34 Signal-flow graph representation of 
X,(s)=[X,(s)/s]+[x, (f, )/s]. 


X| (to) 
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X>(S) X,(s) 


Figure 4-35 San alternative signal-flow graph representation of 
X,(s)=[X,(s)/s]+[x, (f,)/s]. 


4-3-1 From Differential Equations to State Diagrams 


When a linear system is described by a high-order differential equation, a 
State diagram can be constructed from these equations, although a direct 
approach is not always the most convenient. Consider the following 
differential equation: 


d"y(t) d" 'y(t) dy(t) 
+ ++-+4,———+a4 y(t)=r(t 4-88 
sa thy tte ta WO =r(E) (4-88) 








To construct a state diagram using this equation, we rearrange the equation 
as 


dy) ay) ay) | 
i a, dt a, dt a, y(t)+r(t) (4-89) 


The outputs of the integrators in the state diagram are usually defined as 
the state variable. 


The process is highlighted next. 


1. The nodes representing R(s),s"Y(s),s” Y(s),..-»SY(S), and Y(s) 
are arranged from left to right, as shown in Fig. 4-36a. 

2. Because s'Y(s) corresponds to d'y(t)/dt', i = 0, 1, 2, ..., n, in the 
Laplace domain, the nodes in Fig. 4-36a are connected by branches to 
portray Eq. (4-85), resulting in Fig. 4-36b. 
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Figure 4-36 State-diagram representation of the differential equation of 


Eq. (4-89). 


3. Finally, the integrator branches with gains of s” are inserted, and the 
initial conditions are added to the outputs of the integrators, according to 
the basic scheme in Fig. 4-35. 


The complete state diagram is drawn as shown in Fig. 4-36c. The outputs 
of the integrators are defined as the state variables, x, x,, ..., X.. This is 
usually the natural choice of state variables once the state diagram is drawn. 

When the differential equation has derivatives of the input on the right 
side, the problem of drawing the state diagram directly is not as 
straightforward as just illustrated. We will show that, in general, it is more 
convenient to obtain the transfer function from the differential equation first 
and then atrive at the state diagram through decomposition (Sec. 8-10). 


The outputs of the integrators in the state diagram are usually defined 
as the state variable. 


EXAMPLE 4-3-1 Consider the differential equation 


2 
d ytt) 3 DW) 
dt dt 





+2y(t)=r(t) (4-90) 


Equating the highest-ordered term of the last equation 
to the rest of the terms, we have 


d°y(t) —_, dy(t) 
=—3 —2y(t)+r(t (4-91) 
1p 7 y(t)+r(t) 
Following the procedure just outlined, the state 
diagram of the system is drawn as shown in Fig. 4-37. 
The state variables x, and x, are assigned as shown. 





Figure 4-37 State diagram for Eq. (4-89). 


4-3-2 From State Diagrams to Transfer Functions 


The transfer function between an input and an output is obtained from the 
state diagram by using the gain formula and setting all other inputs and initial 
States to zero. The following example shows how the transfer function is 
obtained directly from a state diagram. 


EXAMPLE 4-3-2 Consider the state diagram of Fig. 4-37. The transfer 
function between R(s) and Y(s) is obtained by applying 
the gain formula between these two nodes and setting 
the initial states to zero. We have 


Y(s)__ 


=" (4-92) 
R(s) s°+3s+2 


4-3-3 From State Diagrams to State and Output Equations 


The state equations and the output equations can be obtained directly from 
the state diagram by using the SFG gain formula. The general form of a state 
equation and the output equation for a linear system is described in Chap. 3 
and presented here. 

State equation: 


XE) a(t) + brit) (4-93) 


Output equation: 
y(t) =cx(t)+dr(t) (4-94) 


where x(t) is the state variable; r(t) is the input; y(t) is the output; and a, b, 
c, and d are constant coefficients. Based on the general form of the state and 
output equations, the following procedure of deriving the state and output 
equations from the state diagram are outlined: 


1. Delete the initial states and the integrator branches with gains s' 
from the state diagram, since the state and output equations do not 
contain the Laplace operator s or the initial states. 

2. For the state equations, regard the nodes that represent the 
derivatives of the state variables as output nodes, since these variables 
appear on the left-hand side of the state equations. The output y(t) in the 
Output equation is naturally an output node variable. 

3. Regard the state variables and the inputs as input variables on the 
State diagram, since these variables are found on the right-hand side of 
the state and output equations. 


4. Apply the SFG gain formula to the state diagram. 


EXAMPLE 4-3-3 Figure 4-38 shows the state diagram of Fig. 4-37 with the 
integrator branches and the initial states eliminated. 
Using dx (t)/dt and dx,(t)/dt as the output nodes and 
X(t), x,(Q), and r(t) as input nodes, and applying the 
gain formula between these nodes, the state equations 
are obtained as 





Figure 4-38 State diagram of Fig. 4-37 with the initial states and the 


integrator branches left out. 


dx, (t) _ x,(t) (4-95) 
dt 
ON) a 1) Se. (84 r(t) (4-96) 


Applying the gain formula with x (0), x,(t), and r(t) as 
input nodes and y(t) as the output node, the output 
equation is written as 


yWt)=x,(t) (4-97) 


Note that for the complete state diagram, shown in Fig. 
4-37 with t, as the initial time. The outputs of the 
integrators are assigned as state variables. Applying the 
gain formula to the state diagram in Fig. 4-37, with X (s) 
and X,(s) as output nodes and x(t), x,(t,), and R(s) as 
input nodes, we have 





s"(1+3s") i a 
X,(s)= (by + Falta) + ROS) (4-98) 
—2s~ s 5" 
X,(s)= Sify) + — Mah ha) +— —RiS) (4-99) 
where 
A=14 35425" (4-100) 


After simplification, Eqs. (4-98) and (4-99) are 
presented in vector-matrix form: 


X,(s) aaa s+3 1 | x(t) aera l |r (4-101) 
X,(s) (st+l1)(s+2)} —2 = = s X45) (st+1)(s+2)| s 


Note that Eq. (4-100) may also be obtained by taking 
the Laplace transform of Eqs. (4-95) and (4-96). For zero 





initial conditions, and since Y(s) = X(s), the output-input 
transfer function is 


¥(s)__ 


_ (4-102) 
R(s) s*+3s+2 


which is the same as Eq. (4-88). 


EXAMPLE 4-3-4 As another example on the determination of the state 
equations from the state diagram, consider the state 
diagram shown in Fig. 4-39a. This example will also 
emphasize the importance of applying the gain 
formula. Figure 4-39b shows the state diagram with 
the initial states and the integrator branches deleted. 
Notice that, in this case, the state diagram in Fig. 4- 
39b still contains a loop. By applying the gain formula 
to the state diagram in Fig. 4-39b with *; (t), X,(¢), and 
X,(t) as output-node variables and r(6), x(t), x,(0), and 
X,(t) as input nodes, the state equations are obtained as 
follows in vector-matrix form: 


a 









X(T) X(t) 
. s 


(a) 





(b) 


Figure 4-39 (a) State diagram. (b) State diagram in part (a) with all initial 
States and integrators left out. 





Ss | : | ; 0 x, (t) 0 
—(q.+a —a,a 
OM) |.) eres fae x,(t) |+} 0 |r) (4-103) 
dt 1+ 4,4, 1+ 4,4, 
x,(t) l 
dx,(t) 0 0 0 
dt 


The output equation is 


“0__ y(t) (4-104) 








x (£)+ 
043 Aya, 


1 
Wt)= 7" 


4-4 CASE STUDIES 


EXAMPLE 4-4-1 Consider the mass-spring-damper system shown in Fig. 
4-40a. The linear motion concerned is in the 
horizontal direction. The free-body diagram of the 
system is shown in Fig. 4-405. Following the 
procedure outlined in Sec. 2-1-1, the equation of 
motion may be written into an input-output form as 


Ky(t) < 
B dy(t) 


at 





(a) (b) 


Figure 4-40 (a) Mass-spring-friction system. (b) Free-body diagram. 


- B K nay 
PT = we (4-105) 


f(t) 
where y(t) is the output, M is considered the input, 
2 
x=(20) ve -(4 | | 
and dt /and dt" represent velocity 
and acceleration, respectively. 
For zero initial conditions, the transfer function 
between Y(s) and F(s) is obtained by taking the Laplace 
transform on both sides of Eq. (4-105): 


BK )-=2 (4-106) 


vio +—s+— 
M M M 





Hence, 


i (4-107) 
F(s) Ms°+Bs+K 


The same result is obtained by applying the gain 
formula to the block diagram, which is shown in Fig. 4- 


41. 





Figure 4-41 Block diagram representation of mass-spring-damper system 
of Eq. (4-106). 


Equation (4-105) may also be represented in the space 
State form 


x(t) = Ax(t)+ Bu(t) (4-107) 


x,(t) 
— 4-108 
x(t) | <(t) | ( ) 
and 
u(t)- 1 (4-109) 
M 


The output equation is 


y(t) = x, (t) (4-110) 
So Eq. (4-107) is rewritten as 
0 ] 
" = kK B mt ly S(t) (4-111) 
>] | uw Mies ™ 


The state Eq. (4-111) may also be written as a set of 
first-order differential equations: 


dx,(t) | 
— gD) 


det) Kg By ayy 
x ah pets I 


Wt)=x,(t) 


(4-112) 


For zero initial conditions, the transfer function 
between Y(s) and F(s) is obtained by taking the Laplace 
transform on both sides of Eq. (4-112): 


aX. (s)= X.(5) 
B K l 
__ _ (4-113) 
sX,(s) X,(s) X,(s)+— F(s) 


Y(s)=X,(s) 


resulting in 


wi ____ tk __ (4-114) 
F(s) Ms°+Bs+K 


The block diagram associated with Eq. (4-113) is 
shown in Fig. 4-42. Note that this block diagram may 
also be obtained directly from the block diagram in Fig. 
4-41 by factoring out the 1/M term. The transfer function 
in Eq. (4-114) may also be obtained by applying the gain 
formula to the block diagram in Fig. 4-42. 





Figure 4-42 Block diagram representation of mass-spring-damper system 
of shown in Fig. 4-41. 


For nonzero initial conditions, Eq. (4-112) has a 
different Laplace transform representation that may be 
written as 


sX,(s)—x,(0)=X,(s) 
sX,(s)—,(0) = X, (3) X,()+— Fs) (4-115) 
Y(s)=xX,(s) 


The corresponding SFG representation for Eq. (4-115) 
is Shown in in Fig. 4-43. 





—K/M 


Figure 4-43 SFG representation of mass-spring-damper system of Eq. (4- 
115) with nonzero initial conditions x (t,) and x(t). 


Upon simplifying Eq. (4-115) or by applying the gain 
formula to the SFG representations of the system, the 
output becomes 


l Ms M 
jJ=—.— ~ F(s)+———_—_ elk —.—_— 
Ms°+Bs+K Ms*+Bs+K Ms*+Bs+K 


Xalta) (4-116) 
Toolbox 4-4-1 


Time domain step response for Eg. (4-114) is calculated using 
MATLAB for K=1, M=1, B= 1: 


2 
Cc 
3 
ll 
= 


den = [MB K]; 

G = tf(num, den) ; 

yl = step (G, t); 

plot(t, yl); 

xlabel(‘Time (Second)’) ; ylabel (‘Step Response’ ) 


title (‘Response of the system in Eq. (4-114) to step input’ ) 


The step response of the system in Eq. (4-114) is shown in Fig. 4-44. 
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Figure 4-44 Time response of Eq. (4-114) for a unit step input. 


EXAMPLE 4-4-2 Consider the system shown in Fig. 4-45qa. Because the 
Spring is deformed when it is subject to a force f(t), 
two displacements, y, and y,, must be assigned to the 
end points of the spring. The free-body diagrams of 
the system are shown in Fig. 4-45b. The force 
equations are 


LE y(t) E> y(t) 
K 
(a) 


[> y2() > y,(f) 


mc kK 


dt ~ 110) 


(b) 


Figure 4-45 Mechanical system for Example 4-4-2. (a) Mass-spring- 
damper system. (b) Free-body diagram. 


f()=Kly,()-y,(0) (4-117) 
OM) 1 yas ct) (3-83) 
dt T 


These equations are rearranged in input-output form as 


d’y,(t) | B dy,(t) | 


4 Mae ~ y,(t)=— y(t (4-119) 


For zero initial conditions, the transfer function 
between Y (s) and F’(s) is obtained by taking the Laplace 
transform on both sides of Eq. (4-118): 


Y(s) | K 
Y,(s) Ms?+Bs+K 





(4-120) 


For state representation, the equations may be 
rearranged as 


l 
W(H= y+ f(t) 


d°y,(t)___B dy,(t) K - 
dt _ M dt +l y,(t)] 


The transfer function in Eq. (4-120) may also be 
obtained by applying the gain formula to the block 
diagram representation of the system, which is from Eq. 
(4-121) and is shown in Fig. 4-46. Note that in Fig. 4-46, 
F(s), Y(s), X (s), Y,(s), and X,(s) are Laplace transforms of 
(0, vy, (0, x(t), y,(0, and x,(t), respectively. For zero initial 
conditions, the transfer function of Eq. (4-121) is the 
same as that of Eq. (4-119). By using the last two 
equations, the state variables are defined as x (t) = y(t) 
and x(t) = dy,(t)/dt, and t state equations are therefore 
written as 


(4-121) 


A, K 
K M 5 s7 





(b) 


Figure 4-46 Mass-spring-damper system of Eq. (4-121). (a) The signal- 
flow graph representation. (b) Block diagram representation. 


dx,(t) _ 

dt =m 

dx,(t)_ BB i (4-122) 
a ag ta FO 

y(Dox Ww) 


EXAMPLE 4-4-3 Figure 4-47a shows the diagram of a motor coupled to an 
inertial load through a shaft with a spring constant K. 
A nonrigid coupling between two mechanical 
components in a control system often causes torsional 
resonances that can be transmitted to all parts of the 
system. The system variables and parameters are 
defined as follows: 


Ly K 
MOTOR LL] = 
L 


‘on Bin, Om Si 
(a) 
B mm + K (0. = 07) K ( O,,, _ 07) 
K 
MOTOR ps) —_—_ Jo - 
L 
Lor. .6,, 0, 


mm? ~ m? 


(b) 
Figure 4-47 (a) Motor-load system. (b) Free-body diagram. 


T (t) = motor torque 

B= motor viscous-friction coefficient 
K = spring constant of the shaft 

0 (t) = motor displacement 

w (t) = motor velocity 

J = motor inertia 

0 (t) = load displacement 

w(t) = load velocity 

J = load inertia 


The free-body diagrams of the system are shown in 
Fig. 4-47b. The torque equations of the system are 





d°6,(t)_ _B,, d0,(t)_ -K _ A 4-123 
“ae. dt 7 mC!) 6, (t)]+ j im(t) ( ) 
K[0,(t)-6, (t)]=J, 2 at (4-124) 


In this case, the system contains three energy-storage 


elements in J, J, and K. Thus, there should be three state 
variables. Care should be taken in constructing the state 
diagram and assigning the state variables so that a 
minimum number of the latter are incorporated. 
Equations (4-123) and (4-124) are rearranged as 





d°0,(t)__ B, d0,,(t)_ K _ I 4-125 

a 16,8 A, (t)]+ ~Tn() (4-125) 
d of) -*16 (t)-6(t)] (4-126) 
dt? J, 


The state variables in this case are defined as 


x, (t)=6,,(t)—-6, (t), x, (t)=d6, (t)/dt, ang 
x,(t)=d@,,(t)/dt. The state equations are 





dx,(t) _ 7 

a = x, (f)— xy (f) 

i (4-127) 
dt J, 

dx) Ky Buy yy 

a za 7. Mt) Tat) 


The SFG representation is shown in Fig. 4-48. 
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Figure 4-48 Rotational system of Eq. (4-123) signal-flow graph 
representation. 


EXAMPLE 4-4-4 Let us consider the RLC network shown in Fig. 4-49a. 
Using the voltage law 


R L 


- I(t) 
ao 


e(t) C e (t) 


| j 


(a) 





Figure 4-49 RLC network. (a) Electrical schematics. (b) Signal-flow 


graph representation. (c) Block diagram representation. 


el!) = ep &; +€, (4-128) 
where e, = voltage across the resistor R 
e = voltage across the inductor L 
e = voltage across the capacitor C 
Then 
di(t 
e(t)=e,(0)+ Ri) +19 (4-129) 


Taking a derivative of Eg. (4-129) with respect to time, 
and using the relation for current in C: 


men) 4-130 
CG Ht = (7) ( ) 


we get the equation of the RLC network as 


d'i(t) | pdi(t) , i(t) _ de(t) (4-131) 


L 2 
dt dt C dt 





A practical approach is to assign the current in the 
inductor L, i(t), and the voltage across the capacitor C, 
e(t), as the state variables. The reason for this choice is 
because the state variables are directly related to the 
energy-storage element of a system. The inductor stores 
kinetic energy, and the capacitor stores electric potential 
energy. By assigning i(t) and e (t) as state variables, we 
have a complete description of the past history (via the 
initial states) and the present and future states of the 
network. The state equations for the network in Fig. 4- 
49b are written by first equating the current in C and the 
voltage across L in terms of the state variables and the 
applied voltage e(t). In vector-matrix form, the equations 
of the system are expressed as 





de (t) ‘ A ‘ 

= le - | e-(t) | 1 |e(t) (4-132) 
di(t) i i(t) T 

dt L L 


This format is also known as the state form if we set 


x,(t) | | e,(t) (4-133) 
x,(t) | | i(t) 


Then 
0 2 0 
x, C x, 
= a ] e(t) (4-134) 
x, ak JR x5 z 
b L 


The transfer functions of the system are obtained by 
applying the gain formula to the SFG or block diagram of 
the system in Fig. 4-49c when all the initial states are set 





to zero. 
x 
E.(s) _ (1/LC)s ag (4-135) 
E(s) 1+(R/L)s*+(1/LC)s* 1+RCs+LCs’ 
=3 
Is) (1/L)s 7 Cs (4-136) 


E(s) 1+(R/L)s+(1/LC)s? 1+RCs+LCs? 


Toolbox 4-4-2 


Time domain unit step responses using Eas. (4-135) and (4-136) are 
shown using MATLAB for R= 1, L=1, and C= 1: 


numl = [1]. 

deni = [L*C R*C 1]; 
num2 = [C 0], 

den2 = [L*C R*C 1]; 


G1 = t£(numl, dent); 
G2 = tf(num2, den2) ; 


yl = step(Gl, t); 
y2 = step(G2, t); 
DLOE (&, V1) 

hold on 

plot {t; V2; *%--"); 
xlabel (‘Time’ ) 


ylabel (‘Output’ ) 


The results are shown in Fig. 4-50 where unit step 
responses for e (t) and i(t) are obtained from Eq. (4-135) 
and i(t) using Eq. (4-136) for R= 1, L=1, and C= 1. 
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Figure 4-50 RLC network time domain unit step responses for e (t) using 


Eg. (4-135) and i(t) using Eq. (4-136) for R= 1, L=1, and C= 1. 


EXAMPLE 4-4-5 As another example of writing the state equations of an 
electric network, consider the network shown in Fig. 
4-51a. According to the foregoing discussion, the 
voltage across the capacitor, e(t), and the currents of 
the inductors, i (t) and i,(t), are assigned as state 
variables, as shown in Fig. 4-51aq. The state equations 
of the network are obtained by writing the voltages 
across the inductors and the currents in the capacitor 
in terms of the three state variables. The state 


equations are 


Lat 
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Figure 4-51 Network of Example 4-4-5. (a) Electrical schematic. (b) SFG 





representation. 
i oe =—Ri,(t)—e.(t)+e(t) (4-137) 
E, ON). —R,i,(t)+e.(t) (4-138) 
dt 
CHM) «i ()-i(1) (4-139) 


dt 


In vector-matrix form, the state equations are written 


aS 
XA g _L 

L, L ] 
1 1 — 
if ra 
z |= 0 _ Se — xX, |+ '  |e(f) (4-140) 

bs bis 0 

3 , 1 x3 ' 

— —— (0) 

C ox 


where x, = i(t), x, = L(0), and x, = e(t). The signal-flow 
diagram of the network, without the initial states, is 
shown in Fig. 4-515. The transfer functions between I (s) 
and E(s), [(s) and E(s), and E (s) and E(s), respectively, 
are written from the state diagram 


Eis) LCP sGs+ | 





(4-141) 
E(s) A 
EAs) _ 1 (4-142) 
E(s) A 
E(s) _ Lost; (4-143) 
E(s) A 
where 
AL. LCs (RL +R. Cr +L b+ RRC SR, +R (4-144) 
"2 2 feed 1 2 "2 1 2 


The the unit step responses are shown in Fig. 4-52. 
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Figure 4-52 Example 4-4-5 network time domain unit step responses for 
i(t) using Eq. (4-141), i(t) using Eq. (4-142) and e(t) using Eq. (4-143) for R 
=1,R,=1,0,=1,L,=1,andC=1. 


Toolbox 4-4-3 


Time domain unit step responses using Eas. (4-141) to (4-143) are 
shown using MATLAB for R = 1, R,=1,L,=1,L,=1, and C= 1: 


RI=1; R2=1; Lil=1; L2=1; C1; 
t=0 ¢ 0.02 3: 30 = 

numl = [L2*C¢ R2*C Ils 

num2 = [1]; 

num3s = [L2 R2] » 

den = [L1*L2*C R1*L2*C+R2*L1*C L14+L2+R1*R2*C R14+R2] ; 
G1 = tf(numl1, den) ; 

G2 = tf£(num2, den); 

G3 = t£(num3, den); 

yl = step(Gl1, t); 

y2 = step(G2, ¢t); 

ys = step(G3, t),; 

plot(t, yw)? 

hold on 

ploE(E, Wa, *--')} 3 

hold on 

DIOL CE, WS, T=.* hs 

xlabel (‘Time’ ) 

ylabel (*‘Output’ ) 


4-5 MATLAB TOOLS 


There is no specific software developed for this chapter. Although the 
MATLAB Controls Toolbox offers functions for finding the transfer 
functions from a given block diagram, it was felt that students may master 
this subject without referring to a computer. For simple operations, however, 
MATLAB may be used, as shown in the following example. 


EXAMPLE 4-5-1 Consider the following transfer functions, which 
correspond to the block diagrams shown in Fig. 4-53. 


R(s) G,(s) Y(s) 





Figure 4-53 Basic block diagrams used for Example 4-3-1. 


] st+l l 
Gsj=— 5 are Os) =a’ H(s)=10 (4-145) 


Use MATLAB to find the transfer function Y(s)/R(s) 
for each case. The results are as follows. 


Toolbox 4-5-1 
Case (a): Use MATLAB to find G.*G.. 


Approach 1 Approach 2 

>> clear all >> clear all 

Ss Ss = tf(“s’); ss Gl=tt£( [1], [1 1]) 
>> Gl=1/ (s+1) 

Gil = G1 = 


As 1 


S +1 Ss +1 


>> G2=(s4+1) / (s+2) oe GR=tE (Ei. 1), ct. 2]) 
S. & oh Bi 4 a 
Ss +2 S + 2 
>> YR=G1*G2 >> YR=G1*G2 
YR = YR = 
S a db Sb ob 
s*2 +3 s + 2 s°2 +3 s +2 
>> YR_simple=minreal (YR) >> YR_simple=minreal (YR) 
YR_simple= YR_simple= 
L 1 
Ss + 2 S + 2 


Use “minreal(YR)” for pole zero cancellation, if necessary. 
Alternatively use “YR=series(G1,G2)” instead of “YR=G1*G2”. 
Case (b): Use MATLAB to find G, + G.,, 


Y(s)_ 28+3  2(s-+1,5) 
R(s) s?+3st2 (s+1)(s+2) 


Approach 1 

>> clear all 

Ss S& = tf C's") 

>> G1l=1/ (s+1) 
Transfer function: 


s+H1 

>> G2=(s+1) / (s+2) 
Transfer function: 
a+ I 

S + 2 

>> YR=G1+G2 
Transfer function: 
a 324364 3 
s°2 +3 s + 2 

>> YR=parallel (G1,G2) 
Transfer function: 
aa 4+3 684 3 


a-o £3 @ & 2 


Approach 2 
ss ¢lear all 
se Ase? ( [c.| , Th. ZL] ) 


Transfer function: 


s +1 

ss Gl=<tt( (1 1], [1 2) 
Transfer function: 

Ss + J 

Ss +2 

>> YR=G1+G2 

Transfer function: 

a 24+ 3 8 + 3 

s°-2 +36 + 2 

>> YR=parallel (G1,G2) 
Transfer function: 
e732 +3 8 + 3 


eo + 3 B + BD 


Use “minreal(YR)” for pole zero cancellation, if necessary. 


Alternatively use “YR=parallel(G1,G2)” instead of “YR=G1+G2”. 


Use “zpk(YR)" to obtain the Use “zero(YR)” to obtain Use “pole(YR)" to obtain 
real zero/pole/Gain format: transfer function zeros: transfer function poles: 
>> zpk (YR) >> zero(YR) >> pole (YR) 
Zero/pole/gain: ans = ans = 

(g°2 + 38 4 3) -1,5000 + 0.86601 =a 

sneeaanaeabesae -1.5000 - 0.86603 -1 

(s+2) (s+1) 

Toolbox 4-5-2 


Case (c): Use MATLAB to find the closed-loop feedback function 
G 


1+GH 


Y(s) | l 
R(s) s*+s+10 


Approach 1 Approach 2 
>> clear YR >> clear all 
>> Ss = tf(‘s’); ss: Gatt( [1], [1., 1, 0] ) 
>> G=1/ (s* (s+1) ) 
Transfer function: Transfer function: 
i 1 
s°2 +s s°2 4+ 8 
>> H=10 ss H=16 
a = H = 
10 10 
>> YR=G/ (1+G*H) >> YR=G/ (1+G*H) 
Transfer function: Transfer function: 
s°2 4+ 5 g°2 + 6 
s°4 +2 8°3 + 11 8°2 4+ 10s s°4 + 2 8°3 + 11 8°2 +108 
>> YR_simple=minreal (YR) >> YR _simple=minreal (YR) 
Transfer function: Transfer function: 
i 1 
s°2 +8 + 10 a°2 4+ 8 + 10 


Use “minreal (YR)” for pole zero cancellation, if necessary. 


Alternatively use: Use “pole(YR)” to obtain transfer function poles: 
>> YR=feedback (G,H) >> pole(YR) 
Transfer function: ans = 

A. -0.5000 + 3.12251 


a teetatento. penta core ~0.5000 -- 3.12251 


4-6 SUMMARY 


This chapter was devoted to the mathematical modeling of physical 
systems. Transfer functions, block diagrams, and signal-flow graphs were 
defined. The block diagram representation was shown to be a versatile 


method of portraying linear and nonlinear systems. A powerful method of 
representing the interrelationships between the signals of a linear system is 
the SFG. When applied properly, an SFG allows the derivation of the transfer 
functions between input and output variables of a linear system using the gain 
formula. A state diagram is an SFG that is applied to dynamic systems that 
are represented by differential equations. 

At the end of the chapter, various practical examples were given, which 
complete the modeling aspects of dynamic and control systems already 
studied in Chaps. 2 and 3. MATLAB was also used to calculate transfer 
functions and time responses of simple block diagram systems. 
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PROBLEMS 


PROBLEMS FOR SEC, 4-1 
4-1. Consider the block diagram shown in Fig. 4P-1. 





Figure 4P-1 


Find: 

(a) The loop transfer function. 

(b) The forward path transfer function. 
(c) The error transfer function. 

(d) The feedback transfer function. 

(e) The closed loop transfer function. 


4-2. Reduce the block diagram shown in Fig. 4P-2 to unity feedback 
form and find the system characteristic equation. 





Figure 4P-2 


4-3. Reduce the block diagram shown in Fig. 4P-3 and find the Y/X. 





Figure 4P-3 


4-4. Reduce the block diagram shown in Fig. 4P-4 to unity feedback 
form and find the Y/X. 





Figure 4P-4 


4-5. The aircraft turboprop engine shown in Fig. 4P-5a is controlled by a 
closed-loop system with block diagram shown in Fig. 4P-5b. The engine is 
modeled as a multivariable system with input vector E(s), which contains the 
fuel rate and propeller blade angle, and output vector Y(s), consisting of the 
engine speed and turbine-inlet temperature. The transfer function matrices are 
given as 





Figure 4P-5 


4-6. Use MATLAB to solve Prob. 4-5. 


4-7. The block diagram of the position-control system of an electronic 
word processor is shown in Fig. 4P-7. 

(a) Find the loop transfer function © (s)/© (s) (the outer feedback path is 
open). 

(b) Find the closed-loop transfer function © (s)/@ (s). 






Sensor Preamp 


Figure 4P-7 


4-8. The block diagram of a feedback control system is shown in Fig. 4P- 
8. Find the following transfer functions: 


Y(s) 
(a) Rs) 
Y(s) 
(b) £(s) 
Y(s) 
(c) N(s) 
(d) Find the output Y(s) when R(s) and N(s) are applied simultaneously. 





N=0 





N=0 








R=0 





Figure 4P-8 


4-9. The block diagram of a feedback control system is shown in Fig. 4P- 
9 


(a) Apply the SFG gain formula directly to the block diagram to find the 
transfer functions: 


Y(s)| YU) 
R(s) Ineo NCS) peo 
Express Y(s) in terms of R(s) and N(s) when both inputs are applied 
simultaneously. 


(b) Find the desired relation among the transfer functions G(s), G,(s), 
G(s), Gs), Hs) and H,(s) so that the output Y(s) is not affected by the 
disturbance signal N(s) at all. 














Figure 4P-9 


4-10. Figure 4P-10 shows the block diagram of the antenna control 
system of the solar-collector field shown in Fig. 1-5. The signal N(s) denotes 
the wind gust disturbance acted on the antenna. The feedforward transfer 
function G's) is used to eliminate the effect of N(s) on the output Y(s). Find 
the transfer function Y(s)/N(s)|,_,. Determine the expression of G(s) so that 
the effect of N(s) is entirely eliminated. 


R(s) e) s+5 10 ec Y¥(s) 
Ri s+10 s(s + 5) 4 


N(s) 








Figure 4P-10 


4-11. Figure 4P-11 shows the block diagram of a dc-motor control 


system. The signal N(s) denotes the frictional torque at the motor shaft. 

(a) Find the transfer function H(s) so that the output Y(s) is not affected 
by the disturbance torque N(s). 

(b) With H(s) as determined in part (a), find the value of K so that the 
steady-state value of e(t) is equal to 0.1 when the input is a unit-ramp 
function, "(f) = tu,(t), R(s)=L/s : and N(s) = 0. Apply the final-value 
theorem. 


N(s) 
a 
R(s) t © E (Ss) G(s) i Y(5) 
A a + 
H(s) 


G(s) = K(s + 3) 
s(s + 1)(S + 2) 


Figure 4P-11 


4-12. The block diagram of an electric train control is shown in Fig. 4P- 
12. The system parameters and variables are 

e (t) = voltage representing the desired train speed, 

v(t) = speed of train, ft/sec 

M =Mass of train = 30,000 I|b/sec 

K = amplifier gain 


K. = gain of speed indicator = 0.15 V/ft/sec 


SPEED 
DETECTOR 
K, 





Figure 4P-12 


To determine the transfer function of the controller, we apply a step 
function of 1 V to the input of the controller, that is, e (t) = u(t). The output 
of the controller is measured and described by the following equation: 


f (t)=100(1—0.3e" —0.7e "Ju, (t) 
(a) Find the transfer function G (s) of the controller. 


(b) Derive the forward-path transfer function V(s)/E(s) of the system. The 
feedback path is opened in this case. 
(c) Derive the closed-loop transfer function V(s)/E (s) of the system. 


(d) Assuming that K is set at a value so that the train will not run away 
(unstable), find the steady-state speed of the train in feet per second when the 
input is e(t) = us(t)V. 


4-13. Use MATLAB to solve Prob. 4-12. 


4-14. Repeat Prob. 4-12 when the output of the controller is measured 
and described by the following expression: 


f(t)=100(1-0.3e "us, (t-0.5) 
when a step input of 1 V is applied to the controller. 
4-15. Use MATLAB to solve Prob. 4-14. 


4-16. A linear time-invariant multivariable system with inputs r (t) and 
rt) and outputs y(t) and y,(t) is described by the following set of differential 
equations. 


























d°y(t) _dy(t 
“! 42 : ) +. 3y (t)=n(t)+n,(t) 
d°y,(t) dy (t) dr (t) 
——43“1“+y(t)—y (t)=r(H)+— 
72 4 y, H-y,H=nr(0) i 
Find the following transfer functions: 

Y,(s) Y,(s) Y,(s) Y,(s) 
R,(s) R,=0 R,(s) R,=0 R,(s) R, =0 R,(s) R,=0 














PROBLEMS FOR SEC. 4-2 


4-17. Find the state-flow diagram for the system shown in Fig. 4P-4. 


4-18. Draw asignal-flow diagram for the system with the state-space of 


5 -6 3 05 O 
 £ 1 0 -1 |X+| 0 05 |U 
0.5 15 0.5 0.5 0.5 
7 - 05 0.5 0 Xx 
05 O 0.5 


4-19. Find the state-space of a system with the following transfer 
function: 


Bs B 
af, = 
+A SaA,8 


4-20. Draw signal-flow graphs for the following sets of algebraic 
equations. These equations should first be arranged in the form of cause-and- 
effect relations before SFGs can be drawn. Show that there are many possible 
SFGs for each set of equations. 

M, =H, — IRS 
B =5X, —- 2x5 Ke, 


(a) *; = 4%, + Xy' 5K, +5 


2%, FIX, + X=] 
K-14, X51 


(b) 3xX,+x,=0 


4-21. The block diagram of a control system is shown in Fig. 4P-21. 
(a) Draw an equivalent SFG for the system. 


(b) Find the following transfer functions by applying the gain formula of 
the SFG directly to the block diagram. 


Y(s) 
N(s) 


E(s) 
N(s) 


¥(s) 
R(s) 


BGs) 
R(s) 




















N=0 R=0 N=0 R-0 


(c) Compare the answers by applying the gain formula to the equivalent 
SFG. 


R(s) ae E(s) Gls) + ar + ie 
| i-th 


Figure 4P-21 





4-22. Apply the gain formula to the SFGs shown in Fig. 4P-22 to find the 
¥, a 9 


following transfer functions: % % wh »; 





(b) 





(d) 





(e) 


Figure 4P-22 


4-23. Find the transfer functions Y/Y, and Y,/Y, of the SFGs shown in Fig. 
4P-23. 


Ge 





Figure 4P-23 


4-24. Signal-flow graphs may be used to solve a variety of electric 
network problems. Shown in Fig. 4P-24 is the equivalent circuit of an 
electronic circuit. The voltage source e (t) represents a disturbance voltage. 
The objective is to find the value of the constant k so that the output voltage 


e (t) is not affected by e(t). To solve the problem, it is best to first write a set 
of cause-and-effect equations for the network. This involves a combination of 
node and loop equations. Then construct an SFG using these equations. Find 
the gain e /e, with all other inputs set to zero. For e, not to affect e,, set e/e, to 
Zero. 


R, R, 





Figure 4P-24 


4-25. Show that the two systems shown in Fig. 4P-25a and b are 
equivalent. 


¥, Y, % i 


(a) 


Figure 4P-25 


4-26. Show that the two systems shown in Fig. 4P-26a and b are not 
equivalent. 





Figure 4P-26 


4-27. Find the following transfer functions for the SFG shown in Fig. 4P- 
va ip 


X 








lly=0 “7 l¥=0 





(b) 


Figure 4P-27 


4-28. Find the following transfer functions for the SFG shown in Fig. 4P- 
28. Comment on why the results for parts (c) and (d) are not the same. 


Y, 
(a) ” 








(b) ° 
Y, 


(c) * 








Figure 4P-28 


4-29. The coupling between the signals of the turboprop engine shown in 
Fig. 4P-4a is shown in Fig. 4P-29. The signals are defined as 


R (s) = fuel rate 

R(s) = propeller blade angle 

Y (s) = engine speed 

Y (s) = turbine inlet temperature 

(a) Draw an equivalent SFG for the system. 


(b) Find the A of the system using the SFG gain formula. 
(c) Find the following transfer functions: 


¥iMs) 
R,(s) 


Y,(s) 
R,(s) 


Y,{s) 
R,(s) 


Y,(s) 
R,(s) 




















(d) Express the transfer functions in matrix form, Y(s) = G(s)R(s). 


Rj (s) Y,(s) 
i, 
ao 


+ 
~2@ a 
, (s) 
-f- 


Figure 4P-29 


4-30. Figure 4P-30 shows the block diagram of a control system with 
conditional feedback. The transfer function G (s) denotes the controlled 
process, and G(s) and H(s) are the controller transfer functions. 

(a) Derive the transfer functions Y(s)/R(s)|,_, and Y(s)/N(s)|,.,. Find 
Y(s)/R(s)|N=0 when G(s) = G(s). 

(b) Let 


100 


G,(s)= CAS) = (a5) 


Find the output response y(t) when N(s) = 0 and r(t) = u(t). 

(c) With G(s) and G(s) as given in part (b), select H(s) among the 
following choices such that when n(t) = u(t) and r(t) = 0, the steady-state 
value of y(t) is equal to zero. (There may be more than one answer.) 


i a———— a—_—__ — 
s(s+1) (s+1)(s+2) 
10(s+1) K a 
H(s)= ro H(s)=— (n= positive integer) Select n. 
S 


Keep in mind that the poles of the closed-loop transfer function must all be 
in the left-half s-plane for the final-value theorem to be valid. 





Figure 4P-30 


4-31. Use MATLAB to solve Prob. 4-30. 
PROBLEMS FOR SEC. 4-3 


4-32. Consider the following differential equations of a system: 


an =—2x,(t)+3x,(t) 
SN? 5x, (t)—5x,(0)+2n(t 


(a) Draw a state diagram for the following state equations. 
(b) Find the characteristic equation of the system. 
(c) Find the transfer functions X (s)/R(s) and X,(s)/R(s). 


4-33. The differential equation of a linear system is 


3 2 








where y(t) is the output, and r(t) is the input. 
(a) Draw a state diagram for the system. 
(b) Write the state equation from the state diagram. Define the state 


variables from right to left in ascending order. 

(c) Find the characteristic equation and its roots. Use any computer 
program to find the roots. 

(d) Find the transfer function Y(s)/R(s). 

(e) Perform a partial-fraction expansion of Y(s)/R(s). 

(f) Find the output y(t) for t => 0 when r(t) = u(0). 

(g) Find the final value of y(t) by using the final-value theorem. 


4-34. Consider the differential equation given in Prob. 4-33. Use 
MATLAB to 

(a) Perform a partial-fraction expansion of Y(s)/R(s). 

(b) Find the Laplace transform of the system. 

(c) Find the output y(t) for t > 0 when r(t) = u(t). 

(d) Plot the step response of the system. 

(e) Verify the final value that you obtained in Prob. 4-33 part (g). 


4-35. Repeat Prob. 4-33 for the following differential equation: 


4 3 2 
aon eres 524 =r 











4-36. Repeat Prob. 4-34 for the differential equation given in Prob. 4-35. 


4-37. The block diagram of a feedback control system is shown in Fig. 
4P-37. 
(a) Derive the following transfer functions: 


¥ts) 
N(s) 


E(s) 


R(s) 


Y(s) 
R(s) 














N=0 R=0 N=0 


(b) The controller with the transfer function G(s) is for the reduction of 
the effect of the noise N(s). Find G(s) so that the output Y(s) is totally 
independent of N(s). 

(c) Find the characteristic equation and its roots when G(s) is as 
determined in part (b). 


(d) Find the steady-state value of e(t) when the input is a unit-step 
function. Set N(s) = 0. 

(e) Find y(t) for t > 0 when the input is a unit-step function. Use G(s) as 
determined in part (b). 


N(s) 





Figure 4P-37 

4-38. Use MATLAB to solve Prob. 4-37. 
ADDITIONAL PROBLEMS 

4-39. Assuming 


P =2S° +9S° +15S* + 25S’ + 25S? +14s+6 
P, =S°+8S° +23S* +36S° + 38S° +28s+16 


(a) Use MATLAB to find roots of P_ and P.. 
(b) Use MATLAB to calculate P,=P,-—P,P,=P,+P,andP.=(P_- 
Py? 


4-40. Use MATLAB to calculate the polynomial. 
(a) P,=(s+1)(s’ +2)(s+3)(2s’ +541) 


(b) B= (s° +1)(s+2)(s+4)(s° +2541) 


4-41. Use MATLAB to perform partial-fraction expansion to the 
following functions: 


G (s)= (s+1)(s°+2)(s+4)(s+10) 
(a) s(s+2)(s*+2s+5)(2s* +s+4) 
G.(s) s°+12s°+47s+60 


(b) 45° + 285° + 83s*+135s°+126s* + 625412 


4-42. Use MATLAB to calculate unity feedback closed loop transfer 
function for Prob. 4-41. 


4-43. Use MATLAB to calculate 
(a) G,(s)= G(s)+G,(5) 
(b) G,(s)=G,(s)—G,(s) 
G.(s) = Gs s) 
(c) GMs) 


G ty} — a _ 
(d) ° G,(s)*G,(s) 





*See Chap. 7 for the difference between an input or a reference input. 





Stability of Lmear Control Systems 


Among the many forms of performance specifications used in design of 
control systems, stability is the most important one. When all types of 
systems are considered—linear, nonlinear, time-invariant, and time-varying 
—the definition of stability can be given in many different forms. In this 
book, we deal only with the stability of linear single-input single-output 
(SISO) time-invariant systems. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 

1. Assess stability of linear SISO time-invariant systems in the Laplace 
domain, or in the state space form. 

2. Use the Routh-Hurwitz criterion to investigate the stability of the 
system. 

3. Use MATLAB to conduct your stability study. 


In this chapter, we introduce the concept of stability, and utilize the Routh- 
Hurwitz criterion to investigate the stability of SISO time-invariant systems. 
Through various examples, we investigate the stability of transfer functions 
and state space systems. We further use MATLAB tools to help solve various 
problems. 


0-1 INTRODUCTION TO STABILITY 


In Chap. 3, from the studies of linear differential equations with constant 
coefficients, we learned that the time response of a linear time-invariant 
system is usually divided into two parts: the transient response and the 
steady-state response. Let y(t) denote the time response of a continuous-data 


system; then, in general, it can be written as 
y(t)=y,(t)+ y,, (6) (5-1) 


where y(t) denotes the transient response and y (t) denotes the steady-state 
response. 


In stable control systems, transient response corresponds to the 
homogeneous solution of the governing differential equations and is defined 
as the part of the time response that goes to zero as time becomes very large. 
Thus, y(t) has the property 


lim y, (t)=0 (5-2) 

The steady-state response is simply the part of the total response that 
remains after the transient has died out. 

As discussed in Sec. 3-4-3, stability of the system is directly dependent on 
the roots of the system characteristic equation—or the poles of the system. 
For a bounded input, the total response of the system generally follows the 
input (bounded-output), if the roots of characteristic equation have negative 
real components. 


For BIBO stability, the roots of the characteristic equation must all lie 
in the left-half s-plane. 


A system that is BIBO stable is simply called stable; otherwise, it is 
unstable. 


With zero initial conditions, the system is said to be BIBO (bounded-input, 
bounded-output) stable, or simply stable, if its output is bounded to a 
bounded input. For BIBO stability, the roots of the characteristic equation, or 
the poles of G(s), cannot be located in the right-half s-plane or on the jw-axis; 
in other words, they must all lie in the left-half s-plane. A system is said to be 
unstable if it is not BIBO stable. When a system has roots on the jw-axis, say, 
ats = Jw, and s = —Jo,, if the input is a sinusoid, (sin wt), then the output 
will be of the form of (t sin wt), which is unbounded, and the system is 


unstable. 


For analysis and design purposes, we can classify stability as absolute 
stability and relative stability.! Absolute stability refers to whether the 
system is stable or unstable; it is a yes or no answer. Once the system is found 
to be stable, it is of interest to determine how stable it is, and this degree of 
stability is a measure of relative stability. 

We start by demonstrating the concept of stability through a simple 
example. 


EXAMPLE 5-1-1 In Chap. 2, we obtained the equation of motion of a 
simple (ideal) pendulum with a mass m and a massless 
rod of length /, hinged at point O, as shown in Fig. 5- 
1. This equation was simplified to 


6+ sind =0 (5-3) 


wa 


O O y 
vy, 


\ . » 
\R= fcos@i — fsin8/ 


meg 


(a) (b) 
Figure 5-1 (a) A simple pendulum. (b) Free-body diagram of mass m. 


From the free body diagram of mass m in Fig. 5-1b, we 
note the simple pendulum to have two static equilibrium 
positions, where 


SE, =—F,cos6+mg=0 


pay =—F, sin@=0 


(5-4) 


Upon solving Eg. (5-4), we identify @ =0 and m as the 
pendulum static equilibria, where it can be fully at rest in 
the absence of any external forces, initial conditions, or 
other disturbances. In this case, the weight of the 
pendulum is completely balanced by the reaction force at 
the hinge O. 

Using static equilibrium position 0 =0 as the operating 
point, the linearization of the system implies 0 * 8. 
Hence, the linear representation of the system is 


6+=0=0 (5-5) 
or 
6+0°0=0 (5-6) 
0, = jf rad/s 
where C rad/s is the natural frequency of 


the linearized model. 

Equation (5-6) describes the pendulum behavior in the 
neigborhood of the static equilibrium position 0 = 0, for 
small motions (just give the pendulum a slight tap). The 
system response in this case, after application of a small 
initial condition 6(0) =@,, is sinusoidal. Further if we 
account for the hinge O friction and the air resistance 
facing mass m, given a small initial condition, the 
pendulum swings a few times until it comes to rest at @ 
=(0. Note in this case, the transient response of the 
system due to the initial conditions approaches zero with 
time. As a result, the motion of the pendulum about @ =0 
is stable. 

If we add an external force F(t) to the mass m and add 
viscous damping, which approximates all mentioned 
frictional forces in the system, Eq. (5-6) can be modified 
to 


6+260,0+w-0= f(t) (57) 


f(y=2 
where m( In this case, Eq. (5-7) has the 


following transfer function 
O(s) l 


— = —____ (5-8) 
F(s) s°+26@,s+@-% 


From Chap. 3, for ¢ > 0 the poles of the system in Eq. 
(5-8)—that is, roots of the characteristic equation—have 
negative real parts. Note that to obtain the time response 
of the system, you need to clearly identify and include the 
initial conditions in the Laplace transform of the system 
in Eq. (S-7)—see Example 3-4-2. However, because the 
motion of the damped pendulum about @ = 0 is stable, its 
transient response diminishes with time, and the 
pendulum follows the input (steady-state response )— 
Say a Step input—moving to a constant angle. 

Looking back at Eq. (5-3), upon using @ = 77 as the 
operating point, the linearized equation of the system is 
(verify): 


6-=-8=0 (5-9) 


Upon a small disturbance, the pendulum starts 
Swinging about @ = 0; not 8= 7! As aresult, @ = 1 is 
considered as an unstable equilibrium, and the solution 
of Eg. (5-9) reflects the pendulum to be moving away 
from this equilibrium point. The time response of the 
linearized Eq. (5-9) includes an exponential growth 
(unbounded motion), regardless of the initial conditions, 
which implies the mass to be moving away from the 
point @ = mz. Obviously the linear approximation range is 
small and this solution is only valid while the mass stays 
within this region. 

In this case using a similar approach as in Eq. (5-8), we 
can obtain the transfer function of the system to be 


QO) 


= $< (5-10) 
F(s) s°+26@,s—@* 


where for ¢ > 0 one of the poles of the system in Eq. 
(5-10) is real and positive, while the other is negative. 


See MATLAB tools in Sec. 5-4. 





From the preceding discussions, we see that, for linear time-invariant 
systems, stability of the system can be determined by the poles of the system, 
and for a stable system the roots of the characteristic equation must all be 
located in the left-half s-plane. Further, if a system is stable, it must also be 
zero-input stable—that is, its response solely due to initial conditions 
converges to zero. For this reason, we shall simply refer to the stability 
condition of a linear system as stable or unstable. The latter condition refers 
to the condition that at least one of the characteristic equation roots is not in 
the left-half s-plane. For practical reasons, we often refer to the situation in 
which the characteristic equation has simple roots on the j@-axis and none in 
the right-half plane as marginally stable or marginally unstable. An 
exception to this is if the system were intended to be an integrator (or, in the 
case of control systems, a velocity control system); then the system would 
have root(s) at s =O and would be considered stable. Similarly, if the system 
were designed to be an oscillator, the characteristic equation would have 
simple roots on the jw@-axis, and the system would be regarded as stable. 

As discussed in Sec. 3-7-2, because the roots of the characteristic equation 
are the same as the eigenvalues of matrix A of the state equations, the 
Stability condition places the same restrictions on the eigenvalues—see 
Example 5-4-4, We further discuss the stability analysis of state space 
equations in Chap. 8. 

Let the characteristic equation roots or eigenvalues of matrix A of a linear 


continuous-data time-invariant SISO system be s =o. + j@, i= 1, 2, ..., n. If 
any of the roots is complex, it is in complex-conjugate pairs. The possible 
stability conditions of the system are summarized in Table 5-1 with respect to 
the roots of the characteristic equation. 


TABLE 5-1 STABILITY CONDITIONS OF LINEAR 
CONTINUOUS-DATA TIME-INVARIANT SISO SYSTEMS 


Stability Condition Root Values 


Asymptotically stable or 0, <Ofor all i,i=1,2,..., 1. (All the roots are in the left-half 
simply stable s-plane.) 

Marginally stable or 6, =0 for any i for simple roots, and no 6, >0 

marginally unstable Fori=1,2,..., (at least one simple root, no multiple-order 
roots on the j@-axis, and n roots in the right-half s-plane; note 
exceptions) 


Unstable 0, >0 for any i, or 0, =0 for any multiple-order root; i= 1, 2,..., 
n (at least one simple root in the right-half s-plane or at least one 
multiple-order root on the j@-axis) 


In conclusion, the stability of linear time-invariant SISO systems can 
be determined by checking on the location of the roots of the 
characteristic equation of the system. For all practical purposes, there is no 
need to compute the complete system response to determine stability. The 
regions of stability and instability in the s-plane are illustrated in Fig. 5-2. 


s-plane 
Stable Unstable 
region region 





Stable Unstable 
region region 


Figure 5-2 Stable and unstable regions in the s-plane. 


The following example illustrates the stability conditions of systems with 
reference to the poles of the system transfer functions that are also the roots 
of the characteristic equation. 


EXAMPLE 5-1-2 The following closed-loop transfer functions and their 
associated stability conditions are given. 


M(s)= ee BIBO stable (or, asymptotically stable) 


(st+1)(s+2)(s+3) 


— 20(stI) s+1) 


Unstable due to the pole at s=1 
\(s (s—1)(s?-+2s+2) 


—— a ee 
~ (s-+2)(s?-+4) 
m ; =. Unstable due to the multi le-order ole at S —+ i? 
™ (s°+4)°(s+10) 





0-2 METHODS OF DETERMINING 
STABILITY 


When the system parameters are all known, the roots of the characteristic 
equation can be found using MATLAB as demonstrated in various MATLAB 
toolbox windows discussed earlier in Chap. 3 (also see Toolbox 5-3-1). The 
methods outlined in the following list are well known for determining the 
stability of linear continuous-data systems without involving root solving. 


1. Routh-Hurwitz criterion. This criterion is an algebraic method that 
provides information on the absolute stability of a linear time-invariant 
system that has a characteristic equation with constant coefficients. The 
criterion tests whether any of the roots of the characteristic equation lie 
in the right-half s-plane. The number of roots that lie on the jw-axis and 
in the right-half s-plane is also indicated. 


2. Nyquist criterion. This criterion is a semigraphical method that 
gives information on the difference between the number of poles and 
zeros of the closed-loop transfer function that are in the right-half s- 
plane by observing the behavior of the Nyquist plot of the loop transfer 
function. This topic is discussed in detail in Chap. 10. 


3. Bode diagram. This diagram is a plot of the magnitude of the loop 
transfer function Gjj@)H(j@) in dB and the phase of GJjw)H(ja@) in 
degrees, all versus frequency w: The stability of the closed-loop system 
can be determined by observing the behavior of these plots. This topic is 
discussed in detail in Chap. 10. 


Thus, as will be evident throughout the text, most of the analysis and 
design techniques on control systems represent alternate methods of solving 
the same problem. The designer simply has to choose the best analytical tool, 
depending on the particular situation. 

Details of the Routh-Hurwitz stability criterion are presented in the 
following section. 


9-3 ROUTH-HURWITZ CRITERION 


The Routh-Hurwitz criterion represents a method of determining the 
location of zeros of a polynomial with constant real coefficients with respect 
to the left half and right half of the s-plane, without actually solving for the 
zeros. Because root-finding computer programs can solve for the zeros of a 
polynomial with ease, the value of the Routh-Hurwitz criterion is at best 
limited to equations with at least one unknown parameter. 

Consider that the characteristic equation of a linear time-variant SISO 
system is of the form 


F(s)=a,s"+a,,s" ++-+a,s+a, =0 (5-11) 


where all the coefficients are real. To ensure the last equation does not 
have roots with positive real parts, it is necessary (but not sufficient) that the 
following conditions hold: 


1. All the coefficients of the equation have the same sign. 


2. None of the coefficients vanish. 


These conditions are based on the laws of algebra, which relate the 
coefficients of Eq. (5-11) as follows: 








On =-) all roots (5-12) 
a, 
oe > products of the roots taken two at a time (5-13) 
a, 
Bnd -) product of the roots taken three at a time (5-14) 
Ao = (—1)" products of all the roots (5-15) 
a 


Thus, all these ratios must be positive and nonzero unless at least one of 
the roots has a positive real part. 


The two necessary conditions for Eq. (5-11) to have no roots in the right- 
half s-plane can easily be checked by inspection of the equation. However, 
these conditions are not sufficient, for it is quite possible that an equation 
with all its coefficients nonzero and of the same sign still may not have all the 
roots in the left half of the s-plane. 


5-3-1 Routh’s Tabulation 


The Hurwitz criterion gives the necessary and sufficient condition for all 
roots of Eq. (5-11) to lie in the left half of the s-plane. The criterion requires 
that the equation’s n Hurwitz determinants must all be positive. 


However, the evaluation of the n Hurwitz determinants is tedious to carry 
out. But Routh simplified the process by introducing a tabulation method in 
place of the Hurwitz determinants. 


The first step in the simplification of the Hurwitz criterion, now called the 
Routh-Hurwitz criterion, is to arrange the coefficients of the equation in Eg. 
(5-11) into two rows. The first row consists of the first, third, fifth, ..., 
coefficients, and the second row consists of the second, fourth, sixth, ..., 
coefficients, all counting from the highest-order term, as shown in the 
following tabulation: 


The next step is to form the following array of numbers by the indicated 
operations, illustrated here for a sixth-order equation: 


a,s°+a.8° +++-+a,s+a, =0 (5-16) 


s° a, , a, 0 

gt 4544 — 464s _ 4 959A, _ pp ASA a, x0 = 
a; a; a 

? Aa,—4;B _¢ Aa, 454) _ AX0—a;X0 __, 0 
A A A 
- —AX x0-AX 

é BC AD _, Ge, — Zt sll Cx0—-A 0_4 0 
C C C 

BC 

¢ = “aE 0 0 0 
fe 

s° aoe =a, 0 0 0 


This array is called the Routh’s tabulation or Routh’s array. The column 
of s’s on the left side is used for identification purposes. The reference 
column keeps track of the calculations, and the last row of the Routh’s 
tabulation should always be the s’ row. 

Once the Routh’s tabulation has been completed, the last step in the 
application of the criterion is to investigate the signs of the coefficients in the 
first column of the tabulation, which contains information on the roots of the 
equation. The following conclusions are made: 


The roots of the equation are all in the left half of the s-plane if all the 
elements of the first column of the Routh’s tabulation are of the same 
sign. The number of changes of signs in the elements of the first column 
equals the number of roots with positive real parts, or those in the right- 
half s-plane. 


The following examples illustrate the applications of the Routh-Hurwitz 
criterion when the tabulation terminates without complications. 


EXAMPLE 5-3-1 Consider the equation 


2s‘ +s°+3s7+5s+10=0 (5-17) 

Because the equation has no missing terms and the 
coefficients are all of the same sign, it satisfies the 
necessary condition for not having roots in the right-half 
or on the imaginary axis of the s-plane. However, the 
sufficient condition must still be checked. Routh’s 
tabulation is made as follows: 


See MATLAB tools in Sec. 5-4. 





s* 2 3 10 
s° 1 5 60 
Sign change s* wee =-7 10 0 
Sign change s° a =6.43 0 0 
s° 10 2 0 


Because there are two sign changes in the first column 
of the tabulation, the equation has two roots in the right 
half of the s-plane. Solving for the roots of Eq. (5-17), we 
have the four roots at s=—1.005+j0.933 and 
s=0.7554j1.444. Clearly, the last two roots are in the 
right-half s-plane, which cause the system to be unstable. 


Toolbox 5-3-1 


The roots of the polynomial in Eq. (5-17) are obtained using the 
following sequence of MATLAB functions. 


>> clear all 
>> p = [2 1 3 5 10] % Define polynomial 2*s*4+s°34+3*s°2+5*s+10 
Pp = 
21 8 & 10 

>> roots (p) 
ans = 

0.7555 + 1.44441 

0.7555 = 1.44442 

-1.0055 + 0.93311 

-1.0055 - 0.93311 


9-3-2 Special Cases When Routh’s Tabulation Terminates 
Prematurely 


The equations considered in the two preceding examples are designed so 
that Routh’s tabulation can be carried out without any complications. 
Depending on the coefficients of the equation, the following difficulties may 
occur, which prevent Routh’s tabulation from completing properly: 


The coefficients of the auxiliary equation are those of the row just 
above the row of zeros in Routh’s tabulation. 


The roots of the auxiliary equation must also satisfy the original 
equation. 


1. The first element in any one row of Routh’s tabulation is zero, but 
the others are not. 


2. The elements in one row of Routh’s tabulation are all zero. 


In the first case, if a zero appears in the first element of a row, the elements 
in the next row will all become infinite, and Routh’s tabulation cannot 


continue. 

To remedy the situation, we replace the zero element in the first column by 
an arbitrary small positive number e, and then proceed with Routh’s 
tabulation. This is illustrated by the following example. 


EXAMPLE 5-3-2 Consider the characteristic equation of a linear system 
S46" +25° +254-3=0 (5-18) 


Because all the coefficients are nonzero and of the 
Same sign, we need to apply the Routh-Hurwitz criterion. 
Routh’s tabulation is carried out as follows: 


1 2 3 
e | 2 O 
0 3 





Because the first element of the s2 row is zero, the 
elements in the s1 row would all be infinite. To overcome 
this difficulty, we replace the zero in the s2 row with a 
small positive number €, and then proceed with the 
tabulation. Starting with the s2 row, the results are as 
follows: 





Sign change s 


Sign change s° 3 0 


Because there are two sign changes in the first column 
of Routh’s tabulation, the equation in Eq. (5-18) has two 
roots in the right-half s-plane. Solving for the roots of Eq. 
(5-18), we get s=—0.0914j0.902 and s=0.406+j1.293; the 
last two roots are clearly in the right-half s-plane. 

It should be noted that the e-method described may not 
give correct results if the equation has pure imaginary 
roots. 


In the second special case, when all the elements in one row of Routh’s 
tabulation are zeros before the tabulation is properly terminated, it indicates 
that one or more of the following conditions may exist: 


1. The equation has at least one pair of real roots with equal magnitude 
but opposite signs. 
2. The equation has one or more pairs of imaginary roots. 


3. The equation has pairs of complex-conjugate roots forming 
symmetry about the origin of the s-plane; for example, s=—1+j1, s=14;1. 


The situation with the entire row of zeros can be remedied by using the 
auxiliary equation A(s)= 0, which is formed from the coefficients of the row 
just above the row of zeros in Routh’s tabulation. The auxiliary equation is 
always an even polynomial; that is, only even powers of s appear. The roots 
of the auxiliary equation also satisfy the original equation. Thus, by solving 
the auxiliary equation, we also get some of the roots of the original equation. 
To continue with Routh’s tabulation when a row of zero appears, we conduct 
the following steps: 


1. Form the auxiliary equation A(s)= 0 by using the coefficients from 
the row just preceding the row of zeros. 

2. ‘Take the derivative of the auxiliary equation with respect to s; this 
gives dA(s)/ds= 0. 

3. Replace the row of zeros with the coefficients of dA(s)/ds= 0. 

4. Continue with Routh’s tabulation in the usual manner with the 
newly formed row of coefficients replacing the row of zeros. 

5. Interpret the change of signs, if any, of the coefficients in the first 
column of the Routh’s tabulation in the usual manner. 


EXAMPLE 5-3-3 Consider the following equation, which may be the 
characteristic equation of a linear control system: 


§° +45°-+85° +85°+75+4=0 (5-19) 


Routh’s tabulation is 


ef i é i? 
ss 4 8 4 
s 6 6 0 
ss 4 4 
sy O 0 





Because a row of zeros appears prematurely, we form 
the auxiliary equation using the coefficients of the s2 
row: 


A(s)=4s°+4=0 (5-20) 
The derivative of A(s) with respect to s is 


dA(s) _ 


85=0 5-21 
7 S (5-21) 


from which the coefficients 8 and 0 replace the zeros 
in the s1 row of the original tabulation. The remaining 
portion of the Routh’s tabulation is 


s' 8 0. coefficients of dA(s)/ds 
5 «64 


Because there are no sign changes in the first column 
of the entire Routh’s tabulation, the equation in Eq. (5- 
21) does not have any root in the right-half s-plane. 
Solving the auxiliary equation in Eq. (5-20), we get the 
two roots at s = j and s =-j, which are also two of the 
roots of Eq. (5-19). Thus, the equation has two roots on 
the jw-axis, and the system is marginally stable. These 
imaginary roots caused the initial Routh’s tabulation to 
have the entire row of zeros in the s' row. 


Because all zeros occurring in a row that corresponds 
to an odd power of s creates an auxiliary equation that 
has only even powers of s, the roots of the auxiliary 
equation may all lie on the jw-axis. For design purposes, 
we can use the all-zero-row condition to solve for the 
marginal value of a system parameter for system stability. 
The following example illustrates the realistic value of 
the Routh-Hurwitz criterion in a simple design problem. 


EXAMPLE 5-3-4 Consider that a third-order control system has the 
characteristic equation 


s° +3408.3s° +1,204,000s+1.5x10’ K =0 (5-22) 


See MATLAB tools in Sec. 5-4. 





The Routh-Hurwitz criterion is best suited to determine 
the critical value of K for stability, that is, the value of K 


for which at least one root will lie on the jw-axis and 
none in the right-half s-plane. Routh’s tabulation of Eq. 
(5-22) is made as follows: 


s° l 1,204,000 

5" 3408.3 1.5x10’K 

,! 410.3610’ —1.5x10’K 6 
3408.3 

. 15x10’ K 


For the system to be stable, all the roots of Eq. (5-22) 
must be in the left-half s-plane, and, thus, all the 
coefficients in the first column of Routh’s tabulation 
must have the same sign. This leads to the following 
conditions: 


410.3610’ —1.5x10’ K 7 
3408.3 


and 
1.5x10’K >0 (5-24) 


From the inequality of Eq. (5-23), we have K < 273.57, 
and the condition in Eq. (5-24) gives K > 0. Therefore, 
the condition of K for the system to be stable is 


(5-23) 


Oe K <273.57 (5-25) 


If we let K = 273.57, the characteristic equation in Eq. 
(5-22) will have two roots on the ja-axis. To find these 
roots, we substitute K = 273.57 in the auxiliary equation, 
which is obtained from Routh’s tabulation by using the 
coefficients of the s’ row. Thus, 


A(s)=3408.3s* +4.103610° =0 (5-26) 


which has roots at s = 1097 and s= —j1097, and the 


corresponding value of K at these roots is 273.57. Also, if 
the system is operated with K = 273.57, the zero-input 
response of the system will be an undamped sinusoid 
with a frequency of 1097.27 rad/s. 


EXAMPLE 5-3-5 As another example of using the Routh-Hurwitz criterion 
for simple design problems, consider that the 
characteristic equation of a closed-loop control system 
is 


s°+3Ks*+(K+2)s+4=0 (5-27) 


See MATLAB tools in Sec. 5-4. 








It is desired to find the range of K so that the system is 
stable. Routh’s tabulation of Eg. (5-27) is 


s° 1 K43 
3? 3K 4 
| 3K(K+2)—4 
:y —_ Ff 
3K 
s° 4 


From the s’ row, the condition of stability is K < 0, and 
from the s' row, the condition of stability is 


3K°+6K—4>0 (5-28) 


Or 


K <-2.528 or K>0.528 (5-29) 


When the conditions of K > 0 and K > 0.528 are 
compared, it is apparent that the latter requirement is 
more stringent. Thus, for the closed-loop system to be 
stable, K must satisfy 


K>0.528 (5-30) 


The requirement of K < —2.528 is disregarded because 
K cannot be negative. 


It should be reiterated that the Routh-Hurwitz criterion is valid only if the 
characteristic equation is algebraic with real coefficients. If any one of the 
coefficients is complex, or if the equation is not algebraic, for example, 
containing exponential functions or sinusoidal functions of s, the Routh- 
Hurwitz criterion simply cannot be applied. 

Another limitation of the Routh-Hurwitz criterion is that it is valid only for 
the determination of roots of the characteristic equation with respect to the 
left half or the right half of the s-plane. The stability boundary is the j@-axis 
of the s-plane. The criterion cannot be applied to any other stability 
boundaries in a complex plane, such as the unit circle in the z-plane, which is 
the stability boundary of discrete-data systems (App. H). 


0-4 MATLAB TOOLS AND CASE STUDIES 


The easiest way to assess stability of known transfer functions is to find the 
location of the poles. For that purpose, the MATLAB code that appears in 
Toolbox 5-3-1 is the easiest way for finding the roots of the characteristic 
equation polynomial—that is, the poles of the system. 

In this section, we introduce the tfrouth stability tool, which may be used 
to find the Routh array, and more importantly it may be utilized for controller 
design applications where it is important to assess the stability of a system for 
a controller gain, say k. 

The steps involved in setting up and then solving a given stability problem 
using tfrouth are as follows: 


1. In order to use the tfrouth tool, you first need to download the 
ACSYS software, available at www.mhprofessional.com/golnaraghi. 
2. Load MATLAB, and use the folder browser at the top of the 
MATLAB command window to go to your ACSYS directory—for 
example, for PCs, C:\documents\ACS YS2013—if you have put 
ACSY82013 directory in your documents folder.’ 

3. At the MATLAB command window type “dir” and identify the 
“TFSymbolic” directory. 


4. Move to “TFSymbolic” directory by typing in “cd TFSymbolic.” 


5. Type “tfrouth” in the MATLAB command window within the 
“TFSymbolic” directory. 


6. The “Routh-Hurwitz” window will appear. Enter the characteristic 
polynomial as a coefficient row vector (e.g., for s’ + s’+ s+ 1, enter: [1 
111)). 

7. Press the “Routh-Hurwitz” button and check the results in the 
MATLAB command window. 


8. Incase you wish to assess the stability of the system for a design 
parameter, enter it in the box designated as “Enter Symbolic 
Parameters.” For example, for s’ + ks’ + ks + 1, you need to enter “k1 
k2” in the “Enter Symbolic Parameters” box, followed by entering the 
polynomial as [1 k1 k2 1] in the “Characteristic Equation” box. Note 
that the default coefficient is “k,” which you can change to other 
character(s)—in this case k1 and k2. 


9. Press the “Routh-Hurwitz” button to form the Routh’s array and 
conduct the Routh-Hurwitz stability test. 


To better illustrate how to use tfrouth, let us solve some of the earlier 
examples in this chapter. 


EXAMPLE 5-4-1 Recall Example 5-3-1; let’s use tfrouth for the following 
polynomial: 


25*+5°+35°+5s+10=0 (5-31) 


Following the instructions in the beginning of the 
section, in the MATLAB command window, type in 


“tfrouth” and enter the characteristic Eq. (5-31) in 
coefficient vector form [2 1 3 5 10], followed by clicking 
the “Routh-Hurwitz” button to get the Routh-Hurwitz 
matrix, as shown in Fig. 5-3. 


BBY Routh Hurwitz - (Q Golharaghi 2013 inn [ein mame Som 


-Enter Characteristic Equation: 


Enter the characteristic equation using a vector of polynomial 
coefficients with complex variable ‘s’. Enter ALL symbolic 
parameters in the box labeled ‘Enter Symbolic Parameters. 


ex: For (s*2 + 3*kp*s + ki*2): 
enter [1, 3*kp, ki*2]' in the Characteristic Equation box 
and “kp kf in the symbolic variables text box. 


ex: The following are all equivalent: 
‘(s*2 + 7*8 + 12) and [1 7 127. 


Enter Symbolic Parameters 
(defaul parameter is k) 


Characteristic Equation 


213510] 


Routh-Hurw itz 





Figure 5-3 Entering characteristic polynomial for Example 5-3-1 using 
the tfrouth module. 


The results match with Example 5-3-1. The system is 
therefore unstable because of two positive poles. The 
Routh’s array first column also shows two sign changes 


to confirm this result. To see the complete Routh table, 
the user must refer to the MATLAB command window, 
as Shown in Fig. 5-4. 


The following box shows where the sign changes 
occur. 


Routh-Hurwitz Matrix: 


System is Unstable 


< Sign Change 
< Sign Change 


Routh-Hurwitz Matrix: 


SS ee Ee _ eee _ 


0 0 


There are two sign changes in the first column. 





Figure 5-4 Stability results for Example 5-4-1, after using the Routh- 
Hurwitz test. 


EXAMPLE 5-4-2 Consider Example 5-3-2 for characteristic equation of a 
linear system: 


S45" 425° +254-3=—0 (5-32) 


After entering the transfer function characteristic 
equation using tfrouth as [1 1 2 3] and pressing the 
“Routh-Hurwitz” button, we get the following output: 


Routh-Hurwitz Matrix: 


System is Unstable 


First element is zero. Epsilon is used. 
< Sign Change 


< Sign Change 





Hence, because of the final two sign changes, we 
expect to see two unstable poles. 


EXAMPLE 5-4-3 Revisiting Example 5-3-3, use tfrouth to study the 
following characteristic equation: 


S de" 28s" 4-89" 4-754+-4—0 (5-33) 


Enter the characteristic equation coefficients as [1 4 8 
8 7 4|. The MATLAB output will be as follows: 


Routh-Hurwitz Matrix: 


_ an off System is Unstable 


Row of zeros. Auxiliary polynomial (457 + 4) is used. 





EXAMPLE 5-4-4 Considering the characteristic equation of a closed-loop 
control system 


5° +-3.Ks" +(K42)s4+4=—0 (5-34) 


It is desired to find the range of K so that the system is 
stable. Using the default parameter “k,” enter the 
characteristic equation coefficients as [1 3 * kk + 2 4|— 


see Fig. 5-5. 


Enter the characteristic equation using a vector of polynomial 
coefficients with complex variable ‘s’. Enter ALL symbolic 
parameters in the box labeled ‘Enter Symbolic Parameters.” 


ex: For (s*2 + 3*kp*s + ki*2): 
enter '[1, 3*kp, ki*2]' in the Characteristic Equation box 
and "kp kf in the symbolic variables text box. 


ex: The following are all equivalent: 
“(s*2 + 7*s + 12) and [1 7 127. 


Enter Symbolic Parameters kK 
(defaul parameter is k) 


Characteristic Equation 


[1 3*k k+2 4] 





h: 


Figure 5-5 Entering characteristic polynomial for Example 5-4-4 using 
the tfrouth module. 


Routh-Hurwitz Matrix: 


a a: 


+ — 





Ss k= 0.4: 


>> eval(RH) 


ans = 


1.0000 
1.2000 
—0.9333 
4.0000 





In tfrouth, the Routh array is store under variable name 
“RH.” In order to check the system stability for different 
values of k, you need to assign a value to k first. Then use 
the MATLAB command “eval(RH)” to obtain the 
numerical value of the Routh array as shown below: 


sp kee |: 
>> eval(RH) 
ans = 


Unstable 1.0000 3.0000 Stable 
3.0000 4.0000 


< Sign Change 1.6667 0 
< Sign Change 4.0000 0 


In this case, the system is unstable for k = 0.4, and 
Stable for k = 1. 


EXAMPLE 5-4-5 Considering the following state space system: 





ae = x, (t)—4x, (tf) 


(5-35) 


Sl 5x, (t)+ut) 


State equation of the system is 


x(t)=Ax(t)+ B u(t) 


y(t)=Cx(t) — 


where 


Joti] eter} oe 


Taking the Laplace transform of Eq. (5-36), assuming 
zero initial conditions, and solving for Y(s), we have 


Y(s)=C(sI—A)' BU(s) (5-38) 


From the discussions in Secs. 3-7-1 and 3-7-2, the 
system transfer function in this case is 
adj(sI—A) 
det (sI—A) 
| 4 | (5-39) 
ae |adj(sI—A)|B_ | s—l 
7 |sI— Al 5? —~5+20 


G(s)=C(sI-A)' B=C 


More specifically, noting Y(s) = X(s), we have 


i (5-40) 
U(s) s°—s+20 
X,(s)___s—l (5-41) 


U(s) s*—s+20 


Setting the denominator of the transfer-function matrix 
G(s) to zero, we get the characteristic equation: 


|sI—A|=0 (5-42) 


This implies that the roots of the characteristic 
equation are the eigenvalues of the matrix A. Hence, 


s—-] 4 


|sI— A] = 
—5 


9" —3++-20=0 (5-43) 








From the first Routh-Hurwitz criterion, this system is 
unstable—see Fig. 5-6 for the time response. 


Output 





0 0.5 1 1.5 §) 25 3 3.5 4 
Time (s) 


Figure 5-6 Time response of Eq. (5-34) for a unit step input. Note: y(t) = 
x(t). 


Using the following state feedback controller, we can 


address stability issues and other control goals (see Chap. 
8 for more discussion on the subject): 


u(t)=—k,x,(t)—k,x,(t)+r(t) (5-44) 


where k and k, are real constants, and r(t) is a unit step 
input. 


The next step is to determine the system stability for 


parameters k and k,. Upon substitution of Eq. (5-44) into 
Fg. (5-36), we have the closed-loop system equation: 


x(t) =(A-—BK)x(t)+ Br(t)=A’x(t)+Br(t) 


y(t)=Cx (5-45) 
where 
K=[k, k] (5-46) 
and 
A =A-BK=| ~t rd (5-47) 


Taking the Laplace transform of Eq. (5-45), assuming 
zero initial conditions, and solving for Y(s), we have 


4 | 
4 7 | s—I] 
Y(s)=X(s)=C(sI-A+BK) BRS = ak -1)s+20—4k —k, (5-48) 


Following the same procedure as in Eg. (5-39), the 
characteristic equation of the closed-loop system is now: 


s—l 4 


a 2 a a —_— _- = 
itty wht =5° +(k, —1)s+20—4k, -—k,=0 (5-49) 


ARK 





For stability requirements we us tfrouth as shown in 
Fig. 5-7. As a result, to ensure stability, all elements in 
the first column of the Routh array must be positive. This 
requires that both of the following conditions are met 
simultaneously. 





BB] Routh Hurwitz - (c) Golnaraghi 2013 


Enter Characteristic Equation: 


Enter the characteristic equation using a vector of polynomial 
coefficients with complex variable ‘s’. Enter ALL symbolic 
parameters in the box labeled ‘Enter Symbolic Parameters.” 


ex: For (8*2 + 3*kp*s + ki*2): 
enter [1, 3*kp, ki*27 in the Characteristic Equation box 
and “kp ki in the symbolic variables text box. 


ex: The following are all equivalent: 
‘(s*2 + 7*s + 12) and [17 127. 


Enter Symbolic Parameters 


(defaul parameter is k) | Ki ai 








Characteristic Equation 





[1 k2-1 20-4*k1-k2] 





Figure 5-7 Entering characteristic polynomial for Example 5-4-5 using 
the tfrouth module. 


k,>1 (5-50) 

k, <20—4k, (5-51) 
Hence, for stability we must ensure 

1<k, <20—-4k, (5-52) 


Using k, = 2 and k, = 2, both conditions are met for the 


system to be stable. In this case, we have 


bel 
¥(s)=C(sI-A+BK)" BR(s)= 4+ + 


: (5-53) 
s° +s+10 


Using Toolbox 5-4-1, upon revising the denominator 
term to [1 1 10], we obtain the time response of the 


system for a unit step r(t), as shown in Fig. 5-8. 


Routh-Hurwitz Matrix: 


Stability Criteria 


k2 - 1, 
20 -k2 -4kl, 


k2>1 
20:~ k2:- 4k > Gork2 <20- 4k] 





Output 





0 0.5 l 1.5 2 Dowd 3 3.5 4 4.5 5 
Time (s) 


Figure 5-8 Time response of Eq. (5-53) for a unit step input. Note: y(t) = 
x(t). 


Toolbox 5-4-1 


Time domain step response of Eq. (5-39) for a unit step input is 
shown in Fig. 5-6. 


numl = [-4]; 

deni = [1 =1 20], 
num2 = [1 -1]; 

den2 = [1 -1 20]; 

G1 = tf£(numl1, dent) ; 
G2 = tf(num2, den2) ; 
yl = step (G1, ¢t); 
y2 = step (G2, t); 
plot (t,yl) ; 

hold on 

plot (t, y2, ‘--’); 
xlabel(‘Time (s)’) 
ylabel (‘Output’ ) 


0-2 SUMMARY 


In this chapter, we utilized the Routh-Hurwitz stability criterion for linear 
time-invariant continuous systems. We showed that the condition of these 
types of stability is related directly to the roots of the characteristic equation. 
For a continuous-data system to be stable, the roots of the characteristic 
equation must all be located in the left half of the s-plane. While the Routh- 
Hurwitz stability applies to the characteristic equations of the systems, we 
highlighted that this approach can also apply to examine the stability of the 
system in state space representation—because the eigenvalues of the A 
matrix are the same as the roots of the characteristic equation. 


We solved various examples using tfrouth, the stability MATLAB tool 
developed for this book. 


REFERENCES 


1. F. Golnaraghi and B. C. Kuo, Automatic Control Systems, 9th Ed., 
John Wiley & Sons, New York, 2010. 

2. F.R.Gantmacher, Matrix Theory, Vol. I, Chelsea Publishing 
Company, New York, 1964. 

3. K. J. Khatwani, “On Routh-Hurwitz Criterion,” IEEE Trans. 
Automatic Control, Vol. AC-26, p. 583, April 1981. 

4. S.K. Pillai, “The ¢ Method of the Routh-Hurwitz Criterion,” IEEE 
Trans. Automatic Control, Vol. AC-26, 584, April 1981. 

5. B.C. Kuo and F. Golnaraghi, Automatic Control Systems, 8th Ed., 
John Wiley & Sons, New York, 2003. 


PROBLEMS 


5-1. Without using the Routh-Hurwitz criterion, determine if the 
following systems are asymptotically stable, marginally stable, or unstable. In 
each case, the closed-loop system transfer function is given. 

M(s)= has 

(a) s°+3s°+5s 


M(s)=——__.—~ 
(b) (s+5)(s°+2) 


‘ie)=-—*— 
(c) s°+5s+5 


M(s)= 100(s—1) 
(d) (st+5)(s*+2s+2) 


M(s)= 
e §° ZS S-+ 
(e) 2s°+3s+10 
M(s)= 10(s+12.5) 
§ 138 OUs TS 
(f) *+3s°+50s?+s+10° 


5-2. Use the ROOTS command in MATLAB to solve Prob. 5-33. 


s—]l 


5-3. Using the Routh-Hurwitz criterion, determine the stability of the 


closed-loop system that has the following characteristic equations. Determine 
the number of roots of each equation that are in the right-half s-plane and on 
10(s+2) 
M(s)= a 
the s°+3s°+5s. 


(a) s°+ 25s’? + 10s + 450 = 0 
(b) s'+ 25s’? + 10s + 50 =0 

(c) s'+ 25s’ + 250s + 10 =0 

(d) 2s‘+ 10s° + 5.58? + 10 =0 

(e) s° + 2s° + 8s‘ + 20s’ + 16s + 16 =0 

(f) s'+2s°+ 20s+5=0 

(g) s°+ 2s’ + 8s° + 12s° + 20s‘ + 165° + 16s’ = 0 
5-4. Use MATLAB to solve Prob. 5-35. 


5-5. Use MATLAB Toolbox 5-3-1 to find the roots of the following 
characteristic equations of linear continuous-data systems and determine the 
stability condition of the systems. 


(a) s+ 10s’ + 10s + 130 = 0 

(b) s+ 128° + s+ 25+ 10=0 

(c) s'+ 12s’ + 10s’? + 10s + 10 = 0 

(d) s6+1289°'+9°+10s+1=0 

(e) s°+ 6s + 125s* + 100s’ + 100s’ +20s + 10 = 0 
(f) s+ 125s‘ + 100s’ + 100s’ + 20s + 10 = 0 


5-6. For each of the characteristic equations of feedback control systems 
given, use MATLAB to determine the range of K so that the system is 
asymptotically stable. Determine the value of K so that the system is 
marginally stable and determine the frequency of sustained oscillation, if 
applicable. 


(a) s'+ 25s? + 15s’? + 20s + K = 0 
(b) s+ Ks’ + 29° + (K+ 1)s + 10=0 


(c) S+(K+ 2) + 2Ks + 10=0 
(d) s’' + 20s’ + 10K = 0 

(e) s'+ Ks’ + 5s’? + 10s + 10K = 0 
(f) s6+12.59°+9°+5s+K=0 


5-7. The loop transfer function of a single-loop feedback control system 
is given as 


GidHtgd=— nat? _ 
s(s+2)(1+Ts) 

The parameters K and T may be represented in a plane with K as the 
horizontal axis and T as the vertical axis. Determine the regions in the T- 
versus-K parameter plane where the closed-loop system is asymptotically 
stable and where it is unstable. Indicate the boundary on which the system is 
marginally stable. 


5-8. Given the forward-path transfer function of unity-feedback control 
systems, apply the Routh-Hurwitz criterion to determine the stability of the 
closed-loop system as a function of K. Determine the value of K that will 
cause sustained constant-amplitude oscillations in the system. Determine the 
frequency of oscillation. 


— K(s+4)(s+20) 

(a) ~ s3(s+100)(s+500) 

G(s)= K(s+10)(s+20) 
(b) 6°(s4+-2) 

ég.——* —_ 
(c) s(s+10)(s+20) 

oto =__ Kot) 
(d) s°+2s°+3st] 


5-9. Use MATLAB to solve Prob. 5-40. 


5-10. A controlled process is modeled by the following state equations. 


ax (1) _ y (t)—-2x,(t) HO) _ 10x (t)+u(t) 
dt dt 


The control u(t) is obtained from state feedback such that 
ult) =—kx,(f)—k,x,(f) 
where k and k, are real constants. Determine the region in the k -versus-k, 
parameter plane in which the closed-loop system is asymptotically stable. 


5-11. A linear time-invariant system is described by the following state 
equations. 





Orth) — axtf)4 Bult) 
dt 
where 
0 1 0 0 
A=!| 0 0 1 B=| 0 
oad 2 1 


The closed-loop system is implemented by state feedback, so that u(t) = 
—Kx(t), where K = [k_k,k,] andk, k,, and k, are real constants. Determine the 


constraints on the elements of K so that the closed-loop system is 
asymptotically stable. 


5-12. Given the system in state equation form, 





Wate) axa Bul?) 
dt 
1 0 O 1 
A=| 0 -3 0O B=! 0 
(a) 0 QO -2 it 
1 0 O 0 
A=| 0 -—2 0 | B= 
(b) 0 0 3 t 


Can the system be stabilized by state feedback u(t=-Kx(t), where K= [k_ k, 
k J? 


5-13. Consider the open-loop system in Fig. 5P-13a. 


d°y g dz 
~S y= t)=t—+ 
where dt? 1? ” andl fe) dt . 


rs)» —s[lea}— re 


Figure 5P-13a 





X(s) 





Figure 5P-13b 


Our goal is to stabilize this system so the closed-loop feedback control will 
be defined as shown in the block diagram in Fig. 5P-13b. 


de 
th=k e+k,—. 
Assuming pM ts “dt 


(a) Find the open-loop transfer function. 
(b) Find the closed-loop transfer function. 
(c) Find the range of kp and kd in which the system is stable. 
§ =10 Y 9 
(d) Suppose / andt=0.1.If y(0)=10and dt then plot the step 
response of the system with three different values for k, and k,. Then show 


that some values are better than others; however, all values must satisfy the 
Routh-Hurwitz criterion. 


5-14. The block diagram of a motor-control system with tachometer 
feedback is shown in Fig. 5P-14. Find the range of the tachometer constant Kt 
so that the system is asymptotically stable. 










100 
s(s + 5.6)(s + 10) 





Figure 5P-14 


5-15. The block diagram of a control system is shown in Fig. 5P-15. Find 
the region in the K-versus-a plane for the system to be asymptotically stable. 
(Use K as the vertical and ga as the horizontal axis.) 


@) ly) s+0 K(s + 2) 


Figure 5P-15 















5-16. The conventional Routh-Hurwitz criterion gives information only 
on the location of the zeros of a polynomial F(s) with respect to the left half 
and right half of the s-plane. Devise a linear transformation s = f(p, a), where 
p is a complex variable, so that the Routh-Hurwitz criterion can be applied to 
determine whether F(s) has zeros to the right of the line s=—a, where ais a 
positive real number. Apply the transformation to the following characteristic 
equations to determine how many roots are to the right of the line s = —1 in 
the s-plane. 


(a) F(s)=s’ + 5s +3 =0 
(b) s+ 35° + 3s +1 =0 
(c) F(s)=s' + 4s? + 3s + 10 =0 
(d) s+ 4s’°+ 4s + 4 =0 


5-17. The payload of a space-shuttle-pointing control system is modeled 
as a pure mass M. The payload is suspended by magnetic bearings so that no 
friction is encountered in the control. The attitude of the payload in the y 


direction is controlled by magnetic actuators located at the base. The total 
force produced by the magnetic actuators is f (t). The controls of the other 
degrees of motion are independent and are not considered here. Because there 
are experiments located on the payload, electric power must be brought to the 
payload through cables. The linear spring with spring constant Ks is used to 
model the cable attachment. The dynamic system model for the control of the 
y-axis motion is shown in Fig. 5P-17. The force equation of motion in the y- 
direction is 


d* y(t) 
dt’ 





f(t)=K,y(t)+M 


where K_ = 0.5 N m/m and M = 500kg. The magnetic actuators are 
controlled through state feedback, so that 


an) 


fW=-Kyy)-K, p> 





Figure 5P-17 


(a) Draw a functional block diagram for the system. 
(b) Find the characteristic equation of the closed-loop system. 


(c) Find the region in the KD-versus-KP plane in which the system is 
asymptotically stable. 


5-18. An inventory-control system is modeled by the following 
differential equations: 


Wit) wn i 
dt 


where x (t) is the level of inventory; x,(t), the rate of sales of product; u(t), 
the production rate; and K, a real constant. Let the output of the system by 
y(t) = x, and r(t) be the reference set point for the desired inventory level. Let 
u(t)= r(t — y(t). Determine the constraint on K so that the closed-loop system 
is asymptotically stable. 


5-19. Use MATLAB to solve Prob. 5-50. 
5-20. Use MATLAB to 


(a) Generate symbolically the time function of f (t) 
f@j=54+2e" in 204% =e co 21 jase 


:)= (s+1) 
(b) Generate symbolically s(s+2)(s°+2s+2) 
(c) Find the Laplace transform of f (t) and name it F(s). 
(d) Find the inverse Laplace transform of G(s) and name it g(t). 


(e) If G(s) is the forward-path transfer function of unity-feedback control 
systems, find the transfer function of the closed-loop system and apply the 
Routh-Hurwitz criterion to determine its stability. 


(f) If F(s) is the forward-path transfer function of unity-feedback control 
systems, find the transfer function of the closed-loop system and apply the 
Routh-Hurwitz criterion to determine its stability. 


‘The formal and mathematical discussions of this topic are included in App. B. 
“For Mac or Unix users refer to MATLAB help for information. 





Important Components of Feedback 
Control Systems 


As mentioned in Chap. 1, the design process of a control system starts with 
development of a mathematical model of the system, which is normally 
composed of various subcomponents such as mechanical, electrical, 
chemical, sensors, actuators (motors), etc., otherwise known as dynamic 
systems. In Chap. 2, we looked at modeling of simple dynamic systems such 
as mechanical, electrical, fluid, and heat transfer systems, which may be 
considered as the subcomponents of most control systems encountered. Using 
the basic modeling principles such as Newton’s second law of motion, 
Kirchoff’s law, or the law of conservation of mass, the models of these 
dynamic systems are represented by differential equations. In Chap. 3, we 
utilized the transfer function and state space approaches to solve these 
differential equations to find the behavior of the dynamic systems. Later in 
Chap. 4, we learned how to graphically represent the system models using 
block, signal flow, and state diagrams and learned about the concept of 
feedback in control systems. We further learned that a typical feedback 
control system, as shown in Fig. 6-1, is composed of various components 
including 


Reference 
Sensor 


Disturbance 






Output 

sensor 

Figure 6-1 Block diagram representation of a general feedback control 
system. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 


1. Understand the necessary components that make a feedback control 
system work, including sensors, actuators, and the controller. 


2. Develop mathematical model for these components, including 
potenti-ometers, tachometers, encoders, op amps, and dc motors. 

3. Establish the transfer functions for speed and position time response 
of dc motors. 

4. Characterize a dc motor through series of experimental 
measurements. 


° Reference sensor (or input sensor) 
° Output sensor 

° Actuator 

¢ Controller 


° Plant (the component whose variables are to be controlled—normally 
a dynamic system as described in Chap. 2) 


In a feedback control system, sensors are very important to sense various 
properties of the system, particularly, the output of the plant. A controller can 
then compare the output signal with the desired objective, or the input and 
adjust the performance of the overall system, using an actuator, to meet the 
desired goal. 


Sensors, actuators, and the controller are the most important 
components of any control system. 


In this chapter, we focus on the necessary components that make a 
feedback control system work. These include sensors, actuators, and the 
actual brain of the control system, that is, the controller. Of particular 
interest are components that possess linear models—or at least as close to 
linear as possible. In this textbook we will, for the sake of simplicity and to 


meet our linearity objective, use dc motors as actuators. We also look at 
sensors that may be used to quantify the motion of dc motors, namely, 
encoders, tachometers, and potentiometers. As an example, Fig. 6-2a 
shows a typical dc motor-gearbox system equipped with an encoder that 
senses the motor shaft output. A close up of the attached encoder is shown in 


Fig. 6-2b. 





. : 6:3:1 REDUCTION 
! GEAR BOX 


<—— 12 VDC MOTOR 


AN ENCODER WITH 
500 COUNTS/ROTATION 


(a) 





(b) 


Figure 6-2 (a) A typical dc motor-gearbox system with an onboard 
encoder to measure motor shaft rotation—picture taken by the author from a 
GM8224S009 12VDC 500 CPR Ametec Pittman model. (b) A view of the 
encoder in the bottom of the motor. 


In this chapter, we will also learn about op-amps and their role as building 
blocks of any control system. Finally, through case studies, we bring all the 
material learned in Chaps. 1 to 5 together. 

By the end of this chapter, you are able to understand how to model a 
complete control system and its individual components and further 
understand how these components are related and interact with one another. 

Finally, at the end of this chapter, we also provide a Control Lab, which 
includes a practical means of characterizing a dc motor through series of 
experimental measurements. 


6-1 MODELING OF ACTIVE ELECTRICAL 
ELEMENTS: OPERATIONAL AMPLIFIERS 


Operational amplifiers, or simply op-amps, offer a convenient way to 
build, implement, or realize continuous-data or s-domain transfer functions. 
In control systems, op-amps are often used to implement the controllers or 
compensators that evolve from the control-system design process, so in this 
section we illustrate common op-amp configurations. An in-depth 
presentation of op-amps is beyond the scope of this text. For those interested, 
many texts are available that are devoted to all aspects of op-amp circuit 
design and applications [8, 9]. 

Our primary goal here is to show how to implement first-order transfer 
functions with op-amps while keeping in mind that higher-order transfer 
functions are also important. In fact, simple high-order transfer functions can 
be implemented by connecting first-order op-amp configurations together. 
Only a representative sample of the multitude of op-amp configurations will 
be discussed. Some of the practical issues associated with op-amps are 
demonstrated in Chaps. 7 and 11. 


6-1-1 The Ideal Op-Amp 


An op-amp circuit is usually analyzed by considering the op-amp to be 
ideal. The ideal op-amp circuit is shown in Fig. 6-3, and it has the following 
properties: 





Figure 6-3 Schematic diagram of an op-amp. 


1. The voltage between the + and — terminals is zero, that is, e* =e. 
This property is commonly called the virtual ground or virtual short. 


2. The currents into the + and — input terminals are zero. Thus, the 
input impedance is infinite. 

3. The impedance seen looking into the output terminal is zero. Thus, 
the output is an ideal voltage source. 


4. ‘The input-output relationship is e = A(e* — e’), where the gain A 
approaches infinity. 


The input-output relationship for many op-amp configurations can be 
determined by using these principles. An op-amp cannot be used as shown in 
Fig. 6-3. Rather, linear operation requires the addition of feedback of the 
output signal to the “—” input terminal. 


6-1-2 Sums and Differences 


As illustrated in Chap. 4, one of the most fundamental elements in a block 
diagram or an SFG is the addition or subtraction of signals. When these 
signals are voltages, op-amps provide a simple way to add or subtract signals, 
as shown in Fig. 6-4, where all the resistors have the same value. Using 
Superposition and the ideal properties given in the preceding section, the 
input-output relationship in Fig. 6-4a is e = —(e — e). Thus, the output is the 
negative sum of the input voltages. When a positive sum is desired, the 
circuit shown in Fig. 6-4b can be used. Here, the output is given by e =e + 


e.. Modifying Fig. 6-4b slightly gives the differencing circuit shown in Fig. 6- 
34c, which has an input-output relationship of e =i,-e. 





(b) 





(Cc) 


Figure 6-4 Op-amps used to add and subtract signals. 


6-1-3 First-Order Op-Amp Configurations 


In addition to adding and subtracting signals, op-amps can be used to 
implement transfer functions of continuous-data systems. While many 
alternatives are available, we will explore only those that use the inverting 
op-amp configuration shown in Fig. 6-5. In the figure, Z(s) and Z,(s) are 
impedances commonly composed of resistors and capacitors. Inductors are 
not commonly used because they tend to be bulkier and more expensive. 
Using ideal op-amp properties, the input-output relationship, or transfer 
function, of the circuit shown in Fig. 6-5 can be written in a number of ways, 
such as 





Figure 6-5 Inverting op-amp configuration. 








G(s) = E(s) __ 4,(s) _ —] 
E,(s) ZAS) LylSlY,48) 
__ __ XG) 
=—Z,(s)Y,(s)= Y,(5) (6-1) 


where Y(s) = 1/Z(s) and Y,(s) = 1/Z,(s) are the admittances associated with 
the circuit impedances. The different transfer function forms given in Eq. (6- 
1) apply conveniently to the different compositions of the circuit impedances. 

Using the inverting op-amp configuration shown in Fig. 6-5 and using 
resistors and capacitors as elements to compose Z (s) and Z,(s), it is possible 


to implement poles and zeros along the negative real axis as well as at the 
origin in the s-plane, as shown in Table 6-1. Because the inverting op-amp 
configuration has been used, all the transfer functions have negative gains. 
The negative gain is usually not an issue because it is simple to add a gain of 
—1 to the input and output signal to make the net gain positive. 


TABLE 6-1 Inverting Op-Amp Transfer Functions 


Input Element Feedback Element Transfer Function Comments 


(a) K R, ee 
A\\- AN | Inverting gain; eg., if R, =R,, e, =, 
Z=R, L,=R; ) 
b) 8 ( 4% 
A\\- — |- Pole at the origin; ie., an integration 
L=R - - RC, }s | 
f= | 
),=5C; 
(c) ¢ R; (-R,C,)s Zero at the origin; i.e, a differentiator 
: P L,=R, 
if = iC, 
(d) K; | 





WV RC, ee 
Z=R, _— s Pole at — with a de gain of -R, /R, 
C; st aG 








(e) k -R,{ stl/R,C, Pole at the origin anda zero at -1/R,C,; ie., a Pl 
moo - R wn controller 
— baht 
8 k | 1, 
| A\\- RC | 5+— Zero at s=—— i.e, a PD controller 
/, = R, : RC, RC, 
C 
/\= 7 +5C) 
ig) oR Ry | S| J 
, © ee Poles at s=—— and a zero at s=> ——; i.e, a lead 
(, RC, RE, R g 
I . : i P | or lag controller 
Y=t4s¢ Y=stiC, Nh 


EXAMPLE 6-1-1 As an example of op-amp realization of transfer 
functions, consider the transfer function 


K 
G(s)=K, ++ Kys (6-2) 
S 


where K,, K,, and K are real constants. In Chaps. 7 and 11, this transfer 
function will be called the PID controller, since the first term is a 
proportional gain, the second is an integral term, and the third is a 
derivative term. Using Table 6-1, the proportional gain can be implemented 
using line (a), the integral term can be implemented using line (b), and the 
derivative term can be implemented using line (c). By superposition, the 
output of G(s) is the sum of the responses due to each term in G(s). This sum 
can be implemented by adding an additional input resistance to the circuit 
shown in Fig. 6-4a. By making the sum negative, the negative gains of the 
proportional, integral, and derivative term implementations are canceled, 
giving the desired result shown in Fig. 6-5. The transfer functions of the 
components of the op-amp circuit in Fig. 6-5 are 








EB R 
Proportional: Eps) =——4 (6-3) 
E(s) R, 
E 
Integral : i's) = (6-4) 
E(s) R.C;s 
E 
Derivative : E,(s) ot alk 8 (6-5) 
E(s) 
The output voltage is 
E,(s)=—[Ep(s)+ E,(s)+E,(s)] (6-6) 
Thus, the transfer function of the PID op-amp circuit is 
E R 
g(sy= 9%, | ree, (6-7) 





E(s) R, RCs 


By equating Eqs. (6-2) and (6-7), the design is completed by choosing the 
values of the resistors and the capacitors of the op-amp circuit so that the 


desired values of K,, K, and K, are matched. The design of the controller 
should be guided by the availability of standard capacitors and resistors. 


It is important to note that Fig. 6-6 is just one of many possible 
implementations of Eq. (6-2). For example, it is possible to implement the 
PID controller with just three op-amps. Also, it is common to add 
components to limit the high-frequency gain of the differentiator and to limit 
the integrator output magnitude, which is often referred to as antiwindup 
protection. One advantage of the implementation shown in Fig. 6-6 is that 
each of the three constants K,, K, and K, can be adjusted or tuned 
individually by varying resistor values in its op-amp circuits. Op-amps are 
also used in control systems for A/D and D/A converters, sampling devices, 
and realization of nonlinear elements for system compensation. 
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Figure 6-6 Implementation of a PID controller. 


6-2 SENSORS AND ENCODERS IN CONTROL 
SYSTEMS 


Sensors and encoders are important components used to monitor the 
performance and for feedback in control systems. In this section, the principle 
of operation and applications of some of the sensors and encoders that are 
commonly used in control systems are described. 


6-2-1 Potentiometer 


A potentiometer is an electromechanical transducer that converts 
mechanical energy into electrical energy. The input to the device is in the 
form of a mechanical displacement, either linear or rotational. When a 
voltage is applied across the fixed terminals of the potentiometer, the output 
voltage, which is measured across the variable terminal and ground, is 
proportional to the input displacement, either linearly or according to some 
nonlinear relation. 

Rotary potentiometers are available commercially in single-revolution or 
multirevolution form, with limited or unlimited rotational motion. The 
potentiometers are commonly made with wirewound or conductive plastic 
resistance material. Figure 6-7 shows a cutaway view of a rotary 
potentiometer, and Fig. 6-8 shows a linear potentiometer that also contains a 
built-in operational amplifier. For precision control, the conductive plastic 
potentiometer is preferable because it has infinite resolution, long rotational 
life, good output smoothness, and low static noise. 
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Figure 6-7 Ten-turn rotary potentiometer. (Courtesy of Helipot Division 
of Beckman Instruments, Inc.) 











Figure 6-8 Linear motion potentiomenter with built-in operational 
amplifier. (Courtesy of Waters Manufacturing, Inc.) 


Figure 6-9 shows the equivalent circuit representation of a potentiometer, 
linear or rotary. Because the voltage across the variable terminal and 
reference is proportional to the shaft displacement of the potentiometer, when 
a voltage is applied across the fixed terminals, the device can be used to 
indicate the absolute position of a system or the relative position of two 
mechanical outputs. Figure 6-10a shows the arrangement when the housing 
of the potentiometer is fixed at reference; the output voltage e(t) will be 
proportional to the shaft position 6 (t) in the case of a rotary motion. Then 
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Figure 6-9 Electric circuit representation of a potentiometer. 
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Figure 6-10 (a) Potentiometer used as a position indicator. (b) Two 
potentiometers used to sense the positions of two shafts. 


e(t)=K.6.(t) (6-8) 


where K_ is the proportional constant. For an N-turn potentiometer, the total 
displacement of the variable arm is 27N radians. The proportional constant K. 
is given by 


K. = _* V/rad (6-9) 
27N 


where EF is the magnitude of the reference voltage applied to the fixed 
terminals. A more flexible arrangement is obtained by using two 
potentiometers connected in parallel, as shown in Fig. 6-10b. This 
arrangement allows the comparison of two remotely located shaft positions. 
The output voltage is taken across the variable terminals of the two 
potentiometers and is given by 


e(t)= K,[6,(t)—0,(t)| (6-10) 


Figure 6-11 illustrates the block diagram representation of the setups in 
Fig. 6-10. In dc-motor control systems, potentiometers are often used for 
position feedback. Figure 6-12a shows the schematic diagram of a typical dc- 
motor, position-control system. The potentiometers are used in the feedback 
path to compare the actual load position with the desired reference position. 
If there is a discrepancy between the load position and the reference input, an 


error signal is generated by the potentiometers that will drive the motor in 
such a way that this error is minimized quickly. As shown in Fig. 6-12a, the 
error signal is amplified by a dc amplifier whose output drives the armature 
of a permanent-magnet dc motor. Typical waveforms of the signals in the 
system when the input @(t) is a step function are shown in Fig. 6-13b. Note 
that the electric signals are all unmodulated. In control-systems terminology, 
a dc signal usually refers to an unmodulated signal. On the other hand, an ac 
signal refers to signals that are modulated by a modulation process. These 
definitions are different from those commonly used in electrical engineering, 
where dc simply refers to unidirectional signals and ac indicates alternating 
Signals. 
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Figure 6-11 Block diagram representation of potentiometer arrangements 
in Fig. 6-10. 
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Figure 6-12 (a) A dc-motor, position-control system with potentiometers 
as error sensors. (b) Typical waveforms of signals in the control system of 


part (a). 
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Figure 6-13 (a) Anac control system with potentiometers as error 
detectors. (b) Typical waveforms of signals in the control system of part (a). 


Figure 6-13a illustrates a control system that serves essentially the same 
purpose as that of the system in Fig. 6-12a, except that ac signals prevail. In 
this case, the voltage applied to the error detector is sinusoidal. The frequency 
of this signal is usually much higher than that of the signal that is being 
transmitted through the system. Control systems with ac signals are usually 
found in aerospace systems that are more susceptible to noise. 

Typical signals of an ac control system are shown in Fig. 6-13b. The signal 
v(t) is referred to as the carrier whose frequency is @, or 


v(t)= Esin@.t (6-11) 
Analytically, the output of the error signal is given by 
e(t)= K.0,(t)v(t) (6-12) 


where 6 (t) is the difference between the input displacement and the load 
displacement, or 


9 (t)=0.(t)-6,(t) (6-13) 


For the @ (t) shown in Fig. 6-13b, e(t) becomes a suppressed-carrier- 
modulated signal. A reversal in phase of e(t) occurs whenever the signal 
crosses the zero-magnitude axis. This reversal in phase causes the ac motor to 
reverse in direction according to the desired sense of correction of the error 
signal 6 (t). The term suppressed-carrier modulation stems from the fact that 
when a signal 8 (t) is modulated by a carrier signal v(t) according to Eq. (6- 
12), the resultant signal e(t) no longer contains the original carrier frequency 
w. To illustrate this, let us assume that 0 (t) is also a sinusoid given by 


0,(t)=sing@,t (6-14) 


where, normally, e(t). Using familiar trigonometric relations and 
substituting Eqs. (6-11) and (6-14) into Eq. (6-12), we get 


o(t) = —K, Eleos(o, —@,)t—cos(@. + @, )t] (6-15) 


Therefore, e(t) no longer contains the carrier frequency E. or the signal 


frequency @_ but has only the two sidebands @ + @ andw@ - oa. 


When the modulated signal is transmitted through the system, the motor 
acts as a demodulator, so that the displacement of the load will be of the same 
form as the dc signal before modulation. This is clearly seen from the 
waveforms of Fig. 6-13b. It should be pointed out that a control system need 
not contain all dc or all ac components. It is quite common to couple a dc 
component to an ac component through a modulator, or an ac device to a dc 
device through a demodulator. For instance, the dc amplifier of the system in 
Fig. 6-13a may be replaced by an ac amplifier that is preceded by a 
modulator and followed by a demodulator. 


6-2-2 Tachometers 


Tachometers are electromechanical devices that convert mechanical energy 
into electrical energy. The device works essentially as a voltage generator, 
with the output voltage proportional to the magnitude of the angular velocity 
of the input shaft. In control systems, most of the tachometers used are of the 
dc variety; that is, the output voltage is a dc signal. DC tachometers are used 
in control systems in many ways; they can be used as velocity indicators to 
provide shaft-speed readout, velocity feedback, speed control, or 
stabilization. Figure 6-14 is a block diagram of a typical velocity-control 
system in which the tachometer output is compared with the reference 
voltage, which represents the desired velocity to be achieved. The difference 
between the two signals, or the error, is amplified and used to drive the motor 
so that the velocity will eventually reach the desired value. In this type of 
application, the accuracy of the tachometer is highly critical, as the accuracy 
of the speed control depends on it. 
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Figure 6-14 Velocity-control system with tachometer feedback. 


In a position-control system, velocity feedback is often used to improve the 
stability or the damping of the closed-loop system. Figure 6-15 shows the 
block diagram of such an application. In this case, the tachometer feedback 
forms an inner loop to improve the damping characteristics of the system, and 
the accuracy of the tachometer is not so critical. 
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Figure 6-15 Position-control system with tachometer feedback. 





The third and most traditional use of a dc tachometer is in providing the 
visual speed readout of a rotating shaft. Tachometers used in this capacity are 
generally connected directly to a voltmeter calibrated in revolutions per 
minute (rpm). 


Mathematical Modeling of 'Tachometers 
The dynamics of the tachometer can be represented by the equation 
dO(t 
e(t)=K, ne K,a@(t) (6-16) 
dt 
where e(t) is the output voltage; 6(t), the rotor displacement in radians; 
c(t), the rotor velocity in rad/s; and K, the tachometer constant in V/rad/s. 
The value of Kis usually given as a catalog parameter in volts per 1000 rpm 
(V/krpm). 
The transfer function of a tachometer is obtained by taking the Laplace 


transform on both sides of Eq. (6-16). The result is 


E(s) _ 


Q(s) = (6-17) 


Kis 


t 





where E(s) and @(s) are the Laplace transforms of e(t) and 6(t), 
respectively. 


6-2-3 Incremental Encoder 


Incremental encoders are frequently found in modern control systems for 
converting linear or rotary displacement into digitally coded or pulse signals. 
The encoders that output a digital signal are known as absolute encoders. In 
the simplest terms, absolute encoders provide as output a distinct digital code 
indicative of each particular least significant increment of resolution. 
Incremental encoders, on the other hand, provide a pulse for each increment 
of resolution but do not make distinctions between the increments. In 
practice, the choice of which type of encoder to use depends on economics 
and control objectives. For the most part, the need for absolute encoders has 
much to do with the concern for data loss during power failure or the 
applications involving periods of mechanical motion without the readout 
under power. However, the incremental encoder’s simplicity in construction, 
low cost, ease of application, and versatility have made it by far one of the 
most popular encoders in control systems. Incremental encoders are available 
in rotary and linear forms. Figures 6-16 and 6-17 show typical rotary and 
linear incremental encoders. 
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Figure 6-16 Rotary incremental encoder. (Courtesy of DISC Instruments, 
Inc.) 





Figure 6-17 Linear incremental encoder. (Courtesy of DISC Instruments, 
Inc.) 


A typical rotary incremental encoder has four basic parts: a light source, a 
rotary disk, a stationary mask, and a sensor, as shown in Fig. 6-18. The disk 
has alternate opaque and transparent sectors. Any pair of these sectors 
represents an incremental period. The mask is used to pass or block a beam of 
light between the light source and the photosensor located behind the mask. 
For encoders with relatively low resolution, the mask is not necessary. For 
fine-resolution encoders (up to thousands of increments per evolution), a 
multiple-slit mask is often used to maximize reception of the shutter light. 
The waveforms of the sensor outputs are generally triangular or sinusoidal, 
depending on the resolution required. Square-wave signals compatible with 
digital logic are derived by using a linear amplifier followed by a comparator. 
Figure 6-19a shows a typical rectangular output waveform of a single- 
channel incremental encoder. In this case, pulses are produced for both 
directions of shaft rotation. A dual-channel encoder with two sets of output 


pulses is necessary for direction sensing and other control functions. When 
the phase of the two-output pulse train is 90° apart electrically, the two 
Signals are said to be in quadrature, as shown in Fig. 6-19b. The signals 
uniquely define 0-to-1 and 1-to-0 logic transitions with respect to the 
direction of rotation of the encoder disk so that a direction-sending logic 
circuit can be constructed to decode the signals. Figure 6-20 shows the 
single-channel output and the quadrature outputs with sinusoidal waveforms. 
The sinusoidal signals from the incremental encoder can be used for fine 
position control in feedback control systems. The following example 
illustrates some applications of the incremental encoder in control systems. 
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Figure 6-18 Typical incremental optomechanics. 
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Figure 6-19 (a) Typical rectangular output waveform of a single-channel 
encoder device (bidirectional). (b) Typical dual-channel encoder signals in 
quadrature (bidirectional). 
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Figure 6-20 (a) Typical sinusoidal output waveform of a single-channel 
encoder device. (b) Typical dual-channel encoder signals in quadrature. 


EXAMPLE 6-2-1 Consider an incremental encoder that generates two 
sinusoidal signals in quadrature as the encoder disk 
rotates. The output signals of the two channels are 
shown in Fig. 6-21 over one cycle. Note that the two 
encoder signals generate 4 zero crossings per cycle. 
These zero crossings can be used for position 
indication, position control, or speed measurements in 
control systems. Let us assume that the encoder shaft 
is coupled directly to the rotor shaft of a motor that 
directly drives the printwheel of an electronic 
typewriter or word processor. The printwheel has 96 
character positions on its periphery, and the encoder 
has 480 cycles. Thus, there are 480 x 4 = 1920 zero 
crossings per revolution. For the 96-character 
printwheel, this corresponds to 1920/96 = 20 zero 
crossings per character; that is, there are 20 zero 
crossings between two adjacent characters. 
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Figure 6-21 One cycle of the output signals of a dual-channel 
incremental encoder. 


One way of measuring the velocity of the printwheel is to count the 
number of pulses generated by an electronic clock that occurs between 


consecutive zero crossings of the encoder outputs. Let us assume that a 500- 
kHz clock is used; that is, the clock generates 500,000 pulses/s. If the counter 
records, say, 500 clock pulses while the encoder rotates from the zero 
crossing to the next, the shaft speed is 


500,000 pulses/s 


—__—#_!_— = 1000 zero crossings/s 
500 pulses/zero crossing 


1000 zero crossings/s 
= ——_—_——————-_ = 0.52083 rev/s 


~ 1920 zero crossings/rev 
= 31.25 rpm (6-18) 


The encoder arrangement described can be used for fine position control of 
the printwheel. Let the zero crossing A of the waveforms in Fig. 6-21 
correspond to a character position on the printwheel (the next character 
position is 20 zero crossings away), and the point corresponds to a stable 
equilibrium point. The coarse position control of the system must first drive 
the printwheel position to within 1 zero crossing on either side of position A; 
then, by using the slope of the sine wave at position A, the control system 
should null the error quickly. 


6-3 DC MOTORS IN CONTROL SYSTEMS 


Direct-current (dc) motors are one of the most widely used prime movers 
in the industry today. Years ago, the majority of the small servomotors used 
for control purposes were ac. In reality, ac motors are more difficult to 
control, especially for position control, and their characteristics are quite 
nonlinear, which makes the analytical task more difficult. DC motors, on the 
other hand, are more expensive because of their brushes and commutators, 
and variable-flux dc motors are suitable only for certain types of control 
applications. Before permanent-magnet technology was fully developed, the 
torque-per-unit volume or weight of a dc motor with a permanent-magnet 
(PM) field was far from desirable. Today, with the development of the rare- 
earth magnet, it is possible to achieve very high torque-to-volume PM dc 
motors at reasonable cost. Furthermore, the advances made in brush-and- 


commutator technology have made these wearable parts practically 
maintenance-free. The advancements made in power electronics have made 
brushless dc motors quite popular in high-performance control systems. 
Advanced manufacturing techniques have also produced dc motors with 
ironless rotors that have very low inertia, thus achieving a very high torque- 
to-inertia ratio. Low-time-constant properties have opened new applications 
for dc motors in computer peripheral equipment such as printers and disk 
drives, as well as in slew of other applications including automation and 
machine-tool industries. 


6-3-1 Basic Operational Principles of DC Motors 


The dc motor is basically a torque transducer that converts electric energy 
into mechanical energy. The torque developed on the motor shaft is directly 
proportional to the field flux and the armature current. As shown in Fig. 6-22, 
a current-carrying conductor is established in a magnetic field with flux @, 
and the conductor is located at a distance r from the center of rotation. The 
relationship among the developed torque, flux @, and current i, is 
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Figure 6-22 Torque production in a dc motor. 
[, =K,,0i, (6-19) 


where JT’ is the motor torque (in N - m, Ib - ft, or oz - in.); @, the magnetic 
flux (in webers); i, the armature current (in amperes); and K_, a proportional 
constant. 


In addition to the torque developed by the arrangement shown in Fig. 6-22, 


when the conductor moves in the magnetic field, a voltage is generated across 
its terminals. This voltage, the back emf, which is proportional to the shaft 
velocity, tends to oppose the current flow. The relationship between the back 
emf and the shaft velocity is 


€;, = K,,0Q,, (6-20) 


where e, denotes the back emf (volts) and w_ is the shaft velocity (rad/s) of 


the motor. Equations (6-19) and (6-20) form the basis of the dc-motor 
operation. 


6-3-2 Basic Classifications of PM DC Motors 


In general, the magnetic field of a dc motor can be produced by field 
windings or permanent magnets. Due to the popularity of PM dc motors in 
control system applications, we shall concentrate on this type of motor. 


PM dc motors can be classified according to commutation scheme and 
armature design. Conventional dc motors have mechanical brushes and 
commutators. However, an important type of dc motors in which the 
commutation is done electronically is called brushless dc. 


According to the armature construction, the PM dc motor can be broken 
down into three types of armature design: Iron-core, surface-wound, and 
moving-coil motors. 


Iron-Core PM DC Motors 


The rotor and stator configuration of an iron-core PM dc motor is shown in 
Fig. 6-23. The permanent-magnet material can be barium ferrite, Alnico, or a 
rare-earth compound. The magnetic flux produced by the magnet passes 
through a laminated rotor structure that contains slots. ‘The armature 
conductors are placed in the rotor slots. This type of dc motor is characterized 
by relatively high rotor inertia (since the rotating part consists of the armature 
windings), high inductance, low cost, and high reliability. 





Figure 6-23 Cross-section view of a permanent-magnet (PM) iron-core 
dc motor. 


6-3-3 Surface-Wound DC Motors 


Figure 6-24 shows the rotor construction of a surface-wound PM dc motor. 
The armature conductors are bonded to the surface of a cylindrical rotor 
structure, which is made of laminated disks fastened to the motor shaft. 
Because no slots are used on the rotor in this design, the armature has no 
“cogging” effect. The conductors are laid out in the air gap between the rotor 
and the PM field, so this type of motor has lower inductance than that of the 
iron-core structure. 
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Figure 6-24 Cross-section view of a surface-wound permanent-magnet 
(PM) dc motor. 


6-3-4 Moving-Coil DC Motors 


Moving-coil motors are designed to have very low moments of inertia and 
very low armature inductance. This is achieved by placing the armature 
conductors in the air gap between a Stationary flux return path and the PM 
structure, as shown in Fig. 6-25. In this case, the conductor structure is 
supported by nonmagnetic material—usually epoxy resins or fibreglass—to 
form a hollow cylinder. One end of the cylinder forms a hub, which is 
attached to the motor shaft. A cross-section view of such a motor is shown in 
Fig. 6-26. Because all unnecessary elements have been removed from the 
armature of the moving-coil motor, its moment of inertia is very low. 
Because the conductors in the moving-coil armature are not in direct contact 
with iron, the motor inductance is very low, and values of less than 100 pH 
are common in this type of motor. Its low-inertia and low-inductance 
properties make the moving-coil motor one of the best actuator choices for 
high-performance control systems. 
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Figure 6-25 Cross-section view of a surface-wound permanent-magnet 
(PM) dc motor. 
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Figure 6-26 Cross-section side view of a moving-coil dc motor. 


6-3-5 Brushless DC Motors 


Brushless dc motors differ from the previously mentioned dc motors in that 
they employ electrical (rather than mechanical) commutation of the armature 
current. The most common configuration of brushless dc motors—especially 


for incremental-motion applications—is one in which the rotor consists of 
magnets and “back-iron” support and whose commutated windings are 
located external to the rotating parts, as shown in Fig. 6-27. Compared to the 
conventional dc motors, such as the one shown in Fig. 6-26, it is an inside-out 
configuration. 
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Figure 6-27 Cross-section view of a brushless, permanent-magnet (PM), 
iron-core dc motor. 


Depending on the specific application, brushless dc motors can be used 
when a low moment of inertia is needed, such as the spindle drive in high- 
performance disk drives used in computers. 


6-3-6 Mathematical Modeling of PM DC Motors 


Dc motors are extensively used in control systems. In this section, we 
establish the mathematical model for dc motor. As it will be demonstrated 
here, the mathematical model of a dc motor is linear. We use the equivalent 
circuit diagram in Fig. 6-28 to represent a PM dc motor. The armature is 
modeled as a circuit with resistance R_ connected in series with an inductance 
L, and a voltage source e, representing the back emf (electromotive force) in 
the armature when the rotor rotates. The motor variables and parameters are 
defined as follows: 


| 


flux 


5 / Magnetic 


Figure 6-28 Model of a separately excited dc motor. 


i (t)= armature current 

RK =armature resistance 
e,(t) = back emf 

T(t) 

(t) 

) 


= load torque 
6 i — 
0 (t)=rotor displacement 


motor torque 


m 


K, = torque constant 


L,, =armature inductance 

e (t)=applied voltage 

K, = back-emf constant 

¢ = magnetic flux in the air gap 
,,(t) = rotor angular speed 

J = rotor inertia 


B_ =viscous-damping coefficient 


With reference to the circuit diagram of Fig. 6-28, the control of the dc 
motor is applied at the armature terminals in the form of the applied 
voltage e (t). For linear analysis, we assume that the torque developed by the 
motor is proportional to the air-gap flux and the armature current. Thus, 


T(t) = K,, (oi, (¢) 


(6-21) 


Because @ is constant, Eq. (6-21) is rewritten as 


T(f)=Ki,(£) 


(6-22) 


where K_ is the torque constant in N - m/A, lb - ft/A, or oz: in/A. 


Starting with the control input voltage e (t), the cause-and-effect equations 


for the motor circuit in Fig. 6-28 are 


di(t) 1 

















= =p al-5 - =e, (t) (6-23) 
T.(t)=Ki(t) (6-24) 
b Suit K,@,, (t) (6-25) 

do, (t) 1 1 _&B do, d6,,(t) ) 
7 =z im —T (t)- 7 LT, (t) i di (6-26) 


where T (t) represents a load frictional torque such as Coulomb friction, 
which works as a disturbance reducing the speed of the motor. As an 
example, consider how the speed of a motor is reduced in case of an electric 
juicer once a fruit is pressed in. 

Equations (6-23) through (6-26) consider that the applied voltage e (t) is 
the cause; Eq. (6-23) considers that di (t)/dt is the immediate effect due to 
e (t); in Eq. (6-24), i (t) causes the torque T (t); Eq. (6-25) defines the back 
emf; and, finally, in Eq. (6-26), the torque T (t) causes the angular speed @ (t) 
and displacement 0 (t). 

Upon taking the Laplace transform of Eqs. (6-23) through (6-26), and 
assuming zero initial conditions, we get 














1,(s)= Bal) 78) ~ Fs) (6-27) 
T.(s)=K.L.(s) (6-28) 
E,(s)=K,sO, (s)=K,Q, (s) (6-29) 
$0 q(8)= 7 Te) 5 hs) 77 Onl (6-30) 


After rearranging Eq. (6-27) and breaking down Eq. (6-30) to represent 
angular speed and position separately, Eqs. (6-27) through (6-30) take the 
following form 


Rar) p(y 
PASAT LAST Els) rh (6-31) 


i, 
T.(s)=KL(s) (6-32) 
E,(s)=K,Q, (s) (6-33) 
e+ 8) OG)= 0 4s)—-T, (s) (6-34) 
Q. (s)=-Q, (s) (6-35) 
S 


the resulting equations may be individually represented by block diagrams, 
as shown in Fig. 6-29. 





Figure 6-29 Individual block diagram representation of Eqs. (6-31) 
through (6-35). 


Figure 6-30 shows a block-diagram representation of the dc-motor system. 
The advantage of using the block diagram is that it gives a clear picture of the 
transfer function relation between each block of the system. The transfer 
function between the motor displacement and the input voltage is obtained 
from the overall system block diagram in Fig. 6-30 as 
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Figure 6-30 Block diagram of a dc-motor system. 


O (s) _ K, 


: — (6-36) 
Ets) LJ s'+(RJ+B_L )s +(K,K.+ RB. )s 


m 6a 


where T(t) has been set to zero—that is, no load is applied to the motor. 

Because an s can be factored out of the denominator of Eq. (6-36), the 
significance of the transfer function © (s)/E (s) is that the dc motor is 
essentially an integrating device between these two variables. This is 
expected because, if e (t) is a constant input, the output motor displacement 
will behave as the output of an integrator; that is, it will increase linearly with 
time. 

Although a dc motor by itself is basically an open-loop system, the block 
diagram of Fig. 6-30 shows that the motor has a “built-in” feedback loop 
caused by the back emf. Physically, the back emf represents the feedback of a 
signal that is proportional to the negative of the speed of the motor. As seen 
from Eq. (6-36), the back-emf constant K, represents an added term to the 
resistance R_ and the viscous-friction coefficient B_.. Therefore, the back-emf 
effect is equivalent to an “electric damping,” which tends to improve the 
stability of the motor and, in general, the stability of the system. 

The state variables of the system can be defined as i (t), w(t), and 0 (t). 


By direct substitution and eliminating all the nonstate variables from Eas. (6- 
23) through (6-26), the state equations of the dc-motor system are written in 


vector-matrix form: 





di (t) RK 
dt L LL. 0 i (t) L () 

40, () =| Kk B @(t) |+ Me e (t)+ — T, (t) 
dt — = 0 0 : 

wo ||» Im | &® |], 
df 0 1 0 


(6-37) 


The dc motor is essentially an integrating device between these two 


variables. 


Notice that, in this case, T(t) is treated as a second input in the state 
equations. 


The SFG diagram of the system is drawn as shown in Fig. 6-31, following 


the procedure discussed in Sec. 4-3. 
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Figure 6-31 Signal-flow graph diagram of a dc-motor system with 
nonzero initial conditions. 
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6-3-7 Relation between Kj and Kp 


Although functionally the torque constant K, and back-emf constant K, are 
two separate parameters, for a given motor their values are closely related. To 
show the relationship, we write the mechanical power developed in the 
armature as 


P=e,(t)i,(t) (6-38) 
The mechanical power is also expressed as 
P=T,(t)@,,(t) (6-39) 


where, in SI units, T(t) is in N - m and w (6) is in rad/s. Now, substituting 
Eqs. (6-24) and (6-25) in Eqs. (6-38) and (6-39), we get 


T(t 
P=T (t)@, (t)= Ko, (0 (6-40) 
from which we get, in SI units 
K,(V/rad/s) = K,(N-m/A) (6-41) 


In SI units, the values of K, and Kare identical. 


Thus, we see that, in SI units, the values of K, and K are identical if K, is 
represented in V/rad/s and K, is in N - m/A. 


In the British unit system, we convert Eq. (6-38) into horsepower (hp); that 
1S, 


_ 6 AOL) 
P= “a4 hp (6-42) 


In terms of torque and angular speed, P in Eq. (6-39) is rewritten in terms 
of hp as 


_T, Wo, (t) . 
7 hp (6-43) 


P 


where T (t) is in ft-lb and w (t) is in rad/s. Using Eqs. (6-24) and (6-25), 
and equating Eq. (6-42) to Eq. (6-43), we get 





K,0,,(t)T,(t) _ T,(t)@,,(t) ddl 
746K, 550 
Thus, 
746 
K, =— K, =1.356K, (6-45) 
550 


where K, is in V/rad/s and K is in ft - Ib/A. 


6-4 SPEED AND POSITION CONTROL OF A 
DC MOTOR 


Servomechanisms are probably the most frequently encountered 
electromechanical control systems. Applications include robots (each joint in 
a robot requires a position servo), numerical control (NC) machines, and laser 
printers, to name but a few. The common characteristic of all such systems is 
that the variable to be controlled (usually position or velocity) is fed back to 
modify the command signal. The servomechanism that will be used in the 
experiments in this chapter comprises a dc motor and amplifier that are fed 
back the motor speed and position values. 

One of the key challenges in the design and implementation of a successful 
controller is obtaining an accurate model of the system components, 
particularly the actuator. In the previous section, we discussed various issues 
associated with modeling of dc motors. In this section, we study the speed 
and position control of dc motors. 


6-4-1 Speed Response and the Effects of Inductance and 
Disturbance: Open-Loop Response 


Consider the schematic diagram of an armature-controlled dc motor shown 


in Fig. 6-32, where the field current is held constant in this system. In this 
case, the sensor attached to the motor is a tachometer, which is used to sense 
the motor shaft speed. Depending on the application, for example, position 
control, a potentiometer, or an encoder may be used as a sensor instead—see 
Fig. 6-2. System parameters and variables include 


J; 
Gear ' 
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Figure 6-32 An armature-controlled dc motor with a gear head and a load 
inertia J . 


R= armature resistance, 02 

L, = armature inductance, H 

e = applied armature voltage, V 

e = back emf, V 

0 = angular displacement of the motor shaft, rad 

@) = angular speed of the motor shaft, rad/s 

T = torque developed by the motor, N - m 

J = moment of inertia of the load, kg - m’ 

T = external load torque considered as a disturbance, N - m 
J = moment of inertia of the motor (motor shaft), kg - m’ 


J = equivalent moment of inertia of the motor and load connected to the 
motor-shaft, J = J,/n’ + J., kg — m’ (refer to Chap. 2 for more details) 


n = gear ratio 

B_ = viscous-friction coefficient of the motor, N - m/rad/s 

B= viscous-friction coefficient of the load, N - m/rad/s 

B = equivalent viscous-friction coefficient of the motor and load referred to 


the motor shaft, N - m/rad/s (in the presence of gear ratio, B must be 
scaled by n; refer to Chap. 2 for more details) 

K = torque constant, N - m/A 

K, = back-emf constant, V/rad/s 


K, = speed sensor (in this case a tachometer) gain, V/rad/s 


As shown in Fig. 6-33, the armature-controlled dc motor is itself a 
feedback system, where back-emf voltage is proportional to the speed of the 
motor. In Fig. 6-33, we have included the effect of any possible external load 
(e.g., the load applied to a juice machine by the operator pushing in the fruit) 
as a disturbance torque T.. The system may be arranged in input-output form, 
in Laplace domain, such that EF (s) is the input and Q (s) is the output: 


E oul (s ) 





Q. (s)=———______*"*"_______F (s) 


ki | @ Bok, K,K,+R,B, 
| Lb SS 
R, Rd x RJ 














SS ee is (6-46) 
L\, (. BL) KK,+RB. 
6. |g” | 1 4 jp — ee 
R, RJ, RJ, 


The ratio L/R, is called the motor electric-time constant, which makes the 


system speed-response transfer function second order and is denoted by t.. 
Also, it introduces a zero to the disturbance-output transfer function. 
However, because L_ in the armature circuit is very small, tT may be 
neglected, resulting in the simplified transfer functions and the block diagram 
of the system. Thus, the speed of the motor shaft may be simplified to 








K, I 
_ a iP 
Q (s) = —_KK,+RB (s) = KK, +RB, 1) (6-47) 
s+—+ 7 _ 4 s+—2_ 4 
RJ in RJ in 
or 
7A 
Q) (s) - a _F (s)- Jn TAs) (6-48) 
stl Tat) 


where K,, = K/(R,B, + KK,) is the motor gain constant, and t, = RJ/(R,B, + 
K K,) is the motor mechanical time constant. 
Using superposition, we get 


QO. (s)= Q,, (s)| + QQ. (s)| (6-49) 


Ty (s)=0 E,(s)=0 


To find the response w (t), we use superposition and find the response due 
to the individual inputs. For T = 0 (no disturbance and B = 0) and an applied 
voltage e (t) = A, such that E (s) = A/s, 

AK. 


w@_ (t)=——_*(1l-e"™ 6-50 
tt) KK RB, ) (6-50) 


In this case, note that the motor mechanical time constant T_ is reflective of 
how fast the motor is capable of overcoming its own inertia J. to reach a 
steady-state or constant speed dictated by voltage E.. From Eq. (6-50), the 


O ,. = —————_. 
fv 
speed final value is K;K,+,5,, As it will be seen later in Chap. 7, 


this value is also known as the reference input, which reflects the desired 
output value for a give input voltage. As tT increases, the approach to steady 


State takes longer. See Fig. 6-34 for the typical time response associated with 
Eq. (6-50). 
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Figure 6-34 Typical speed response of a dc motor. Solid line represents a 
no- load response. Dashed line represents the effect of a constant load on the 
Speed response. 


If we apply a constant load torque of magnitude D to the system (i.e., T. = 
D/s), the speed response from Eq. (6-48) will change to 


K. RD i 
w, (t)=——_+__| A--* |(1-e "”) (6-51) 
K.K,+RB,, K, 





which clearly indicates that the disturbance T affects the final speed of the 
motor. From Eq. (6-51), at steady state, the speed of the motor is 
K A RD 


l 


oO. = ———. 

. KK, + 8,B,, K; ) Here the final value of q (t) is reduced by 
R D/K_K,, as shown in Fig. 6-34. A practical note is that the value of T = D 
may never exceed the motor stall torque, and hence for the motor to turn, 
from Eq. (6-51), AK/R_ > D, which sets a limit on the magnitude of the torque 
T.. For a given motor, the value of the stall torque can be found in the 
manufacturer’s catalog. 








In a realistic scenario, you must measure motor speed using a sensor. How 
would the sensor affect the equations of the system (see Fig. 6-33)? 


6-4-2 Speed Control of DC Motors: Closed-Loop Response 


As seen previously, the output speed of the motor is highly dependent on 
the value of torque T.. We can improve the speed performance of the motor 
by using a proportional feedback controller. The controller is composed of a 
sensor (usually a tachometer for speed applications) to sense the speed and an 
amplifier with gain K (proportional control—refer to row (a) in Table 6-1) in 
the configuration shown in Fig. 6-35. The block diagram of the system is also 
shown in Fig. 6-36. 
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Figure 6-35 Feedback control of an armature-controlled dc motor with a 
load inertia. 





Figure 6-36 Block diagram of a speed-control, armature-controlled dc 
motor. 


Note that the speed at the motor shaft is sensed by the tachometer with a 
gain K. For ease in comparison of input and output, the input to the control 


system is converted from voltage E. to speed Q using the tachometer gain K. 
Hence, for L, ~ 0, we have 


KKK 
R 
Q,.() =——_—_—“=—_____o, 9 
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T, (s) (6-52) 
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For a step input Q = A/s and disturbance torque value T| = D/s, the output 
becomes 


AKK,K iin TL t/t 
w,,(t) =————-T.(l-e ‘*)———(l-e ‘*) (6-53) 
Teck ia 
RJ 


a’ m 


t.=——_“___ 
where K;K, + R,B+ K,K;K js the system time constant. The steady- 
State response in this case is 
AKK.K. RD 
2) eS (6-54) 
K.K,+RB+KKK KK,+RB +K.KK 


where w, ~ Aas K  , While the time response of Eq. (6-53) has a 
similar graphical representation as in Fig. 6-34, the control gain can reduce 
the effect of disturbance, because for high K values, the disturbance effect is 
reduced. Of course, there are limitations. For example, practically speaking, 
we are limited by amplifier saturation and the motor’s input voltage limits. 
The system in this case will also exhibit steady-state error, which is later 
discussed in Chaps. 7 and 8. As in Sec. 6-4-1, the reader should investigate 
what happens if the inertia J, is included in this model. If the load inertia J is 
too large, will the motor be able to turn? Again, as in Sec. 6-4-1, you will 


have to read the speed-sensor voltage to measure speed. How will that affect 
your equations? 


6-4-3 Position Control 


The position response in the open-loop case may be obtained by 
integrating the speed response. Then, considering Fig. 6-33, we have © ()s) = 
©) (s)/s. The open-loop transfer function is therefore 


O,,,() = K, (6-55) 
E(s) s(L,Js?+(L,B, +R J)s+RB_+K,K,) 


a a sm 





where in this case we have used the total inertia J = J/n’+ J. For small L, 
the time response in this case is 


0 (t)= =(t +T,€° ™-T) (6-56) 


b 


which implies that the motor shaft is turning without stop at a constant 
steady-state speed A/K,. To control the position of the motor shaft, the 
simplest strategy is to use an amplifier with gain K, as shown in row (a) in 
Table 6-1. The block diagram of the closed-loop system is shown in Fig. 6- 
37. The system is composed of an angular position sensor (usually an encoder 
or a potentiometer for position applications). Note that, for simplicity, the 
input voltage can be scaled to a position input © (s) so that the input and 
output have the same units and scale. Alternatively, the output can be 
converted into voltage using the sensor gain value. The closed-loop transfer 
function in this case becomes 








m m 


Figure 6-37 Block diagram of a position-control, armature-controlled dc 





motor. 
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where K_ is the sensor gain (for the sake of argument let’s use a 
potentiometer in this case), and, as before, the motor electrical time constant 
T, = (L/R,) may be neglected for small L.. As a result the position transfer 
function is simplified to 
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O(s) 4 ( RB, +KK, |_| KKK, (s°+26@,s+@> | 
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where Eq. (6-58) is a second-order system, and 
RB +K.K 
26a, = ae (6-59) 
RJ 
KK.K 
oO; =—— (6-60) 
RJ 


As aresult, for a step input © (s) = 1/s, the position response of the system 
will be the same as that of a prototype second-order system, as shown in 
Chap. 3 (Fig. 3-11). For a given motor, all parameters are known, and the 
only varying term is the amplifier gain K—the controller gain. Upon varying 
K, we can directly change @ and indirectly change ¢ to achieve a desired 
response. For a positive K, regardless of the type of response (e.g., critically 
damped or underdamped), the final value of the system is 0, = 1, which 
implies that the output will follow the input (recall we used a unit step input). 
Hence, the position will not increase as in the uncontrolled system that is 
represented by Eq. (6-56). 


Later, in Chaps. 7 and 8, we set up numerical and experimental case 
studies to test and verify the preceding concepts and learn more about other 
practical issues. 


6-5 CASE STUDIES: PRACTICAL EXAMPLES 


EXAMPLE 6-5-1 Modeling of a Sun-Seeker Control System 


In this case study, we model a sun-seeker control system whose purpose is 
to control the attitude of a space vehicle so that it will track the sun with high 
accuracy. In the system described here, tracking the sun in only one plane is 
accomplished. A schematic diagram of the system is shown in Fig. 6-38. The 
principal elements of the error discriminator are two small rectangular silicon 
photovoltaic cells mounted behind a rectangular slit in an enclosure. The cells 
are mounted in such a way that when the sensor is pointed at the sun, a beam 
of light from the slit overlaps both cells. Silicon cells are used as current 
sources and connected in opposite polarity to the input of an op-amp. Any 
difference in the short-circuit current of the two cells is sensed and amplified 
by the op-amp. Because the current of each cell is proportional to the 
illumination on the cell, an error signal will be present at the output of the 
amplifier when the light from the slit is not precisely centered on the cells. 
This error voltage, when fed to the servo-amplifier, will cause the motor to 
drive the system back into alignment. The description of each part of the 
system is given in following sections. 
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Figure 6-38 Schematic diagram of a sun-seeker system. 


Coordinate System The center of the coordinate system is considered to 
be at the output gear of the system. The reference axis is taken to be the fixed 
frame of the dc motor, and all rotations are measured with respect to this axis. 
The solar axis, or the line from the output gear to the sun, makes an angle 
0 (t) with respect to the reference axis, and 0 (t) denotes the vehicle axis with 
respect to the reference axis. The objective of the control system is to 
maintain the error between 6 (t) and 6 (t), a(t), near zero 


a(t)=6,(t)-6,(t) (6-61) 


The coordinate system described is illustrated in Fig. 6-39. 
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Figure 6-39 Coordinate system of the sun-seeker system. 


Error Discriminator When the vehicle is aligned perfectly with the sun, 
a(t) = 0, and i(t) = i,(t) = I, or i (t) =i,(t) = 0. From the geometry of the sun 
ray and the photovoltaic cells shown Fig. 6-39, we have 


W 
og “+ Ltana(t) (6-62) 


ob = —- Ltana(t (6-63) 


where oa denotes the width of the sun ray that shines on cell A and ob is 
the same on cell B, for a given a(t). Because the current i (t) is proportional to 
oa and i,(t) is proportional to ob, we have 


i (t)= 14 = tana) (6-64) 
214 
i,(t)=I-—— tant) (6-65) 


for O < tana(t) < W/2L. For W/2L < tana(t) < (C — W/2)/L, the sun ray is 
completely on cell A, and i (t) = 2/, i,(t) = 0. For (C — W/2)L < tana(t) < (C + 


W/2)L,i (t) decreases linearly from 2I to zero. i (t) = i,(t) = 0 for tana(t) = (C + 
W/2)/L. Therefore, the error discriminator may be represented by the 
nonlinear characteristic of Fig. 6-40, where for small angle a(t), tana(t) has 
been approximated by a(t) on the abscissa. 
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Figure 6-40 Nonlinear characteristic of the error discriminator. The 
abscissa is tan a, but it is approximated by a for small values of a. 


The relationship between the output of the op-amp and the currents i (t) 
and i,(t) is 


e,(t)=—Ryli, (t) i, (€)] (6-66) 


Servo-Amplifier The gain of the servo-amplifier is —K. With reference to 
Fig. 6-41, the output of the servo-amplifier is expressed as 





Figure 6-41 Block diagram of the sun-seeker system. 


e (t)=—Kle,(t) +e, (t)]=—Ke.(t) (6-67) 


Tachometer The output voltage of the tachometer e is related to the 
angular velocity of the motor through the tachometer constant K: 


e, (t)= K,o, (t) (6-68) 


The angular position of the output gear is related to the motor position 
through the gear ratio 1/n. Thus, 


A =-—0 (6-69) 


DC Motor The dc motor has been modeled in Sec. 6-3. The equations are 





e (t)=Ri,(t)+e,(t) (6-70) 
e,(t)=K,q, (t) (6-71) 
T, (t)=Ki._(t) (6-72) 
Ty(t)= Je + Ber, (6-73) 


where J and B are the inertia and viscous-friction coefficient seen at the 
motor shaft. The inductance of the motor is neglected in Eq. (6-70) because it 


is assumed to be small—recall discussions on small motor electric time 
constant in Sec. 6-4-1. A block diagram that characterizes all the functional 
relations of the system is shown in 


EXAMPLE 6-5-2 Modeling of a Quarter-Car Active Suspension System 

For the test vehicle shown in Fig. 6-42, a four-post shaker is used to test 
the performance of the vehicle suspension system by applying various 
excitations to the vehicle. 
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A Cadillac SRX 2005 model on a four-post shaker test 
facility (author’s research on active suspension system). 


Classically, the quarter-car model, shown in Fig. 6-43, is used in the study 
of the vehicle suspension systems and the resulting dynamic response due to 


various road inputs. Typically, the inertia, stiffness, and damping 
characteristics of the system as illustrated in Fig. 6-43a are modeled as a two- 
degree of freedom (2-DOF) system, as shown in Fig. 6-43b. Although a 2- 
DOF system is a more accurate model, it is sufficient for the following 
analysis to assume a 1-DOF model, as shown in Fig. 6-43c. 





(a) 


Figure 6-43 Quarter-car model realization. (a) Quarter car. (b) Two 
degrees of freedom. (c) One degree of freedom. 


Open-Loop Base Excitation Given the simplified system representing a 
miniaturized vehicle model suspension, illustrated in Fig. 6-43c, where 


m Effective 1/4 car mass 10 kg 

k Effective stiffness 2.7135 N/m 

c Effective damping 0.9135 N- m/s" 
x(t) Absolute displacement of the mass m m 

y(t) Absolute displacement of the base m 

2(t) Relative displacement x(t) — y(t) M 


the equation of motion of the system is defined as follows: 
mx(t)+ cx(t)+ kx(t)=cy(t)+ ky(t) (6-74) 


which can be simplified by substituting the relation z(t) = x(t) — y(t) and 


non-dimensionalizing the coefficients to the form 
z(t)+ 20m, z(t) + w z(t) =— p(t) =—a(t) (6-75) 
The Laplace transform of Eq. (6-75) yields the input—output relationship 


ra —] 
0 i — 
A(s) s°+2¢@ s+@:° 

where the base acceleration A(s) is the Laplace transform of a(t) and is the 
input, and relative displacement Z(s) is the output. In this case, initial 
conditions are assumed to be zero. 


Closed-Loop Position Control Active control of the suspension system is 
to be achieved using the same dc motor described in Sec. 6-4-3 used in 
conjunction with a rack as shown in Fig. 6-43. 

In Fig. 6-44, T(t) is the torque produced by the motor with shaft rotation 0, 
and r is the radius of the motor drive gear. Thus, Eq. (6-74) is rewritten to 
include the active component, F(t), 





Figure 6-44 Active control of the 1-DOF model via a dc motor and rack. 
mx +cx+kx=cy+ky+ F(t) (6-77) 
where 
mz+cz+kz=F(t)—my = F(t)—ma(t) (6-78a) 


F(t) =< LD Un + Bn) (6-78b) 


r 





Because z = Or, we can substitute Eq. (6-78) into Eq. (6-77), rearrange, and 
take the Laplace transform to get 


r 


Als)= [T(s)—mrA(s)] (6-79) 


- (mr*>+J..)s*+(cr? +B. )s+kr? 


m m 


Noting that the term mrA(s) is interpreted as a disturbance torque. 
The motor equations from Sec. 6-3 are 





¥ tyes 7 Bal) c 1,9) (6-80) 
T(s)=KL(s) (6-81) 
E, (t) — K, oN (6-82) 


Using J=mr+J,B=cr +B, and K =kr in Eq. (6-79), and combining 
the resulting equation with Eqs. (6-80) through (82), the transfer function of 
the overall system may be obtained for the applied motor voltage E (s) and 
the disturbance torque. The new equation of the system is in the following 
form: 








Kr E | 
—s-+] |r 
R | R 
: } $1 mrA(s) (6-83) 


Z3)= E (s)- 


L ; KK 
—i std l(Js*+ Bs+-K)+— 5 
R R. 


a 


(7, end K.K 
—* 541 \(Js*+Bs+ K)+—_ #5 
\R, | R 


a 


In order to control the bounce of the car, we need to sense z(t) using a 
position sensor, for example, string potentiometer with a gain K.. In that case, 
addition of the sensor and a controller—in this case a proportional controller 
with a gain K as in Sec. 6-4-3—-will create a feedback control system as 
shown in Fig. 6-45. In this case, the input Z (s) reflects the desired bounce 
level—normally z(t) = 0 for the control objective of having no bounce in 
response to disturbances from the road. 





Figure 6-45 Block diagram of the active feedback control quarter-car 
system, for bounce control. 


6-6 THE CONTROL LAB: INTRODUCTION 
TO LEGO MINDSTORMS NXT MOTOR— 
MODELING AND CHARACTERIZATION 


This section offers a practical approach to modeling and characterization of 
a dc motor, without any reliance on manufacturer datasheets. It intends to 
provide an understanding and appreciation of where each term, discussed 
earlier in this chapter, comes from, and how to experimentally obtain or 
verify their value. 

In this section, we continue our work with the project described earlier in 
Sec. 2-6 (and in detail in App. D), and experimentally characterize the motor 
parameters to arrive at an accurate model of the overall electrometrical 
system. 


6-6-1 NXT Motor 


The NXT motor used in this project is a 9-V dc motor specific to the 
LEGO MINDSTORMS NXT set. As shown in Fig. 6-46, the motor contains 
a gear-train from the motor to the output shaft to provide greater torque. 





Figure 6-46 NXT motor internals. 


The overall gear ratio calculation from motor to output shaft is shown in 
Table 6-2. In this case, as discussed in App. D, because the encoder measures 
the rotational position of the output shaft, and not that of the motor shaft, the 
gear ratio and its model may be absorbed into the motor model—see earlier 
discussions in this chapter for details. As a result, from this point forward, 
any reference to the motor implicitly refers to the motor-gear-train system. 
Further, all parameters obtained will be for the motor-gear-train combination. 


TABLE 6-2 NXT Motor to Output Shaft Gear Reductions 


Shaft # Gear Tooth Ratio Gear Reduction 
l 10:30:40 1:4 
2 9:27 ls 
3 10:20 es 
| 10:13:20 iz 
Overall gear reduction 1:48 


The gear ratio and its model may be absorbed into the motor model. 


Note: All parameters obtained will be for the motor-gear-train 
combination. 


In order to fully model the motor, both the electrical and mechanical 
characteristics of the motor are obtained experimentally. 


6-6-2 Electrical Characteristics! 


The electrical characteristics required to model the motor are its armature 
resistance and armature inductance. The following sections will provide you 
with tests that can be done on the motor to measure its electrical 
characteristics (see App. D for more details). 


Armature Resistance 


To begin, we must measure the armature current using a multimeter. Using 
the procedure as described in App. D. You will notice the current will 
drastically increase when the motor is stalled. Record the stall current, [__, 
that is reported by the multimeter and repeat for various trials. After 
measuring the stall current, the armature voltage must also be measured with 
the multimeter. Next calculate the experimental armature resistance, as 
suggested in App. D, using 





R=— (6-84) 


a 
stall 


where v. is the voltage measured when the motor is stalled. 


Experimental data for the NXT motor for various input power values (as a 
percentage of maximum power) are shown in Table 6-3. Applying Eq. (6-84), 
the average experimental armature resistance of the NXT motor was found to 
be R= 2.27 Q. 


TABLE 6-3 Armature Resistance Measurement Experimental Data 


y I R 


stall a 


Motor Power Stall ‘Aematire Voltage (V) Stall Current (A) Armature Resistance (Q) 
10% (),24 (),106 23 
20% ().44 0.198 2.23 
30% 0.61 0.262 253 
—10% ).24 ).108 2.26 
—20% -().47 ).211 2.24 
—30% ),62 —).269 2.28 


Armature Inductance 

There are a number of ways to measure the motor inductance. One way 
commonly practiced in most undergraduate control labs is to connect a 
known resistor R (select a value close to R_) in series with the motor, stall the 
motor as in the previous section, provide the system with a constant input 
voltage, turn off the input and measure the electric time constant L /(R+ R). 
Knowing the time constant and resistance values, you can calculate L. We 
took the easy way out by using a multimeter that is able to measure 
inductance. Simply connect the multimeter to the motor terminals, and set the 
multimeter to measure inductance, as shown in Fig. 6-47. The experimentally 
measured armature inductance was found to be L. = 4.7 mH. 





Figure 6-47 Motor direct inductance measurement with a multimeter. 


6-6-3 Mechanical Characteristics 


The mechanical characteristics required to model the motor are the torque 
constant, the back-emf constant, viscous-friction coefficient (recall from 
Chap. 2 that for simplicity we assume all friction is modeled as viscous 
damping), armature and load moments of inertia, and system mechanical time 
constant. The following sections will provide you with tests that you can use 
to measure the NXT motor mechanical characteristics. 


Motor Torque Constant 
As discussed in Sec. 6-3, the motor torque constant K, is obtained from 


T, =Ki, (6-85) 


where T is the motor torque and i is the armature current. Determining the 
torque constant experimentally requires you to measure both the current 
supplied to the motor and the torque that it provides. 


Start by attaching a shaft and spool to the end of the motor as illustrated in 
Fig. 6-48 as a pulley. Finally, attach a weight with known mass to the end of 
the thread; this will act as the external torque that the motor has to overcome 
in order to rotate. The torque can be calculated using 





Thread Fishing wire 





Figure 6-48 ‘Torque constant test setup. 


T=T,-T, =Ki-r,..W (6-86) 


F pool 


where r,,, is the radius of the spool and W is the weight corresponding to 
mass M. The motor will stall when T = 0. The corresponding T and i, are 
motor stall torque and current, respectively. 


In this experiment, the motor rotation results in the mass M to move up or 
down. You will be required to measure the current supplied to the motor for a 
variable mass—recall the earlier instructions on how to measure the motor 
current form Sec. 6-6-2. Start by applying an input to the motor and let the 


mass rise to the top. While the motor is pulling the mass upward, measure the 
current supplied to the motor using a multimeter. Repeat this process for 
various masses and plot the experimental torque T from Eq. (6-85) against 
the measured current. It should be noted that K, is independent of the input 
voltage value. Table 6-4 shows some of the measurements for our 
experiment. Note that for T, = 0 N - m, i, = 0.041 A, which is the current in 
the motor to overcome the internal motor friction. This value can later be 
used to calculate the motor damping parameter. Also note that for mass M = 
0.874 kg the motor stalls and the corresponding stall torque is T,, = T. = 
0.116 N - m. The experimental motor torque curve for our NXT motor is 
shown in Fig. 6-49, where the experimental motor torque curve is 
extrapolated from the data points using the linear regression tool in 
MATLAB. The NXT experimentally measured motor constant is the inverse 
of the slope (3.95 A/N : m) or K, = 0.252 N- m/A. 


TABLE 6-4 Motor Torque Constant Measurement Experiment (r,_,, = 
0.013575 m) 


Trial 


Oo Co =~] DO He UL Ole 


—— | 
‘iy oO S| 


Motor Current (A) 


M 


0.02 


0.04 


0.06 
Torque (Nm) 


Ly i Fuel 


W Torque of Motor to | 
Mass Attached to String (kg) Weight (N) Overcome Mass(N-m) Motor Current (A) 


0 
0.008913 
0.015831 
0.023015 
0.03113 

0.038979 
0.046961 
0.054943 
0.062659 
0.070775 
0.085542 
0.093391 
0.116275 


' | Slope 3.95 A/ Nm 


0.08 


W 


0.1 


0).041 
0.085 
0.113 
0.137 
0.161 
0.187 
().224 
0).245 
().283 
0.322 
0.387 
().435 


1 


ui 


0.465 (stall) 





0.12 


Figure 6-49 Experiment motor torque T versus current curve for NXT 
motor to calculate K. 


Back-emf Constant 
As discussed earlier in this chapter, the back-emf constant is obtained from 


€, — K,On (6-87) 


where e, is the back-emf or motor voltage and w. is the motor angular 
speed. To measure the motor back-emf constant, you will be required to test 
the motor’s open-loop speed response using Simulink as well as measuring 
the supplied voltage using a multimeter (see App. D). 

A sample open-loop step response for a 2.0-V step input is shown in Fig. 
6-50. You will observe that there is noise visible in the output. The noise is a 
result of differentiation of the low resolution position signal from the encoder 
to find speed, and it is also attributed to the gear backlash. As a result, you 
need to record the average steady-state speed for various step inputs and 
record the steady-state speed and armature voltage for each trial. Finally, plot 
the experimental armature voltage against the measured steady-state average 
speeds. A sample plot is shown in Fig. 6-51, where the experimental data 
points are shown as well as an extrapolated trend line found using the linear 
regression tool in MATLAB. The slope of this line is the back-emf constant 
of the motor. The back-emf constant of the NXT motor was experimentally 
measured to be K, = 0.249 V/rad/s. 


Average steady-state speed = 7.636 rad/sec 


ei 63.2% of steady-state speed = 4.826 rad/sec 


Speed (rad/sec) 





0 | 2 3 “ 5 6 7 8 9 10 


Time (sec) 


Figure 6-50 Open-loop speed response for 2.0-V input (50% power). 
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Figure 6-51 Voltage versus steady-state speed. 


It should be noted that, in an ideal case, the back-emf constant and motor 
torque constant are numerically equal in the SI units. However, because 
these values have been experimentally measured, their corresponding 
experimentally measured values are close, but not equal. ‘To equate the two 
constants, we can find the average value that exists between them so that both 
K, and K, are numerically equal. The average value between K, = 0.249 
V/rad/s and K, = 0.252 N -: m/A is 0.25; therefore, this average value will be 
used for both K, and K.. 


Note: All parameters obtained will be for the motor-gear-train 
combination. 


Viscous-Friction Coefficient 


The viscous-friction coefficient describes the amount of friction that exists 
in the system. In reality, the friction may not be viscous. However, as 
discussed in Chap. 2, this is an assumption that we make to arrive at an 
approximate linear model for the motor-gear-train combination—again any 
reference to motor implicitly refers to the motor-gear-train combination. 
Important note: Because of various nonlinear affects such as friction and 
sear backlash, it is not expected that this parameter can be estimated 
accurately. 

Using small inductance assumption, that is, L = 0, we can arrive at the 
effective damping due the electrical and mechanical components. From Sec. 
6-3-6, the speed response of the motor in Fig. 6-48 (assuming negligible 
spool inertia) is 


1° ok 


—T 6-88 
7H (6-88) 


R Ww 


a 


dat) B 4a KK, ath a e,(t)K;, 
R 


a 


where B_ is the viscous-friction coefficient, R, is the motor armature 
resistance, K, is the motor torque constant and K, is the back-emf constant. 


Next, using the formula for steady-state speed, 


2K, 
oO, =lima@(t)=————_ (6-89) 
te K,K,+R8,B,, 


We can calculate B_ experimentally, using 


2, =[ 2K, \¢ 
Of R, (6-90) 


2(0.25 1 
-( 0 -(oasy |[ 5 J=131x10" N- m/s 
7.636 2.27 


To measure the viscous-friction coefficient, apply a step input—in this 
case 2 V—to the motor, using the procedure outlined earlier in back-emf 
constant measurement section, and observe the open-loop speed response, as 
shown in Fig. 6-50. Record the steady-state speed—in this case 7.636 rad/s— 





and substitute the values in Eq. (6-90), as shown. 


Alternatively, using the mechanical equation of the motor, and replacing 
the motor torque with armature current using Eq. (6-87), we have 


da(t) 





J, +B ot)=Ki —T,, (6-91) 


Hence, the viscous-friction coefficient at steady-state angular speed can 
also be measured using 


Bo=—tj -—" (6-92) 


Using the no-load case (T, = 0), and from ‘Table 6-4 the no-load armature 
current i = 0.041 A, we can calculate B_ experimentally to be 


» —Ki, _(0.41)(25) 


a : =1.34x10° N-m/s (6-93) 
QO, 7.636 


V 


The no-load value of current is what the motor needs to overcome internal 
friction. 

You can also obtain the viscous-friction coefficient for different load 
torque values using Eq. (6-93) and Table 6-4, provided that you have the 
corresponding steady-state angular speed for each T,. Constructing the motor 
Speed-torque curve, as in Fig. 6-52, will help you with this task. You can 
experimentally obtain this curve using the same procedure as in K. calculation 
that was discussed earlier in this section. In Fig. 6-48, the relation between 
angular speed and torque is 


No-Load Speed 


Slope = 63.63 Rad/s/Nm 


Stall Torque 


Motor Angular Speed (Rad/s) 





0 0.02 0.04 0.06 0.08 0.1 0.12 
Motor Torque (Nm) 


Figure 6-52 Motor speed-torque curve. 


O,, =—63.63T,, +O pynotcad) 
=—63.63K i, + 7.636 (6-94) 


From Table 6-4 and Eqs. (6-90) and (6-92), the average value of viscous- 
friction coefficient B = 1.36 x 10°N- m/s. 


Caution: The value of B_ varies with the power provided to the motor. In 
our case, we have calculated the viscous damping coefficient at power equal 
to 50%. Upon application of different percentage of power to the motor, we 
can find a relationship between viscous-friction coefficient and percentage of 
motor power. As shown in Fig. 6-53, the viscous-friction coefficient value 
decreases as the motor power increases. In this project, therefore, the lower 
value of viscous-friction coefficient of the NXT motor with no load was 
adopted—that is, B = 1.31 x 10° N- m/s. 








Viscous Damping Bm (N/s) 


v 0.2 0.4 0.6 0.8 | 
Power provided to the motor (1 = 100%) 


Figure 6-53 Measured damping coefficient as the power supplied to the 
motor varies from 10 to 100 percent. 


The experiment was repeated with the arm attached to the motor and the 
equivalent motor-payload viscous-friction coefficient was experimentally 
measured using Eqs. (6-90) and (6-93) tobe B=B +B, =2.7x 10°N - 
m/s. The higher value of B in this case amounts to the higher initial torque 
required to overcome the higher internal friction associated with moving the 
arm/payload system. Please note that this measurement required the robot 
arm to rotate with the payload attached for about ten seconds. In most 
practical applications, this approach, while simple, may not be feasible (or 
safe!). An alternative approach may be to use the position control response 
(see Chap. 7 for position response) to obtain or fine tune the value of B. 


Mechanical Time Constant 

As discussed earlier in this chapter, the mechanical time constant T, is 
defined as the time required for the motor speed to reach 63.2% of its final 
value for a step input. To measure the time constant, you will be required to 
use the open-loop speed response experiment described earlier in back-emf 
calculations. First, ensure there is no external load connected to the motor. 
Next, apply a step input to the motor using the model shown in Fig. 6-50 and 


plot the resulting response. Find the average steady-state speed and calculate 
63.2% of the steady-state speed as shown in Fig. 6-50. 

In this trial, the average steady-state speed is measured to be 7.636 rad/s 
while 63.2% of the steady-state speed (to measure the time constant) is 
calculated to be 4.826 rad/s. The mechanical time constant for the NXT 
motor with no load was experimentally measured to be tT, = 0.081 s. The 
experiment was repeated with the robotic arm and the time constant was 
experimentally measured to be t = 0.10 s—obviously the slower response is 
due to a higher inertia added through the payload. 


Moment of Inertia 
The combination armature-load moment of inertia J. can be experimentally 
calculated using 


K,K 
jt, B+ J (6-95) 


a 


where this equation relates the overall motor-gear-train moment of inertia 
to the other parameters found in the previous sections. Applying Eq. (6-95) 
and substituting the parameters found in previous sections, the moment of 
inertia of the motor-gear-train is experimentally calculated to be J =J. + 
J, = 2.33 x 10° kg - m’. 

As a final check, for the no-load motor with speed response shown in Fig. 
6-50, after reaching the final speed value, turn off the input and record how 
the speed decays with time to reach zero, as shown in Fig. 6-54. The system 
equation with power off is 


Average Max Speed 
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| AY YT | TT 
qT TEAR 
}} 
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Figure 6-54 Time constant measurement with the motor input off after 
reaching steady-state response. 


dat) 





J, +B o(t)=T, (6-96) 


where, the time constant of the system in this case is T= J /B . Based on 
our estimated values of J. and B_ the system time constant is tT = 1.78 s, which 
is very close to the measure value of t = 1.68 s, shown in Fig. 6-54. 


As aresult, we have a very high confidence on the accuracy of our 
estimated parameters of the system. 

Similarly, the moment of inertia of the motor with the arm attached and the 
payload is experimentally calculated to be J, = J, + J... + Soiperiog = 3:02 * 10° 
kg - m’. Note the total inertia was obtained using Eq. (8-13) with tT, = 0.10 
and B= Bo + Boni = 2:7 * 10°. 

Alternatively, you can calculate the arm/payload inertia by first identifying 
the combined mass center using techniques such as parallel axis theorem that 
you have learned in your second year dynamics course (or through using a 
CAD software). Then, by measuring the mass of the arm/payload, you can 
estimate J =M r. This approach assumes the arm/payload system 


arm/payload arm/payload eC 


as a point mass M at a distance r_ away from the axis of rotation. You may, 


however, find this a bit time consuming. It all depends on how much time 
you plan to spend on finding an approximate model. In practice, good enough 
is good enough! 


6-6-4 Speed Response and Model Verification 


Now that the motor parameters have been measured, the mathematical 
model of the speed response system can be developed and fine-tuned by 
comparing the simulated response to the response of the actual motor (see 
App. D for the simulation details). Using the parameter values in ‘Table 6-5 
and a step input of amplitude 2.0 V starting at time equal to 1 s, the speed 
response, shown in Fig. 6-55, closely matches that of the actual system that 
was earlier shown in Fig. 6-50. 


TABLE 6-5 NXT No-Load Motor Experimental Parameters 


Armature resistance R =2.27Q 
Armature inductance L, = 0.0047 H 
Motor torque constant K.=0.25 N-m/A 
Back-emf constant K, =0.25 V/rad/s 
Viscous-friction coefficient B =0,00131 N- m/s 
Mechanical time constant T = 0.081 s 


Combined armature motor and gear-train moment of inertia J =0.00233 kg: mr 


Steady-state speed = 7.639 rad/sec 


Time Constant = 0.081 sec 
63.2% of steady-state speed = 4.827 rad/sec 


Angular Speed (rad/s) 
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Time (seconds) 
Figure 6-55 Speed response of modeled system for 2.0-V input. 


In order to further verify the model with the arm attached, it is 
recommended that you look at the position control response, discussed in 


Chap. 7. 


6-7 SUMMARY 


In a feedback control system, sensors are very important to sense various 
properties of the system, particularly, the output of the plant. A controller can 
then compare the output signal with the desired objective, or the input, and 
adjust the performance of the overall system, using an actuator, to meet the 
desired goal. This chapter is devoted to the mathematical modeling of 
necessary components that make a feedback control system work. These 
include sensors, actuators, and the actual brain of the control system, that is, 
the controller. Of particular interest are components that possess linear 
models—or at least as close to linear as possible. For linear systems, 
differential equations, state equations, and transfer functions are the 


fundamental tools of modeling. 


In this chapter, we used dc motors as actuators—because of their 
simplicity of models and high usage in the field. We also looked at sensors 
that may be used to quantify the motion of dc motors, namely, encoders, 
tachometers, and potentiometers. In this chapter, we also learned about op- 
amps and their role as building blocks of any control system. 

We also discussed the concepts of speed and position response of dc 
motors and introduced speed and position control of dc motors. In the end, 
case study examples were presented that reflect mathematical modeling and 
motor parameter estimation in practical applications. 

Upon successful completion of this chapter, you are now able to 
understand how to model a complete control system and its individual 
components, and further understand how these components are related and 
interact with one another. 
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PROBLEMS 


6-1. Write the force equations of the linear translational systems shown in 
Fig. 6P-1. 








an f “ 


EO 
(b) (c) 








Figure 6P-1 


(a) Draw state diagrams using a minimum number of integrators. Write 
the state equations from the state diagrams. 


(b) Define the state variables as follows: 


(i) x, =y,, x, = dy/dt, x,=y,, and x, = dy /dt 
(ii) x =y,,x,=y, and x, = dy/dt 
(ili) xX =y, x, =y,, and x, = dy/dt 
Write the state equations and draw the state diagram with these state 
variables. Find the transfer functions Y (s)/F(s) and Y,(s)/F(s). 


6-2. Write the force equations of the linear translational system shown in 
Fig. 6P-2. Draw the state diagram using a minimum number of integrators. 
Write the state equations from the state diagram. Find the transfer functions 
Y (s)/F(s) and Y(s)/F(s). Set Mg = 0 for the transfer functions. 


/ 
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Figure 6P-2 
6-3. Write the torque equations of the rotational systems shown in Fig. 


6P-3. Draw state diagrams using a minimum number of integrators. Write the 
State equations from the state diagrams. Find the transfer function @(s)/T(s) 


for the system in (a). Find the transfer functions © (s)/T(s) and ©,(s)/T(s) for 
the systems in parts (b), (c), (d), and (e). 
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Figure 6P-3 


6-4. An open-loop motor control system is shown in Fig. 6P-4. The 
potentiometer has a maximum range of 10 turns (207 red.). Find the transfer 
functions E (s)/T (s). The following parameters and variables are defined: 

0 (t) is the motor displacement; 0 (t), the load displacement; T (t), the motor 
torque; J,, the motor inertia; B,, the motor viscous-friction coefficient; B, the 
potentiometer viscous-friction coefficient; e (t), the output voltage, and K, the 
torsional spring constant. 


Potentiometer 
Ui 9 (0) 0,(t) K 9,(t) “heli 
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Figure 6P-4 


6-5. Write the torque equations of the gear-train system shown in Fig. 6P- 
5. The moments of inertia of gears are lumped as J, J,, and J,. T (t) is the 
applied torque; N., N,, N,, and N, are the number of gear teeth. Assume rigid 
shafts. 
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Figure 6P-5 


(a) Assume that J, J,, and J, are negligible. Write the torque equations of 
the system. Find the total inertia of the motor. 
(b) Repeat part (a) with the moments of inertia J, J,, and J.. 


6-6. A vehicle towing a trailer through a spring-damper coupling hitch is 
shown in Fig. 6P-6. The following parameters and variables are defined: M is 
the mass of the trailer; K,, the spring constant of the hitch; B,, the viscous 
damping coefficient of the hitch; B, the viscous-friction coefficient of the 
trailer; y(t), the displacement of the towing vehicle; y,(t), the displacement of 
the trailer; and f(t), the force of the towing vehicle. 


(y(t Yo) 
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Figure 6P-6 


(a) Write the differential equation of the system. 

(b) Write the state equations by defining the following state variables: x (t) 
= y(t) — y(t) and x(t) = dy (Ode. 

6-7. Figure 6P-7 shows a motor-load system coupled through a gear train 
with gear ratio n = N/N.. The motor torque is T (t), and T(t) represents a load 
torque. 





Figure 6P-7 


(a) Find the optimum gear ratio n* such that the load acceleration a, = 
d’@ /dt’ is maximized. 

(b) Repeat part (a) when the load torque is zero. 

6-8. Figure 6P-8 shows the simplified diagram of the printwheel control 
system of a word processor. The printwheel is controlled by a dc motor 
through belts and pulleys. Assume that the belts are rigid. The following 
parameters and variables are defined: T (t) is the motor torque; @ (t), the 


motor displacement; y(t), the linear displacement of the printwheel; J , the 
motor inertia; B_, the motor viscous-friction coefficient; r, the pulley radius; 


M, the mass of the printwheel. 
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sy LE a 
Ue Pulley 
a, 
Motor 


Figure 6P-8 


(a) Write the differential equation of the system. 
(b) Find the transfer function Y(s)/T (s). 


6-9. Figure 6P-9 shows the diagram of a printwheel system with belts and 
pulleys. The belts are modeled as linear springs with spring constants K, and 


K.. 


2 





Motor 


J n> Bm =O 


Figure 6P-9 


(a) Write the differential equations of the system using @ and y as the 
dependent variables. 

(b) Write the state equations using x, = r@ —y, x, = dy/dt, andx,=@. 
d0 /dt as the state variables. 

(c) Draw a state diagram for the system. 


(d) Find the transfer function Y(s)/T (s). 

(e) Find the characteristic equation of the system. 

6-10. The schematic diagram of a motor-load system is shown in Fig. 6P- 
10. The following parameters and variables are defined: T (t) is the motor 
torque; w (t), the motor velocity; 0 (t), the motor displacement; @ (t), the load 
velocity; 0 (t), the load displacement; K, the torsional spring constant; J, the 
motor inertia; B , the motor viscous-friction coefficient; and B, the load 
viscous-friction coefficient. 
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Figure 6P-10 


(a) Write the torque equations of the system. 

(b) Find the transfer functions © (s)/T (s) and © (s)/T (s). 

(c) Find the characteristic equation of the system. 

(d) Let T (() = T bea constant applied torque; show that @ = @, = 
constant in the steady state. Find the steady-state speeds @ and @.. 

(e) Repeat part (d) when the value of J, is doubled, but J\ stays the same. 


6-11. The schematic diagram of a control system containing a motor 
coupled to a tachometer and an inertial load is shown in Fig. 6P-11. The 
following parameters and variables are defined: Tis the motor torque; J, the 
motor inertia; J, the tachometer inertia; J, the load inertia; K, and K,, the 
spring constants of the shafts; 0, the tachometer displacement; 0 , the motor 
velocity; 0, the load displacement; wm, the tachometer velocity; w,, the load 
velocity; and B , the motor viscous-friction coefficient. 


ney OD 
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Figure 6P-11 


(a) Write the state equations of the system using 0,@,0,@, 6, and@_ as 
the state variables (in the listed order). The motor torque T is the input. 
(b) Draw a signal flow diagram with T at the left and ending with @ on 


the far right. The state diagram should have a total of 10 nodes. Leave out the 
initial states. 


O,.(s) O,(s) O,(s) 
(c) Find the following transfer functions: [,(s) T,,(s)  7,(s)., 
(d) Find the characteristic equation of the system. 











6-12. The voltage equation of a dc motor is written as 


e (t)=Ri +1, + Ko (t) 


a-a bm 
where e (t) is the applied voltage; i (t), the armature current; R, the 
armature resistance; L , the armature inductance; K,, the back-emf constant; 
q (t), the motor velocity; and @ (t), the reference input voltage. Taking the 
Laplace transform on both sides of the voltage equation, with zero initial 
conditions and solving for Q (s), we get 


E(sjJ—(R +L sl 
Q (s)= a(S) ( a 5) a (s) 
K, 
which shows that the velocity information can be generated by feeding 
back the armature voltage and current. The block diagram in Fig. 6P-12 
shows a dc-motor system, with voltage and current feedbacks, for speed 
control. 
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Figure 6P-12 


(a) Let K, bea very high gain amplifier. Show that when H(s)/H (s) = — 
(R_ + Ls), the motor velocity w (t) is totally independent of the load- 
disturbance torque T.. 


(b) Find the transfer function between Q (s) and Q(s)(T, = 0) when H(s) 
and H (s) are selected as in part (a). 


6-13. This problem deals with the attitude control of a guided missile. 
When traveling through the atmosphere, a missile encounters aerodynamic 
forces that tend to cause instability in the attitude of the missile. The basic 
concern from the flight-control standpoint is the lateral force of the air, which 
tends to rotate the missile about its center of gravity. If the missile centerline 
is not aligned with the direction in which the center of gravity C is traveling, 
as shown in Fig. 6P-13, with angle 8, which is also called the angle of attack, 
a side force is produced by the drag of the air through which the missile 
travels. The total force F_ may be considered to be applied at the center of 
pressure P. As shown in Fig. 6P-20, this side force has a tendency to cause 
the missile to tumble end over end, especially if the point P is in front of the 
center of gravity C. Let the angular acceleration of the missile about the point 
C, due to the side force, be denoted by a,. Normally, a, is directly 
proportional to the angle of attack @ and is given by 





Figure 6P-13 





where K, is a constant that depends on such parameters as dynamic 
pressure, velocity of the missile, air density, and so on, and 

J = missile moment of inertia about C 

d = distance between C and P 

The main objective of the flight-control system is to provide the stabilizing 
action to counter the effect of the side force. One of the standard control 
means is to use gas injection at the tail of the missile to deflect the direction 
of the rocket engine thrust T, as shown in the figure. 

(a) Write a torque differential equation to relate among T,, 6, 0, and the 
system parameters given. Assume that 6 is very small, so that sin d(t) is 
approximated by o(t). 

(b) Assume that T is a constant torque. Find the transfer function @(s)/ 
A(s), where @(s) and A(s) are the Laplace transforms of @(t) and 6(t), 
respectively. Assume that d(t) is very small. 

(c) Repeat parts (a) and (b) with points C and P interchanged. The d_ in the 
expression of a, should be changed to d.. 


6-14. Figure 6P-14a shows the schematic diagram of a dc-motor control 
system for the control of a printwheel of a word processor. The load in this 
case is the printwheel, which is directly coupled to the motor shaft. The 


following parameters and variables are defined: K. is the error-detector gain 
(V/rad); K,, the torque constant (oz - in/A); K, the amplifier gain (V/V); K,, 
the back-emf constant (V/rad/s); n, the gear train ratio 0/0. = T/T; B , the 
motor viscous-friction coefficient (oz - in: s); J., the motor inertia (oz - in - 
Ss’); K, the torsional spring constant of the motor shaft (oz - in/rad); and J, the 


load inertia (oz - in - sec’). 
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Figure 6P-14 


(a) Write the cause-and-effect equations of the system. Rearrange these 
equations into the form of state equations with x =@,x,=0,x,=0,x,=@ 
and x, = 1. 

(b) Draw a state diagram using the nodes shown in Fig. 3P-38b. 

(c) Derive the forward-path transfer function (with the outer feedback path 
open): G(s) = © (s)/©@ (s). Find the closed-loop transfer function M(s) = © (s)/ 
© (s). 

(d) Repeat part (c) when the motor shaft is rigid, that is, K, = 9% Show that 
you can obtain the solutions by taking the limit as K, approaches infinity in 
the results in part (Cc). 


6-15. The schematic diagram of a voice-coil motor (VCM), used as a 
linear actuator in a disk memory-storage system, is shown in Fig. 6P-15a. 
The VCM consists of a cylindrical permanent magnet (PM) and a voice coil. 
When current is sent through the coil, the magnetic field of the PM interacts 


with the current-carrying conductor, causing the coil to move linearly. The 
voice coil of the VCM in Fig. 6P-15a consists of a primary coil and a 
shorted-turn coil. The latter is installed for the purpose of effectively reducing 
the electric constant of the device. Figure 6P-15b shows the equivalent circuit 
of the coils. The following parameters and variables are defined: e (t) is the 
applied coil voltage; i(t), the primary-coil current; i(f), the shorted-turn coil 
current; R , the primary-coil resistance; L., the primary-coil inductance; L , 
the mutual inductance between the primary and shorted-turn coils; v(t), the 
velocity of the voice coil; y(t), the displacement of the voice coil; f(t) = Kv(0), 
the force of the voice coil; K, the force constant; K,, the back-emf constant; 

e (t) = K,v(t), the back emf; M, the total mass of the voice coil and load; and 
B,, the total viscous-friction coefficient of the voice coil and load. 
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Figure 6P-15 


(a) Write the differential equations of the system. 

(b) Draw a block diagram of the system with E (s), I (s), I(s), V(s), and 
Y(s) as variables. 

(c) Derive the transfer function Y(s)/E (s). 


6-16. A dc-motor position-control system is shown in Fig. 6P-16a. The 
following parameters and variables are defined: e is the error voltage; e, the 
reference input; 0, the load position; K,, the amplifier gain; e, the motor 
input voltage; e,, the back emf; i, the motor current; T., the motor torque; J , 
the motor inertia = 0.03 oz: in: s’; B., the motor viscous-friction coefficient 
= 10 0z- in: s’; K, the torsional spring constant = 50,000 oz - in/rad; J, the 
load inertia = 0.05 oz - in: s’; K, the motor torque constant = 21 oz - in/A; K,, 
the back-emf constant = 15.5 V/1000 rpm; K,, the error-detector gain = E/27:; 
F,, the error-detector applied voltage = 27V; R.,, the motor resistance = 1.15 Q; 
and@.=e —-@. 
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Figure 6P-16 


(a) Write the state equations of the system using the following state 
variables: x = 6, x,=d0/dt=q@.,x,=0,, andx,=d@ /dt=o. 

(b) Draw a signal flow diagram using the nodes shown in Fig. 6P-16b. 

(c) Derive the forward-path transfer function G(s) = © (s)/©(s) when the 
outer feedback path from @ is opened. Find the poles of G(s). 

(d) Derive the closed-loop transfer function M(s) = © (s)/©(s). Find the 
poles of M(s) when K, = 1,2738, and 5476. Locate these poles in the s-plane, 
and comment on the significance of these values of K.. 


6-17. Figure 6P-17a shows the setup of the temperature control of an air- 


flow system. The hot-water reservoir supplies the water that flows into the 
heat exchanger for heating the air. The temperature sensor senses the air 
temperature T,, and sends it to be compared with the reference temperature T. 
The temperature error Tis sent to the controller, which has the transfer 
function G(s). The output of the controller, u(t), which is an electric signal, is 
converted to a pneumatic signal by a transducer. The output of the actuator 
controls the water-flow rate through the three-way valve. Figure 6P-17b 
shows the block diagram of the system. 
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Figure 6P-17 


The following parameters and variables are defined: dM_ is the flow rate of 
the heating fluid = ku, K, = 0.054 kg/s/V; T., the water temperature = K.dM ; 
K, = 65°C/kg/s; and T., the output air temperature. 


Heat-transfer equation between water and air: 


t—=1,.-Iy, t,=10's 


t.—*= 
» dt 


(a) Draw a functional block diagram that includes all the transfer functions 
of the system. 


(b) Derive the transfer function T,.(s)/T_, when G(s) = 1. 


6-18. The objective of this problem is to develop a linear analytical model 
of the automobile engine for idle-speed control system shown in Fig. 1-2. 
The input of the system is the throttle position that controls the rate of air 
flow into the manifold (see Fig. 6P-18). Engine torque is developed from the 
buildup of manifold pressure due to air intake and the intake of the air/gas 
mixture into the cylinder. The engine variations are as follows: 
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Figure 6P-18 


q(t) = amount of air flow across throttle into manifold 
dq(t)/dt = rate of air flow across throttle into manifold 
q,(t) = average air mass in manifold 


q(t) = amount of air leaving intake manifold through intake valves 

dq (t)/dt = rate of air leaving intake manifold through intake valves 

T(t) = engine torque 

T, = disturbance torque due to application of auto accessories = constant 
@(t) = engine speed 

a(t) = throttle position 

T, = time delay in engine 

J = inertia of engine 


The following assumptions and mathematical relations between the engine 
variables are given: 


1. The rate of air flow into the manifold is linearly dependent on the 
throttle position: 


dq.(t 
woe = K a(t) K, = proportional constant 


2. The rate of air flow leaving the manifold depends linearly on the air 
mass in the manifold and the engine speed: 


dq, (t) 


‘ = K, q,,(t)+ K,@(t) K,, K, =constants 


3. A pure time delay of T, seconds exists between the change in the 
manifold air mass and the engine torque: 
T(t)=K,q,(t-T,) K,=constant 


4. The engine drag is modeled by a viscous-friction torque Bw(t), where 
B is the viscous-friction coefficient. 


5. The average air mass q (t) is determined from 


dq,(t) dq,(t 
(PAO) 


6. The equation describing the mechanical components is 


7(t)= JOO + Beo(t)+T, 


(a) Draw a functional block diagram of the system with a(t) as the input, 
w(t) as the output, and Tas the disturbance input. Show the transfer function 
of each block. 

(b) Find the transfer function Q(s)/a(s) of the system. 

(c) Find the characteristic equation and show that it is not rational with 
constant coefficients. 

(d) Approximate the engine time delay by 


a l—%,, diz 


e = 
l+4,;5f2 


and repeat parts (b) and (c). 


6-19. Phase-locked loops are control systems used for precision motor- 
speed control. The basic elements of a phase-locked loop system 
incorporating a dc motor is shown in Fig. 6P-19a. An input pulse train 
represents the reference frequency or desired output speed. The digital 
encoder produces digital pulses that represent motor speed. ‘The phase 
detector compares the motor speed and the reference frequency and sends an 
error voltage to the filter (controller) that governs the dynamic response of 
the system. Phase detector gain = K,, encoder gain = K,, counter gain = 1/N, 
and dc-motor torque constant = K. Assume zero inductance and zero friction 
for the motor. 


de motor 





Figure 6P-19 


(a) Derive the transfer function E (s)/E(s) of the filter shown in Fig. 6P- 
19b. Assume that the filter sees infinite impedance at the output and zero 
impedance at the input. 

(b) Draw a functional block diagram of the system with gains or transfer 
functions in the blocks. 

(c) Derive the forward-path transfer function Q (s)/E(s) when the feedback 
path is open. 

(d) Find the closed-loop transfer function Q (s)/F (s). 

(e) Repeat parts (a), (c), and (d) for the filter shown in Fig. 6P-19(c). 

(f) The digital encoder has an output of 36 pulses per revolution. The 
reference frequency f is fixed at 120 pulse/s. Find K, in pulse/rad. The idea of 
using the counter N is that with f fixed, various desired output speeds can be 
attained by changing the value of N. Find N if the desired output speed is 200 
rpm. Find N if the desired output speed is 1800 rpm. 


6-20. The linearized model of a robot arm system driven by a dc motor is 


shown in Fig. 6P-20. The system parameters and variables are given as 
follows: 
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Figure 6P-20 

DC Motor Robot Arm 
T= motor torque = Ki, J, = inertia of arm 
K.= torque constant L = disturbance torque on arm 
j =armature current of motor @, = arm displacement 
J =motor inertia K =torsional spring constant 
B = motor viscous-friction coefficient 9 = motor-shaft displacement 


B=viscous-friction coefficient of shaft between 
the motor and arm 


B= viscous-friction coefficient of the robot arm shaft 


(a) Write the differential equations of the system with i (t) and T(t) as 
input and @ (t) and @ (t) as outputs. 


(b) Draw an SFG using I (s), T.(s), © (Ss) as node variables. 
(c) Express the transfer-function relations as 


I (s) 
= co) _T (s) | 
Find G(s). 


6-21. The following differential equations describe the motion of an 
electric train in a traction system: 


© (s) 


m 


©, (s) 








dx(t) _ 








Fy v(t) 
dv(t) - 
_ k(v)— g(x)+ f(t) 


where 

x(t) = linear displacement of train 

v(t) = linear velocity of train 

k(v) = resistance force on train [odd function of v, with the properties: k(0) 
= 0 and dk(v)/dv = 0 

g(x) = gravitational force for a nonlevel track or due to curvature of track 

{(t) = tractive force 


The electric motor that provides the tractive force is described by the 
following equations: 


e(t)=K,0(t)v(t)+ R.i, (t) 
F(t)=K,O(t)i, (t) 


where e(t) is the applied voltage; 1,(t), the armature current; i(t), the field 
current; R_, the armature resistance; @(t), the magnetic flux from a separately 
excited field = Ki(t); and K, the force constant. 


(a) Consider that the motor is a dc series motor with the armature and field 


windings connected in series, so that i,(t) = i(t), g(x) = 0, k(v) = Bv(t), and R, 
= 0. Show that the system is described by the following nonlinear state 
equations: 








dx(t) _ 

dt = v(t) 

dv(t) _ 
> BOK (t) 


(b) Consider that for the conditions stated in part (a), i (t) is the input of 
the system [instead of e(t)]. Derive the state equations of the system. 


(c) Consider the same conditions as in part (a) but with @(t) as the input. 
Derive the state equations. 


6-22. Figure 6P-22a shows a well-known “broom-balancing” system. The 
objective of the control system is to maintain the broom in the upright 
position by means of the force u(t) applied to the car as shown. In practical 
applications, the system is analogous to a one-dimensional control problem of 
balancing a unicycle or a missile immediately after launching. The free-body 
diagram of the system is shown in Fig. 6P-22b, where 





Figure 6P-22 


f. = force at broom base in horizontal direction 

f, = force at broom base in vertical direction 

M, = mass of broom 

g = gravitational acceleration 

M _= mass of car 

J, = moment of inertia of broom about center of gravity CG = M L7/3 

(a) Write the force equations in the x and the y directions at the pivot point 


of the broom. Write the torque equation about the center of gravity CG of the 
broom. Write the force equation of the car in the horizontal direction. 

(b) Express the equations obtained in part (a) as state equations by 
assigning the state variables as x, = 0, x, = d@/dt, x, = x, and x, = dx/dt. 
Simplify these equations for small 8 by making the approximations sin@ = 0 
and cos@ = 1. 

(c) Obtain a small-signal linearized state-equation model for the system in 
the form of 


dAx(t) _ 


A *Ax(t)+B*Ar(f) 
dt 


at the equilibrium point x, (t) = 1, x,(0) = 0, x,.(0) = 0, and x,,(t) = 0. 

6-23. Figure 6P-23 shows the schematic diagram of a ball-suspension 
control system. The steel ball is suspended in the air by the electromagnetic 
force generated by the electromagnet. The objective of the control is to keep 
the metal ball suspended at the nominal equilibrium position by controlling 
the current in the magnet with the voltage e(t). The practical application of 
this system is the magnetic levitation of trains or magnetic bearings in high- 
precision control systems. 
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Figure 6P-23 


The resistance of the coil is R, and the inductance is L(y) = L/y(t), where L 
is a constant. The applied voltage e(t) is a constant with amplitude E. 

(a) Let E, be a nominal value of E. Find the nominal values of y(t) and 
dy(t)/dt at equilibrium. 

(b) Define the state variables at x (t) = i(t), x,(t) = y(t), and x,(t) = dy(t)/dt. 
Find the nonlinear state equations in the form of 


dx(t) 


= fie, 
40% 


(c) Linearize the state equations about the equilibrium point and express 
the linearized state equations as 


GEaN) _ iw Nett) + Ra date) 


The force generated by the electromagnet is Ki’(t)/y(t), where K is a 
proportional constant, and the gravitational force on the steel ball is Mg. 


6-24. Figure 6P-24aq shows the schematic diagram of a ball-suspension 
system. The steel ball is suspended in the air by the electromagnetic force 
generated by the electromagnet. The objective of the control is to keep the 
metal ball suspended at the nominal position by controlling the current in the 
electromagnet. When the system is at the stable equilibrium point, any small 
perturbation of the ball position from its floating equilibrium position will 
cause the control to return the ball to the equilibrium position. The free-body 
diagram of the system is shown in Fig. 6P-24b, where 
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Figure 6P-24 


M_ = mass of electromagnet = 2.0 

M, = mass of steel ball = 1.0 

B = viscous-friction coefficient of air = 0.1 

K = proportional constant of electromagnet = 1.0 

g = gravitational acceleration = 32.2 

Assume all units are consistent. Let the stable equilibrium values of the 
variable, i(t), y(t), and y(t) be I, Y, and Y,, respectively. The state variables 
are defined as x (t) = y(t), x,(0) = dy (0)/dt, x(t) = y,(t), and x(t) = dy,(0)/dt. 

(a) Given Y = 1, find J and Y.. 

(b) Write the nonlinear state equations of the system in the form of 
dx(t)/dt = f(x, i). 


(c) Find the state equations of the linearized system about the equilibrium 
state I, Y, and Y, in the form: 


dx(t) 
dt 





= A * Ax(t)+ B* Ai(t) 


6-25. The schematic diagram of a steel-rolling process is shown in Fig. 
6P-25. The steel plate is fed through the rollers at a constant speed of V ft/s. 
The distance between the rollers and the point where the thickness is 
measured is d ft. The rotary displacement of the motor, 0 (t), is converted to 
the linear displacement y(t) by the gear box and linear-actuator combination 
y(t) = nO (t), where n is a positive constant in ft/rad. The equivalent inertia of 
the load that is reflected to the motor shaft is J. 





Figure 6P-25 


(a) Draw a functional block diagram for the system. 
(b) Derive the forward-path transfer function Y(s)/E(s) and the closed-loop 
transfer function Y(s)/R(s). 


‘It is important to note that the measured values provided here may vary from motor to motor, and 
you are best to conduct your own experiments to determine your system’s parameter values. 

“It is important to note that the measured values provided here may vary from motor to motor, and 
you are best to conduct your own experiments to determine your system’s parameter values. 





Time-Domain Performance of 
Control Systems 


In this chapter, building upon the background material discussed in Chaps. 
1 to 3, we arrive at the time response of simple control systems. In order to 
find the time response of a control system, we first need to model the overall 
system dynamics and find a mathematical model that sufficiently represents 
the system. In many practical instances, the system is nonlinear and has to be 
linearized. The system could be composed of mechanical, electrical, or other 
subsystems. Each subsystem may have sensors and actuators to sense the 
environment and to interact with it. Next, using Laplace transforms, we can 
find the transfer function of all the subcomponents and use the block diagram 
approach or signal flow diagrams, to find the interactions among the system 
components. Finally, we can find the overall transfer function of the system 
and, using inverse Laplace transforms, obtain the time response of the system 
to a test input—normally a step input. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 
1. Analyze transient and steady-state time response of a simple control 
system. 
2. Develop simple design criteria for manipulating the time response. 
3. Determine speed and position time response of dc motors. 
4. Apply basic control techniques and look at the effects of adding a 
simple gain or poles and zeros to the system transfer function. 
5. Use MATLAB to study the time response of simple control system. 


In this chapter, we look at more details of the time-response analysis, 
discuss transient and steady-state time response of simple control systems, 


and develop design criteria for manipulating the time response. In the end, we 
introduce basic control techniques and look at the effects of adding a simple 
gain or poles and zeros to the system transfer function. We also introduce 
simple examples of proportional, derivative, and integral controller design 
concepts in time domain. The controller design at this level is purely 
introductory and relies on observation of the time response. 


Throughout the chapter various examples involving the speed and position 
control of a dc motor provide practical relevance of the subjects discussed 
here. Finally a case study is provided at the end of the chapter that looks at a 
practical example involving position control of a dc motor and the issues 
surrounding the simplification of dc motor model from a third-order system 
to a second order. MATLAB toolboxes have been used throughout the 
chapter to facilitate analysis and interpretation of various concepts discussed. 

Finally, most undergraduate control courses have labs dealing with time 
response and control of dc motors—namely, speed response, speed control, 
position response, and position control. In many cases, because of high cost 
of control lab equipment, student exposure to test equipment is limited, and 
as aresult, many students do not gain a practical insight into the subject. In 
this textbook, recognizing these limitations, we introduce the concept of 
Control Lab, which includes two classes of experiments: SIMLab (model- 
based simulation) and LEGOLab (physical experiments). These 
experiments are intended to supplement, or replace, the experimental 
exposure of the students in a traditional undergraduate control course. 


After completing this chapter, the reader is encouraged to refer to App. A 
to experience practical aspects of designing a control system, using 
LEGOLab. 


7-1 TIME RESPONSE OF CONTINUOUS- 
DATA SYSTEMS: INTRODUCTION 


Because time is used as an independent variable in most control systems, it 
is usually of interest to evaluate the state and output responses with respect to 
time or, simply, the time response. In the analysis problem, a reference 
(test) input signal is applied to a system, and the performance of the system 
is evaluated by studying the system response in the time domain. For 
instance, if the objective of the control system is to have the output variable 


track the input signal, starting at some initial time and initial condition, it is 
necessary to compare the input and output responses as functions of time. 
Therefore, in most control-system problems, the final evaluation of the 
performance of the system is based on the time responses. 


In most control-system problems, the final evaluation of the 
performance of the system is based on the time responses. 


The time response of a control system is usually divided into two 
parts: the transient response and the steady-state response. 


In stable control systems, transient response is defined as the part of 
the time response that goes to zero as time becomes very large. 

The steady-state response is simply the part of the total response that 
remains after the transient has died out. 


As discussed in earlier chapters, the time response of a control system is 
usually divided into two parts: the transient response and the steady-state 
response. Let y(t) denote the time response of a continuous-data system; then, 
in general, it can be written as 


y(t)=y,(t)+ y, (6) (7-1) 


where y(t) denotes the transient response and y (ft) denotes the steady-state 
response. 

In stable control systems, transient response is defined as the part of the 
time response that goes to zero as time becomes very large. Thus, y(t) has the 


property 


lim y, (tf) =0 (7-2) 


[—>oo 


The steady-state response is simply the part of the total response that 
remains after the transient has died out. Thus, the steady-state response can 
still vary in a fixed pattern, such as a sine wave, or a ramp function that 
increases with time. 


All real, stable control systems exhibit transient phenomena to some extent 
before the steady state is reached. Because inertia, mass, and inductance are 
unavoidable in physical systems, the response of a typical control system 
cannot follow sudden changes in the input instantaneously, and transients are 
usually observed. Therefore, the control of the transient response is 
necessarily important because it is a significant part of the dynamic behavior 
of the system, and the deviation between the output response and the input or 
the desired response, before the steady state is reached, must be closely 
controlled. 


The study of a stable control system in the time domain essentially 
involves the evaluation of the transient and the steady-state responses of 
the system. 


The steady-state response of a control system is also very important 
because it indicates where the system output ends up when time becomes 
large. For a position-control system, the steady-state response when 
compared with the desired reference position gives an indication of the final 
accuracy of the system. In general, if the steady-state response of the output 
does not agree with the desired reference exactly, the system is said to have a 
steady-state error. 

The study of a stable control system in the time domain essentially involves 
the evaluation of the transient and the steady-state responses of the system. In 
the design problem, specifications are usually given in terms of the transient 
and the steady-state performances, and controllers are designed so that the 
specifications are all met by the designed system. 


7-2 TYPICAL TEST SIGNALS TO EVALUATE 
TIME-RESPONSE PERFORMANCE OF 
CONTROL SYSTEMS 


Unlike electric networks and communication systems, the inputs to most 
practical control systems are not exactly known ahead of time. In many cases, 
the actual inputs of a control system may vary in random fashion with respect 


to time. For instance, in a radar-tracking system for antiaircraft missiles, the 
position and speed of the target to be tracked may vary in an unpredictable 
manner, so that they cannot be predetermined. This poses a problem for the 
designer because it is difficult to design a control system so that it will 
perform satisfactorily to all possible forms of input signals. For the purpose 
of analysis and design, it is necessary to assume some basic types of test 
inputs so that the performance of a system can be evaluated. By selecting 
these basic test signals properly, not only is the mathematical treatment of the 
problem systematized but also the response due to these inputs allows the 
prediction of the system’s performance to other more complex inputs. In the 
design problem, performance criteria may be specified with respect to these 
test signals so that the system may be designed to meet the criteria. This 
approach is particularly useful for linear systems, since the response to 
complex signals can be determined by superposing those due to simple test 
signals. 


As later discussed in Chap. 10, the response of a linear time-invariant 
system may also be analyzed in the frequency domain by using a test 
Sinusoidal input. When the input frequency is swept from zero to beyond the 
significant range of the system characteristics, curves in terms of the 
amplitude ratio and phase between the input and the output are drawn as 
functions of frequency. In that case, it is possible to predict the time-domain 
behavior of the system from its frequency-domain characteristics. 

To facilitate the time-domain analysis, the following deterministic test 
signals are used. 


The step function is very useful as a test signal because its initial 
instantaneous jump in amplitude reveals a great deal about a system’s 
quickness in responding to inputs with abrupt changes. 


Step-Function Input 


The step-function is the most important and widely used input, and it 
represents an instantaneous change in the reference input. For example, if the 
input is an angular position of a motor shaft, a step input represents the 
sudden rotation of the shaft. The mathematical representation of a step 


function or magnitude R is 


r(t)=R t20 
=0 t<0 (7-3) 


where R is a real constant. Or 


r(t) = Ru.(t) (7-4) 


where us(t) is the unit-step function. The step function as a function of 
time is shown in Fig. 7-1a. The step function is very useful as a test signal 
because its initial instantaneous jump in amplitude reveals a great deal about 
a system’s quickness in responding to inputs with abrupt changes. Also, 
because the step function contains, in principle, a wide band of frequencies in 
its spectrum, as a result of the jump discontinuity, it is equivalent to the 
application of numerous sinusoidal signals with a wide range of frequencies. 
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Figure 7-1 Basic time-domain test signals for control systems. (a) Step 
function. (b) Ramp function. (c) Parabolic function. 


Ramp-Function Input 


The ramp function is a signal that changes constantly with time. 
Mathematically, a ramp function is represented by 


r(t) = Rtu,(t) (7-5) 


where R is a real constant. The ramp function is shown in Fig. 7-1). If the 


input variable represents the angular displacement of a motor shaft, the ramp 
input denotes the constant-speed rotation of the shaft. The ramp function has 
the ability to test how the system would respond to a signal that changes 
linearly with time. 


Parabolic-Function Input 


The parabolic function represents a signal that is one order faster than the 
ramp function. Mathematically, it is represented as 


rt}= RE uo (7-6) 


where R is a real constant and the factor % is added for mathematical 
convenience because the Laplace transform of r (t) is simply R/s’. The 
graphical representation of the parabolic function is shown in Fig. 7-1c. 

These signals all have the common feature that they are simple to describe 
mathematically. From the step function to the parabolic function, the signals 
become progressively faster with respect to time. In theory, we can define 
signals with still higher rates, such as t, which is called the jerk function, and 
so forth. However, in reality, we seldom find it necessary or feasible to use a 
test signal faster than a parabolic function. 


7-3 THE UNIT-STEP RESPONSE AND TIME- 
DOMAIN SPECIFICATIONS 


As defined earlier, the transient portion of the time response is the part that 
goes to zero as time becomes large. Nevertheless, the transient response of a 
control system is necessarily important because both the amplitude and the 
time duration of the transient response must be kept within tolerable or 
prescribed limits. For example, in the automobile idle-speed control system 
described in Chap. 1, in addition to striving for a desirable idle speed in the 
Steady state, the transient drop in engine speed must not be excessive, and the 
recovery in speed should be made as quickly as possible. For linear control 
systems, the characterization of the transient response is often done by use of 
the unit-step function us(t) as the input. The response of a control system 
when the input is a unit-step function is called the unit-step response. Figure 


7-2 illustrates a typical unit-step response of a linear control system. With 
reference to the unit-step response, performance criteria commonly used for 
the characterization of linear control systems in the time domain are defined 
as follows: 
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Figure 7-2 Typical unit-step response of a control system illustrating the 
time-domain specifications. 


1. Maximum overshoot. Let y(t) be the unit-step response. Let y 
denote the maximum value of y(t); y., the steady-state value of y(t); and 
y. >y.. The maximum overshoot of y(t) is defined as 


Maximum overshoot = y,... — y,, (7-7) 


For linear control systems, the characterization of the transient 
response is often done by use of the unit-step function u(t) as the input. 


The maximum overshoot is often represented as a percentage of the 
final value of the step response; that is, 


. Maximum overshoot 
Percent maximum overshoot = ————————————_ 100% (7-8) 


ss 


The maximum overshoot is often used to measure the relative stability 
of a control system. A system with a large overshoot is usually 
undesirable. For design purposes, the maximum overshoot is often given 
as a time-domain specification. The unit-step illustrated in Fig. 7-2 
shows that the maximum overshoot occurs at the first overshoot. For 
some systems, the maximum overshoot may occur at a later peak, and, if 
the system transfer function has an odd number of zeros in the right-half 
s-plane, a negative undershoot may even occur*® —see Secs. 7-9-3 and 
7-9-4. 


2. Delay time. The delay time t, is defined as the time required for the 
step response to reach 50 percent of its final value. This is shown in Fig. 
pi 

3. Rise time. The rise time t is defined as the time required for the 
step response to rise from 10 to 90 percent of its final value, as shown in 
Fig. 7-2. An alternative measure is to represent the rise time as the 
reciprocal of the slope of the step response at the instant that the 
response is equal to 50 percent of its final value. 

4. Settling time. The settling time t is defined as the time required for 
the step response to decrease and stay within a specified percentage of 
its final value. A frequently used figure is 5 percent. 

5. Steady-state error. The steady-state error of a system response is 
defined as the discrepancy between the output and the reference input 
when the steady state (t = 0%) is reached. 


The first four quantities, just defined, give a direct measure of the transient 


characteristics of a control system in terms of the unit-step response. These 
time-domain specifications are relatively easy to measure when the step 
response is well defined, as shown in Fig. 7-2. Analytically, these quantities 
are difficult to establish, except for simple systems lower than the third order. 

It should be pointed out that the steady-state error may be defined for any 
test signal such as a step function, ramp function, parabolic function, or even 
a sinusoidal input, although Fig. 7-2 only shows the error for a step input. 


7-4 TIME RESPONSE OF A PROTOTYPE 
FIRST-ORDER SYSTEM 


Recalling the prototype first-order system that was discussed in Chap. 3: 


WO 1 vga de (7-9) 
dt T T 


Time constant is a measure of how fast the system responds to an 
input. 


where T is known as the time constant of the system, which is a measure 
of how fast the system responds to initial conditions or external excitations. 
For a test unit-step input 


0, t<Q, 


7-10 
l, t20 | 


Haul} 


If y(0) = i = 


0, Ly(t))=U(s)=—and L(y(t)) =¥(s), 


then 


Y(s) _ 1/T 


U(s) stl/Tt lala 


where s = —1/T is the single pole of the transfer function. Using inverse 
Laplace transform, the time response of Eq. (7-9) is 


y(t)=1-e"" (7-12) 


where t = T is the time for y(t) to reach 63 percent of its final value of 
lim y(t) =1 
t— yoo . 


See MATLAB Toolbox 3-4-1. 


© 





Using MATLAB Toolbox 3-4-1, we can obtain the time response shown in 
Eg. (7-12). Figure 7-3 shows typical unit-step responses of y(t) for a two 
arbitrary values of t. As the value of time constant Tt decreases, the system 
response becomes faster. Notice from Fig. 7-3, that with the increase in the 
time constant, the pole s = —1/t moves further to the left in the s-plane. 
Finally, for any positive t values, the pole will always stay in the left-half s- 
plane, as shown in Fig. 7-4, and the system is always stable. 





‘ t 
Figure 7-3 Unit-step response of a prototype first-order system. 
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Figure 7-4 Pole position of the transfer function, in Eq. (7-12), of a 
prototype first-order system as the system time constant decreases. 


EXAMPLE 7-4-1 For the dc motor in Sec. 7-4-1, as shown in Fig. 7-5, 
examine the effect of increased damping applied 
through a magnetic brake on the speed response. Note 
in this case, the magnetic brake may also be 
considered as an external load. But for simplicity, we 
consider it to strictly change the damping of the 
system. 





Figure 7-5 An armature-controlled dc motor. 


Speed Response of a DC Motor 

As discussed in Sec. 7-4-1, the ratio L /R,, the motor 
electric-time constant denoted by Tt, is very small and 
may be neglected, resulting in the simplified block 
diagram of the system, as shown in Fig. 7-6. 


Q2,,(5) 





Figure 7-6 Simplified block diagram of a dc motor for speed response 
assuming a negligible electric time constant. 


Thus, the speed of the motor shaft in Laplace domain 
is modeled as 


K. 


l 


- Rn (7-13) 
Q2,(s) “KK, +RB, 


RJ in 





Or 


0,,(8) = R(s) (7-14) 


where K,, = K/(R,B, + KK,) is the motor gain constant, 
andt =RJ/(RB_ + KK,) is the motor mechanical time 
constant. 

To find the response w (t), for a unit step input voltage 
such that r(t) or R(s)=1/s, 


AK, tie 
,, (t) = (1- e€ . = ) (7-15) 
K.K,+R.B 


asm 


In this case, the motor mechanical time constant T_ is 
reflective of how fast the motor is capable of overcoming 
its own inertia J to reach a steady state or constant speed 
dictated by voltage R(s). As T increases, the approach to 
steady state takes longer. See Fig. 7-34 for the typical 
time response associated with Eq. (7-50). From Eq. (7- 
15), the speed final value is 


K, 
o ,, = lim@(t) =———— (7-16) 
BT poe K,K,+R,B 


a sm 


Let’s select a dc motor with given parameters: 


Armature resistance of motor R =5.0Q 


Armature inductance of motor L =0.003 H 

Torque constant of motor K.=9.002-in/A (0.0636 N-m/A) 
Back-emf constant of motor K, = 0.0636 Virad/s 

Inertia of motor rotor J =0,0001 oz-in-s’ 


(7.0616x10° N-m-s") 


Viscous-friction coefficient of motor without the B <Oiisoxines 


magnetic brake re 
(3.530810 °N-m-s) 


Application of a magnetic brake increases the viscous 
damping in the system. Using Toolbox 7-4-1 (in Chap. 
6), we now examine the damping effect on the speed 
response of the motor. Table 7-1 illustrates the motor 
mechanical time constant T, and final value w, for three 
damping values in response to a unit step input. The 
three-speed responses are shown in Fig. 7-7. As shown 
with higher damping, the motor response is faster, while 
the final value decreases. This obviously meets the 
common sense notion that by using the brake the final 
speed of the motor drops. 


= 9.005 oz-in.-sec 
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Figure 7-7 Speed response of dc motor in Example 7-4-1 to a unit step 
input. (a) Solid line represents no magnetic brake B_ = 0.005 oz:in:s. (b) 
Dashed line represents the effect of a magnetic brake when B_ = 0.05 oz:in:s. 
(c) Dot-dashed line represent the response to a more dominant damping B= 
0.5 Oz-in's. 


TABLE 7-1 Motor Mechanical Time Constant and Final Speed for 
Three Different Damping Values 


Viscous Damping B Mechanical Time Constant T_ Speed Final Value @, 
No magnetic brake T, =8,3696X107 s @,, = 15.0653 rad/s 
B_ =0.005 oz-in-s : 

B,, = 0.05 02: ins T, =6.0798X10" s 0, = 10.9436 rad/s 
B =0.50z-ins T, =1.6274X10" s @ ,, = 2.9293 rad/s 


Toolbox 7-4-1 


Speed response of Example 7-4-1 using MATLAB. 


clear all 
ra=5.0;ki=9.0;kb=0.0636;jm=0.0001;bm=0.005; tenter system parameters 
num = [ki/(ra*jm)]; %transfer function numerator 


den = [1 (ki*kb+ra*bm) /(ra*jm)];%transfer function denominator 
step (num,den)%apply a unit step input 
hold on; 

bm=0.05;schange damping value 

num = [ki/(ra*jm)]; 

den = [1 (ki*kbtra*bm) /(ra*jm)]; 

step (num, den) 

bm=0.5; schange damping value 

num = [ki/(ra*jm)]; 

den = [1 (ki*kbtra*bm) /(ra*jm)] ; 

step (num, den) 

xlabel (‘Time’) 

ylabel (‘Angular Speed (rad/s)') 


7-9 TRANSIENT RESPONSE OF A 
PROTOTYPE SECOND-ORDER SYSTEM 


Although true second-order control systems are rare in practice, their 
analysis generally helps to form a basis for the understanding of analysis and 
design of higher-order systems, especially the ones that can be approximated 
by second-order systems. 

Consider that a second-order control system with unity feedback is 
represented by the block diagram shown in Fig. 7-8. The open-loop transfer 
function of the system is 


r(t) i 
————> ee 
K(s) s(s + 2Cw,,) 





Figure 7-8 Prototype second-order control system. 


_Y(s)__@, 7-17 
Gy = E(s) s(s+2¢@,) | : 


where ¢ and w_are real constants. The closed-loop transfer function of the 


system 1s 


Y(s) _ wo: (7-18) 
R(s) s°+26@,s+@-* 


As earlier discussed in Chaps. 2 and 3, the system in Fig. 7-8 with the 
closed-loop transfer function given by Eg. (7-18) is defined as the prototype 


second-order system. 


7-5-1 Damping Ratio and Natural Frequency 


The characteristic equation of the prototype second-order system is 
obtained by setting the denominator of Eq. (7-18) to zero: 


A(s)=s* +26@,s+@* =0 (7-19) 


The two roots of Eg. (7-19) are the poles of the transfer function in Eq. (7- 
18), and can be expressed as 


S195, = —Co,, + jQ, 1-6? 
=-—oO0+ jo (7-20) 
where 
0 =CM (7-21) 


and 


o=0,J1-C (7-22) 


Figure 7-9 illustrates the relationships among the location of the 
characteristic equation roots and 0, ¢, @ , and w, when 0 < ¢ < 1. For the 
complex-conjugate roots shown, 


s-plane 
¥----- . 


q— o= CO, 0 0 


Root 


Figure 7-9 Relationship’s among the characteristic-equation roots of the 
prototype second-order system and o, ¢, @ , and o. 


° q_ is the radial distance from the roots to the origin of the s-plane. 

° ois the real part of the roots. 

° q@ is the imaginary part of the roots. 

° Cis the cosine of the angle between the radial line to the roots and the 
negative axis when the roots are in the left-half s-plane, or ¢ = cos@ 


The physical significance of ¢ and o, in Eq. (7-21), is now investigated. As 


seen from Chap. 3, the damping constant o appears as the constant that is 
multiplied to t in the exponential term of y(t). Therefore, o controls the rate of 
rise or decay of the unit-step response y(t). In other words, o controls the 
“damping” of the system. The inverse of o, 1/o, is proportional to the time 
constant of the system. 


Damping ratio ¢ has a direct impact on the overshoot, while natural 
frequency @. has a direct effect on the rise time, delay time, and settling 
time. 


When the two roots of the characteristic equation are real and equal, we 
called the system critically damped. From Eq. (7-20), we see that critical 
damping occurs when ¢ = 1. Under this condition, the damping factor is 
simply 0 = m.. Thus, we can regard ¢ as the damping ratio (unitless); that is, 


Actual damping factor 


¢ =cos0 = Damping ratio = as (7-23) 
0, 


Damping factor at critical damping 


The parameter w_ is defined as the natural frequency. As seen from Eg. 
(7-20), when ¢ = 0, the damping is zero, the roots of the characteristic 
equation are imaginary, and Eq. (7-27) in Table 7-2 shows that the unit-step 
response is purely sinusoidal. Therefore, j, corresponds to the frequency of 
the undamped sinusoidal response. Equation (7-20) shows that, when 0 < ¢ < 
1, the imaginary part of the roots has the magnitude of m . When ¢ ~ 0, the 
response of y(t) is not a periodic function, and w defined in Eq. (7-22) is not a 
frequency. However, for the purpose of reference, @ in Eg. (7-22) is 
sometimes defined as the conditional frequency, or the damped frequency. 

The unit step response classification, for the system represented by transfer 
function in Eg. (7-18), with respect to the damping ratio ¢ is made in Table 7- 
2. Figure 7-10 illustrates typical unit-step responses that correspond to the 
various root locations. 


TABLE 7-2 Classification of Prototype Second-Order System Based 
on Damping Ratio 


0<¢<1 > ao tl ma Underdamped 


y(t}=1--—=sin| (0, f1-C? |r +008] (7-24) 
allo rE oes’ 
c= $8, =-O Critically damped 


y(t)=l-e"-te" ~— (7-25) 


Cl ss, =-o to, Jf?-1 Overdamped 
MS (cosh (a, =i) t+ Csinh(o, /f*-1)t} 26 
= 
¢=0 $,,5, =+jO, Undamped 
y(t)=1-cos@, t (7-27) 
C<0 Negatively damped 


5) Ss =-0, t JO, 1-¢° (7-28) 
(unstable response) 


y@) 





J@ y(t) 


s-plane 





Figure 7-10 Step-response comparison for various characteristic equation 
root locations in the s-plane. 


In most control applications, when the system is stable, the transient 
response corresponding to ¢ > 0 are of great interest. Figure 7-11 shows the 
unit-step responses of Eqs. (7-24) through (7-26) plotted as functions of the 
normalized time q@ t for various values of ¢. As seen, the response becomes 
more oscillatory with larger overshoot as ¢ decreases. When ¢ > 1, the step 
response does not exhibit any overshoot; that is, y(t) never exceeds its final 
value during the transient. The responses also show that @. has a direct effect 
on the rise time, delay time, and settling time but does not affect the 
overshoot. 
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Figure 7-11 Unit-step responses of the prototype second-order system 
with various damping ratios. 


As mentioned earlier, overshoot, rise time, delay time and settling time are 
quantities that define transient response performance of a control system, 
and will be studied in more detail in the following sections. 

Finally, it is important to establish a relation between the system pole 
locations and the time response of the system. Figure 7-12 shows in the s- 
plane (a) the constant-@_ loci, (b) the constant-¢ loci, (c) the constant-o loci, 
and (d) the constant-@ loci. Regions in the s-plane are identified with the 
system damping as follows: 





13 z On9 ? OO) 


J@ 


Positive 
damping 


s-plane 


Negative 
damping 





Positive 
damping 


Negative 
damping 


Cy > 


a 


Positive 


damping 0, 


G 


s-plane 


Negative 
| damping 
0, ping 





Positive 
damping 


7 7 0 G 


Negative 
damping 


J® 


s-plane 








(d) 


Figure 7-12 (a) Constant-natural frequency loci. (b) Constant-damping- 
ratio loci. (c) Constant-damping-factor loci. (d) Constant-conditional- 


frequency loci. 


° The left-half s-plane corresponds to positive damping; that is, the 


damping factor or damping ratio is positive. Positive damping causes the 
unit-step response to settle to a constant final value in the steady state 
due to the negative exponent of exp(—¢Cw t). The system is stable. 


° The right-half s-plane corresponds to negative damping. Negative 
damping gives a response that grows in magnitude without bound, and 
the system is unstable. 


¢ The imaginary axis corresponds to zero damping (o = 0 or ¢ = 0). 
Zero damping results in a sustained oscillation response, and the 
system is marginally stable or marginally unstable. 


Thus, we have demonstrated with the help of the simple prototype second- 
order system that the location of the characteristic equation roots plays an 
important role in the transient response of the system. 


7-5-2 Maximum Overshoot (0 < ¢ < 1) 


Maximum overshoot is one of the most important transient response 
performance criteria for a control system. For example, in a pick and place 
robot arm, overshoot represents how far the robot end effector moves away 
from the final drop-off destination. Generally, the transient response of a 
prototype second-order system with overshoot is oscillatory (i.e., 0 < ¢ < 1)— 
in special circumstances the zeros of a transfer function may also cause 
overshoot without oscillations (see Sec. 7-10). 


When 0 < ¢ < 1 (underdamped response), for a unit-step function input, 
R(s) = 1/s, the output response of the system is obtained by taking the inverse 
Laplace transform of the output transform: 


a 
Y (s) =———_— (7-29) 
s(s°+26@,s+@* ) 


In most cases, step input transient response of a prototype second- 
order system with overshoot is oscillatory (i.e., 0 < ¢< 1). 


A critically damped or overdamped transfer function with a zero, in 
special circumstances, may exhibit overshoot without oscillations—see 
sec. 7-7. 


This can be done by referring to the Laplace transform table in App. D. 
The result is 


—Co,f 


=Total nf CH —o06*) t20 (7-30) 


The exact relation between the damping ratio and the amount of overshoot 
can be obtained by taking the derivative of Eg. (7-30) with respect to t and 
setting the result to zero. Thus, 


dy(t) — we °° 


r —fecgrtSsin(aa+0)—V1-F?cos(on +6) t>0 (7-31) 


where @ and @ are defined in Eqs. (7-22) and (7-23), respectively. From 
Fig. 7-9 it is easy to see 


¢ =cosO (7-32) 


1-C€* =sin0 (7-33) 
Hence, can show that the quantity inside the square bracket in Eq. (7-31) 
can be reduced to sin wt. Thus, Eq. (7-31) is simplified to 


ay) __@, 


_ eS" sinw, 1-C*t t2=0 (7-34) 
dt 1-¢” 





Setting dy(t)/dt to zero, we have the solutions: t = co and 


oJ1-Ct=na n=0,1,2.... (7-35) 


from which we get 


nT 
{ =—__———__ n=0,l,2.,... (7-36) 
w@ J1-¢° 
The solution at t = co is the maximum of y(t) only when ¢ => 1. For the unit- 
step responses shown in Fig. 7-13, the first overshoot is the maximum 


overshoot. This corresponds to n = 1 in Eq. (7-36). Thus, the time at which 
the maximum overshoot occurs is 


y(t) 


t max 


Maximum 
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Figure 7-13 Unit-step response illustrating that the maxima and minima 
occur at periodic intervals. 


Tt 
a — (7-37) 
O,41—o° 


With reference to Fig. 7-13, the overshoots occur at odd values of n, that 
is, n= 1, 3, 5, ..., and the undershoots occur at even values of n. Whether the 
extremum is an overshoot or an undershoot, the time at which it occurs is 
given by Eq. (7-36). It should be noted that, although the unit-step response 
for ¢ = 0 is not periodic, the overshoots and the undershoots of the response 


do occur at periodic intervals, as shown in Fig. 7-13. 


The magnitudes of the overshoots and the undershoots can be determined 


by substituting Eg. (7-36) into Eq. (7-30). The result is 


' 1 
max ; Em % 
or 
oom iC? 
y(t) =] sin(na7+0) n=1,2,... 





max or min 1 C 2 


From Eq. (7-7), the maximum overshoot is obtained by 


=l]+ (1) terme a 





y(t) 


y,, =limy@)=1. | 
where, ~~ =f Letting n = 1 in Eq. (7-39), we get 
Maximum overshoot = y,, —l=e-™/ {> 


Also from Eq. (7-8) the percent maximum overshoot is 


. Maximum overshoot 
Percent maximum overshoot = ————————————_ x 100% 


Vs 


Or 


= _¢2 
Percent maximum overshoot =100e 7°'¥"° 


(7-37) 


(7-38) 


(7-39) 


(7-40) 


(7-41) 


(7-42) 


Equation (7-41) shows that the maximum overshoot of the step response of 
the prototype second-order system is a function of only the damping ratio C. 
The relationship between the percent maximum overshoot and the damping 


ratio given in Eq. (7-104) is plotted in Fig. 7-14. The time t. in Eq. (7-100) is 
a function of both ¢ andw. 


100 


80 


60 


Percentage overshoot 





0 0.2 0.4 0.6 0.8 1.0 1.2 


Damping ratio ¢ 


Figure 7-14 Percent overshoot as a function of damping ratio for the step 
response of the prototype second-order system. 


Finally, because maximum overshoot is only a function of ¢, referring to 
Fig. 7-125 all points along the ¢ line, regardless of the values of w,, will have 
the same maximum overshoot value. Similarly all points along the ¢, line will 
experience the same maximum overshoot, and because ¢, > ¢, the maximum 
overshoot corresponding to ¢, is going to be smaller. 


7-5-3. Delay Time and Rise Time (0 < ¢ < 1) 


Delay and rise time are the measures of how fast a control system 
responds to an input or initial conditions. 


Delay and rise time are the measures of how fast a control system responds 
to an input or initial conditions. It is more difficult to determine the exact 


analytical expressions of the delay time t,, rise time ¢, and settling time f, 
even for just the simple prototype second-order system. For instance, for the 
delay time, we would have to set y(t) = 0.5 in Eq. (7-30) and solve for t. An 
easier way would be to plot wt, versus ¢, as shown in Fig. 7-15, and then 
approximate the curve by a straight line or a curve over the range of 0 < ¢< 
1. From Fig. 7-15, the delay time for the prototype second-order system is 
approximated as 


¥ ss 





@,t7 = 1.1 + 0.1256 + 0.469C7 


0O,l7 = | + 0.7C 


Actual 0,,t,- 


p) 

Y(s) | OF 
fe. ot ; D 
R(s) 57 + 26m, + w2 


Figure 7-15 Normalized delay time versus ¢ for the prototype second- 
order system. 


L+0,7 
eas 0<¢ <1.0 (7-43) 


nH 


We can obtain a better approximation by using a second-order equation for 
td: 


1.1+0.125¢ +0.469C° 
ea ba 0<f€<1.0 (7-44) 


o, 
For the rise time t, which is the time for the step response to reach from 
10 to 90 percent of its final value, the exact value can be determined directly 

from the responses of Fig. 7-11. The plot of wm t versus ¢ is shown in Fig. 7- 
16. In this case, the relation can again be approximated by a straight line over 
a limited range of ¢: 


Actual 0,¢,.= 
I ~O:4167C + 291707 





Figure 7-16 Normalized rise time versus ¢ for the prototype second-order 
system. 


, 0842.56 
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O< C <1 (7-45) 


i 


A better approximation can be obtained by using a second-order equation: 


+e 1—0.41676 +2.917¢° 


r 


0<¢ <1 (7-46) 
a) 


i 


From this discussion, the following conclusions can be made on the rise 
time and delay time of the prototype second-order system: 


* t andt, are proportional to ¢ and inversely proportional to @ . 


° Increasing (decreasing) the natural frequency w_ will reduce 
(increase) t and t.. 


7-9-4 Settling Time (5 and 2 Percent) 


Settling time is a measure of how fast the step response settles to its 
final value. 


As the name implies, settling time should be used to measure how fast the 
step response settles to its final value. From Fig. 7-11, we see that when 0 < ¢ 
< (0.69, the unit-step response has a maximum overshoot greater than 5 
percent, and the response can enter the band between 0.95 and 1.05 for the 
last time from either the top or the bottom. When ¢ is greater than 0.69, the 
overshoot is less than 5 percent, and the response can enter the band between 
0.95 and 1.05 only from the bottom. Figure 7-17a and b show the two 
different situations. Thus, the settling time has a discontinuity at ¢ = 0.69. The 
exact analytical description of the settling time t is difficult to obtain. We can 
obtain an approximation for t for 0 < ¢ < 0.69 by using the envelope of the 
damped sinusoid of y(t), as shown in Fig. 7-17a for a 5 percent requirement. 
In general, when the settling time corresponds to an intersection with the 
upper envelope of y(t), the following relation is obtained: 
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Figure 7-17 Five-percent settling time of the unit-step response. 


l -to 
1+ ee ents — Upper bound of unit-step response (7-47) 


When the settling time corresponds to an intersection with the bottom 
envelope of y(t), t must satisfy the following condition: 


] —C@M ° 
1— ee “°n's — Tower bound of unit-step response (7-48) 
l — 


For the 5 percent requirement on settling time, the right-hand side of Eq. 
(7-47) would be 1.05, and that of Eg. (7-48) would be 0.95. It is easily 
verified that the same result for t is obtained using either equation. 


Solving Eq. (7-47) for @ t, we have 


Ot, = -=In(c, 1-¢° ) (7-49) 


nm os C 


where c. is the percentage set for the settling time. For example, if the 
threshold is 5 percent, the c_ = 0.05. Thus, for a 5-percent settling time, the 
right-hand side of Eq. (7-49) varies between 3.0 and 3.32 as ¢ varies from 0 
to 0.69. We can approximate the settling time for the prototype second-order 
system as 


3.2 
5% settling time: tf =—— 0<¢<0.69 (7-50) 


nl 


In general, settling time is inversely proportional to ¢and@. A 
practical way of reducing the settling time is to increase w, while 
holding ¢ constant. Although the response will be more oscillatory, the 
maximum overshoot depends only on ¢ and can be controlled 
independently. 


When the damping ratio ¢ is greater than 0.69, from Fig. 7-17b, the unit- 
step response will always enter the band between 0.95 and 1.05 from below. 
We can show by observing the responses in Fig. 7-11 that the value of w t is 
almost directly proportional to ¢. The following approximation is used for t 
for € > 0.69. 


A5 
5% settling time: t, = 4.56 C > 0.69 (7-51) 
a) 


nh 


Figure 7-17c shows the actual values of wt versus ¢ for the prototype 
second-order system described by Eq. (7-18), along with the approximations 
using Eqs. (7-50) and (7-51) for their respective effective ranges. The 
numerical values are shown in Table 7-3. 


TABLE 7-3 Comparison of 5% Settling Times of Prototype Second- 
Order System, w t 


C Actual 4 45¢ 
0).10 28.7 32.0 

0.20 13.7 16.0 

0).30 10.0 10,7 

().40 Pe 8.0 

0.50 5.2 6.4 

0).60 9.2 5.3 

0).62 3.16 3.16 

().64 5.00 9.00 

0).65 5.03 4.92 

0).68 4.7] 4.7] 

().69 4135 4.64 

0).70 2.86 3.15 
().80 3:33 3.60 
0).90 4.00 4.05 
1.00 4.73 4.50 
1.10 9.90) 4.95 
1.20 6.2] 9.40 
1.50 8.20 6.75 


It should also be pointed out that the 5 percent threshold is by no means a 
number cast in stone. More stringent design problems may require the system 
response to settle in any number less than 5 percent. For the 2-percent settling 
time, following the same procedure, we get 


4. 
2% settling time: f, = hiss 0<¢<09 (7-52) 
W 
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7-5-5 Transient Response Performance Criteria—Final 


Remarks 


The performance transient response criteria discussed in the previous 
sections, are also considered as transient response design criteria, as they are 
used in design of control systems. In order to effectively design a control 
system, it is important to fully appreciate how the pole movements affect PO, 
rise time, and settling time just from the s-plane. As shown in Fig. 7-18, for 
the prototype second-order transfer function in Eq. (7-18): 


C constant 
PO * 
W,, 


PO constant 
fs; constant 
t, | 


J@ 


. \ s-plane 


Figure 7-18 Relationship’s among the pole location and ¢, w., PO, t , and 


¢ As the poles move diagonally away from the origin, because @ 
remains constant, the damping ratio ¢ remains constant while natural 
frequency @. increases. Considering the definitions of the performance 


criteria from previous sections, PO remains constant whilet ,¢t , andt 
decrease. 

° As the poles move away vertically, the natural frequency of the 
system increases while the damping ratio decreases. In this case PO 


increases, botht. and t decrease, while t remains constant. 


° As the poles move horizontally to the left, because q remains 
constant, the natural frequency of the system increases. In this case, PO 
increases while both t and t decrease. Note tin this case remains 


constant. 


Since the equations reflecting t are based on approximations, which are 
different depending on the threshold percentage (e.g., 2 or 5 percent), the 
above s-plane observations may not always be accurate—refer to Example 7- 
o-1. 

Finally, please keep in mind that, while the definitions ony, 
t apply to a system of any order, the damping ratio ¢ and the natural 
undamped frequency @ strictly apply only to a second-order system whose 
closed-loop transfer function is given in Eq. (7-18). Naturally, the 
relationships among t, t , and t and ¢ and wm _are valid only for the same 
second-order system model. However, these relationships can be used to 
measure the performance of higher-order systems that can be approximated 
by second-order ones, under the stipulation that some of the higher-order 
poles can be neglected. 


t ,t,t,and 


max? ~“d? 


EXAMPLE 7-5-1 For the dc motor position control problem discussed in 
Sec. 7-4-3, and shown in Fig. 7-19, use the motor with 
parameter values of Example 7-4-1 to study the effect 
of controller gain K on overshoot, rise time, and 
settling time. This example is a very important 
introduction to position control of dc motors. 
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Figure 7-19 Block diagram of a position-control, armature-controlled dc 
motor. 


Position Control of a DC Motor 


Note that for the sake of proper comparison, we need 
to ensure that both input and output signals have the same 
units. As a result, the input voltage EF (s) has been scaled 
to position © (s) using the output sensor gain, K. So 
using a unit-step input, our objective for the motor shaft 
is to rotate 1 rad, as shown in Fig. 7-20. Note the disc 
connected to motor shaft is very thin (no inertia). In this 
case, for small L_ , the motor electrical time constant T, = 
(L /R.) has been neglected. Hence, the simplified closed- 
loop transfer function is 


Desired position: 


O;,= 1 rad 






J 


a 


Sensor 


Figure 7-20 Desired rotation of an armature-controlled dc motor. 


KK.K. 








O,,,(5) = R,J $$ — Oy (7 53) 
O,,,(s) 2 R,B, + KK, KK;K, (s° +26,5+@, ) 
qo | ee lhe 
R,J R,J 


where K_is the sensor gain, a potentiometer in this case 
with the gain K_ = 1. Since Eq. (7-53) is a second-order 
system, we have 


_ RB, +K;K, 





26a, am (7-54) 
R,J 
2 sai Li (7-55) 
1 RJ 


For a given motor and position sensor, all parameters 
are known, and the only varying term is the amplifier 
gain K—the controller gain. Upon varying K, we can 
directly change wm, while o = ¢@_ remains constant. As a 
result, ¢ changes indirectly. For a positive K, regardless 
of the type of response (e.g., critically damped or 
underdamped), the final value of the system is @, = 1, 
which implies that the output will follow the input (recall 
we used a unit step input). Table 7-4 describes the motor 
performance for three values of K. Using Toolbox 7-5-1 
the response of the motor for these cases is obtained and 
is Shown in Fig. 7-21. As shown the actual PO andt 
exactly match the values obtained in Table 7-4, while the 
rise time and the settling time values in Table 7-4 are 
approximations. 


TABLE 7-4 Motor Performance for Three Values of Controller Gain 
K 


Controller 
Gain K 


K=100 
K=2.0 








Damping Natural 

Ratio ¢ Frequency @ Response 

(= 10 Critically damped 
¢=0.707 @ =844.8rad/s  Underdamped 


45 
5% t, 156 4.0038 £>0,69 


Note: Settling time occurs before overshoot (PO <5) 


2% =—-=0.0067s 0<C<039 


- 1-0.41676 +2.9170° 
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= = 0.0053 s 
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max cy, At 


PO=100e =" =43 
() = 1,194.8 rad/s Underdamped 


id 
0 t, = = =0,0054s 0<¢<0.69 
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2% t. =—* =0,0067 s 0<¢<0.9 
os 1-0.41676+2.9170 
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=(),0013 sec 
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Figure 7-21 Position control response of dc motor in Example 7-5-1 toa 
unit-step input for three controller gain K values. 


To find PO, rise time, and settling time using MATLAB, point at a 
desired location on the graph and right-click to display the x and y 
values. 


Based on these results, we observe that as K increases, 
the damping ratio ¢ decreases while the natural frequency 
@ increases. As a result with the increase in K, the 
system PO increases, resulting in a faster rise time t. In 
this case, the 5-percent settling time t increases with K in 
contrast to the s-plane observations in the previous 


section. This is because when ¢ is greater than 0.69, the 
overshoot is less than 5 percent, and the settling time is 
less than t_ . For the 2-percent settling time, however, 
remains constant and greater than t_ , which is in line 
with the s-plane observations in the previous section. 


Toolbox 7-5-1 
Position response of Example 7-5-1 using MATLAB. 


clear all 

ks=19,826;ra=5.0;ki=9,0;kb=0.0636;jm=0.0001;bm=0.005; senter system parameters 

k=1; senter controller gain 

num = [k*ki*ks/(ra*jm)]; $transfer function numerator 

den = [1 (kitkb+tra*bm) /(ra*jm) k*ki*ks/(ra*jm)];%transfer function denominator 

omn=sart (k*ki*ks/(ra*jm)) % display the natural frequency value 
zeta=((ki*kbtra*bm) / (ra*jm))/(2*sqrt (k*ki*ks/(ra*jm))) % display the damping ratio value 
step(num,den)sapply a unit step input 

hold on; 

k=2;schange controller gain value 

num = [k*ki*ks/(ra*jm)]; transfer function numerator 

den = [1 (kitkb+tra*bm) /(ra*jm) k*ki*ks/(ra*jm)];%transfer function denominator 

omn=sqrt (k*ki*ks/(ra*jm))} % display the natural frequency value 
zeta=((kitkb+ra*bm) /(ra*jm)} /(2*sqrt (k*kitks/(ra*jm))) % display the damping ratio value 
step (num, den) 


k=4;%change controller gain value 

num = [k*kitks/(ra*jm)]; stransfer function numerator 

den = [1 (kitkbtra*bm) /(ra*jm) k*ki*ks/(ra*jm)];%transfer function denominator 

omn=sqrt (k*ki*ks/(ra*jm)) % display the natural frequency value 
zeta=((kitkbtra*bm) / (ra*jm) ) /(2*sqrt (k*kitks/(ra*jm))) % display the damping ratio value 
step (num, den) 

xlabel (‘Time’) 

ylabel (‘Angular Position (rad)’) 


7-6 STEADY-STATE ERROR 


One of the objectives of most control systems is that the system output 


response follows a specific reference signal accurately in the steady state. For 
example, a pick and place robot arm must end up accurately in the desired 
position to pick or place an object (in App. A we provide an example of pick 
and place robotic arm). In the real world, because of friction and other 
imperfections and the natural composition of the system, the steady state of 
the output response seldom agrees exactly with the reference. Therefore, 
steady-state errors in control systems are almost unavoidable. In a design 
problem, one of the objectives is to keep the steady-state error to a minimum, 
or below a certain tolerable value, and at the same time the transient response 
must satisfy a certain set of specifications. 

The accuracy requirement on control systems depends to a great extent on 
the control objectives of the system. For instance, the final position accuracy 
of an elevator would be far less stringent than the pointing accuracy on the 
control of the space telescopes. The accuracy of position control of such 
systems is often measured in microradians. 


7-6-1 Definition of the Steady-State Error 


Unity-Feedback Systems 

Error in a unity-feedback control system is defined as the difference 
between input and output. For the closed-loop system shown in Fig. 7-22, 
the error of the system is defined as 





Figure 7-22 Error in a unity-feedback control system. 


e(t)=r(t)— y(t) (7-56) 


where r(t), the input, is the signal that the output y(t) is to track. Note that 
all quantities in Eq. (7-56) have same units or dimensions (e.g., volts, 
meters, etc.). In this case, the input r(t) is also called the reference signal, 
which is the desired value for the output. In the Laplace domain as shown in 
Fig. 7-23 the error is 





B(s) 


Figure 7-23 Nonunity-feedback control system. 


E(s) = R(s)—Y(s) (7-57) 


or, 





It 
Ho =| 1 \R (7-58) 


The steady-state error is defined as the value of the error at steady state, 
or the final value of the error. That is 


e.. = lim e(t) = lim sE(s) (7-59) 


{[—yoo s-0 


The steady-state error e_ is defined as the value of error at steady 
State. 


For a unity-feedback system, the steady-state error is obtained from Ea. (7- 


59) as 


é.. =limsE(s) = ims a | RO) (7-60) 


s0 s->0 


Nonunity-Feedback Systems 


Let us consider the nonunity-feedback system in Fig. 7-23, where r(t) is 
the input (but not the reference signal), u(t) is the actuating signal, b(t) is the 


feedback signal, and y(t) is the output. In this case, the error formula in Eq. 
(7-57) is not valid because the input and output may not have same units or 
dimensions. In order to establish a proper formula for the error, we must first 
obtain a clear picture of what the reference signal is. From the discussions in 
Chap. 3 and earlier on in this section, for a stable system, the steady-state 
output will be tracking the reference signal. The error of the system at all 
times is the difference between the reference signal and the output. In order to 
establish the reference signal, let us modify the system in Fig. 7-23 by first 
factoring out the feedback gain H(s), as shown in Fig. 7-24. Error in the 
system is the difference between the output and the desired value of the 
output—or the reference signal. In this case, the reference signal in Laplace 
domain is R(s)G (s), as shown in Fig. 7-24. The value of G(s) is obviously is 
related to 1/H(s), and it may be obtained based on the time response 
characteristics of the original system in Fig. 7-23. Obviously, the reference 
signal reflects the desired value of the system output based on a given input, 
and it cannot contain additional transient behavior due to H(s). 
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Figure 7-24 Error in a nonunity-feedback control system. 


As it becomes clearer through the examples in the end of this section, there 
are two possible scenarios based on the value of H(s). 


] 
Case 1: G,(s) =—————- = 1/H (0) = Constant (7-61) 
lim H(s) 
which means that H(s) cannot have poles at s = 0. Hence, the reference 
signal becomes 


Reference signal = R(s)[1/H(0)] = R(s)G ,(s) (7-62) 


Case 2: H(s) has Nth-order zero at s = 0 


i l | 





610-3 a FAO oe 
R(s) 

— = 7-64 

Reference signal PHO) R(s)G, (s) ( ) 


In both given cases, the error signal in Laplace transform domain becomes 


E(s) = Reference signal — Y(s) = R(s)G,(s)— Y(s) (7-65) 
or, 

_ _ Ys) - __ Gs) moe 
Bis)=[ 6) rae Gis So) ( ) 


In the case of a nonunity feedback, the steady-state error is obtained from 
Eq. (7-65) as 


s 0 Ss 


So | (7-67) 
1+ G(s)H(s) 


é.. =limSE(s) = ims{ G(s)- 
We can also rearrange the block diagram of Fig. 7-24 to arrive at a unity- 
feedback system to be able to utilize Eq. (7-60) as the definition of steady- 
state error. This can be done by arriving at an equivalent system with unity 
feedback that can model the system in Fig. 7-24. To do so we set the error 
equation for the nonunity system equal to the error in an equivalent unity- 
feedback system. That is 


ie | | | nig _{ eter pt) a a 
1+G,,(s) 1+ G(s)H(s) 
For this to be valid 
G o)=| SHOE OG) 17-69) 
’ G,(s)[1+ G(s)H(s)]—G(s) 


where the equivalent system in Eq. (7-65) can now be represented in a 
unity-feedback form as in Fig. 7-25. If H(s) = 1 then G(s) = 1, which implies 
G,=G. As a result the two systems in Figs. 7-22 and 7-25 become the same. 





Figure 7-25 Equivalent unity-feedback control system representing the 
nonunity-feedback system in Fig. 7-23. 


EXAMPLE 7-6-1 The forward-path and closed-loop transfer functions of 
the system shown in Fig. 7-22 are given next. The 
system is assumed to have unity feedback, so H(s) = 1, 
and thus we use Eq. (7-60) for error calculation. 


5(s+1) 


re _ (7-70) 
s*(s+12)(s+5) 


G(s) | 5(s+1) 


Sn a ee (7-71) 
1+G(s) s°+17s°+60s° +5s+5 


M(s)= 


The poles of M(s) are all in the left-half s-plane. Thus, 
the system is stable. ‘The steady-state errors due to the 


three basic types of inputs are evaluated as follows: 
Unit-step input: 


l Elis" +608" +) 
e_ =limsE(s)=lim s| ——— |R(s) =lim s| ———————————— || - |= 0 (7-72a) 
ae “) 0 | e) a (ee 


S 
Unit-ramp input: 
4 3 2 
s° +17s° +60s l 
C6. =lim s 4 3 2 (=| = (0) (7-72b) 
s90 \ § +175 +60s° +5s5+5 /]\5 


Unit-parabolic input: 


4 3 2 

s +17s° +60s ] 60 

é,, =lim $ Gh HD ow HRak Ban Be (= }-2-12 (7-72c) 
s90 \ § +17s +60s° +5s4+5 ]\5 


EXAMPLE 7-6-2 Consider the nonunity-feedback system, shown in Fig. 7- 
23, which has the following transfer functions: 


Ns +] 2 
GG)=< (s) = (s+1) (7-73) 
s“(s+12) S45 
Because H(s) has no zeros at s = 0, we use Case 1 
scenario given by Eq. (7-61) in error calculations—that 
is, G(s) = 1/H(0) = 1. So r(t) in Fig. 7-23 is the reference 
signal. The closed-loop transfer function is 
Nitin (7-74) 


R(s) 1+G(s)H(s) s*+17s?+60s?+5s+5 


Using Eq. (7-67) The steady-state errors of the system 
are calculated for the three basic types of inputs. 
Unit-step input: 


s+5 l 
e_ =limsE(s)=lims{1— M(s)]R(s) =1 (1-5 }(*] 
er (s) ims! (s)IR(s) ra s°+175° +6057 +5s+5 /\5 


| s'+17s°+60s°+4s \(1 
=lims ra ee" ee — 1=0 (7-75) 
$s  +17s° +60s° +5s+5 J\s 


Unit-ramp input: 


g,.. = lim sE(s) = lim [1 — M(s)|R(s) 


. s'+17s° +60s° +4s l 
= lims a —?— aoe a a a =0.8 (7-76) 
S>+17s +608" +5545 J/\ Ss 


Unit-parabolic input: 


e. = lim sE(s) = lim s[1— M(s)|R(s) 


: s'+17s°+60s* +4s \ l j= PPP) 
s*+17s°+60s°+5st+5 J\s°) 

It would be important to also find the time response of 
the system to calculate the steady-state errors from the 
difference between the input and the output and compare 
them with the results just obtained. Applying the unit- 
step, unit-ramp, and unit-parabolic inputs to the system 
described by Eq. (7-74) and taking the inverse Laplace 
transform of Y(s), the outputs are 


Unit-stepinput: 


y(t) =]-— 0.00056e 17°"! ~ 0.000138 1e4886 
—0.9993e°""' cos0.2898t —0.1301le" sin0.2898t t > 0 (7-78) 


Thus, from the leading term the reference input is unit 
step, the steady-state value of y(t) is also unity, and 
therefore, the steady-state error is zero. 

Unit-rampinput: 


y(t) =t—0.8+ 4.682 x10°e '° +2.826x10°e *" 
+0.8e °° cos0.2898t —3.365e"' sin0.2898t t>=0 (7-79) 


Thus, the reference input is a unit ramp tu(t), the 
steady-state portion of y(t) is t— 0.8, and the steady-state 
error to a unit ramp is 0.8. 

Unit-parabolic input: 


y(t) =0.5t* —0.8t -—11.2—3.8842 x 10° e *"" —5.784x10°e 
+11.2e°°" cos0.2898t + 3.9289e °°" sin0.2898t t>0 (7-80) 


Thus, the reference input is a unit parabolic input 
t’u(t)/2, the steady-state portion of y(t) is 0.5¢ — 0.8t + 
11.2. Thus, the steady-state error is 0.8t + 11.2, which 
becomes infinite as time goes to infinity. 

Suppose we change the transfer function H(s) so that 








10(s+1) 
G(s)=————. H(s) = 7-8 
‘s) s*(s+12) ‘s) s+5 ( 
Then 
G, = Le (7-82) 
limH(s) 
The closed-loop transfer function is 
Min OS) __ did (7-83) 


R(s) - 1+G(s)H(s) 544175? +60s? +10s+10 


The steady-state errors of the system due to the three 
basic types of inputs are calculated as follows: 

Unit-stepinput: 

Solving for the output using the M(s) in Ea. (7-83), we 


get 


y(t) =0.5u,(t) + transient terms (7-84) 


Thus, the steady-state value of y(t) is 0.5, and because 
K, = 2, the steady-state error due to a unit-step input is 
Zero. 

Unit-rampinput: 

The unit-ramp response of the system is written as 


y(t) =[0.5t —0.4]u, (t)+ transient terms (7-85) 


$ 


Because the transient terms will die out as t approaches 
infinity, the steady-state error due to a unit-ramp input is 
0.4. 


Unit-parabolic input: 
The unit-parabolic input is 


y(t) =[0.25t* —0.4t —2.6]u, (t)+ transient terms (7-86) 


Thus, the steady-state error is 0.4t + 2.6, which 
increases with time. 


EXAMPLE 7-6-3 Consider the nonunity-feedback system shown in Fig. 7- 
23 with the following transfer functions: 





l 10s 
G(s) =——-_ H(s) = —— (7-87 
‘s) s*(s+12) ‘s) st+5 
where H(s) has one zero at s = 0. Thus, 
| i ] 
G(s)= A limH(s) 2s lai 
s 0 


Hence, 


Reference signal = a (7-89) 


$ 


The closed-loop transfer function is 


Y(s) s+5 


Ms) =— = en 
R(s) s +17s° +60s° +10s 


(7-90) 


For a unit-step input, the steady-state error, from Eg. 
7-67), 1S 


Unit step input: 


l 
e.. : =lim sE(s)= ims) -M(s)]R) 
=a 2s s4+17s°?+60s?+10s is 
§-ELTS" 4-585" 1\ 58 _ 
s90 | 28° +34s°+120s°+20s° Js 20 


To verify this result, we can find the unit-step response 
using the closed-loop transfer function in Eq. (7-90). The 
result is 


y(t) =(0.5t—2.9)u,(t)+ transient terms (7-92) 


From Eq. (7-92), the reference signal is considered to 
be 0.5tu(t) = 0.5t, and the steady-state error is 2.9. Of 


course, in Laplace domain the reference signal is a ramp 
] 


function 2s? as initially selected in Eq. (7-89). 


EXAMPLE 7-6-4 The block diagram of the speed control dc motor system, 
discussed in Sec. 7-4-2, without a load for small motor 
electric-time constant is shown in Fig. 7-25. In this 
case, because r(t) and @ (t) are not of the same 


dimension, following Case 1 in Eq. (7-61), we can 
arrive at the reference signal r(t)/K, for error 
calculation. This is equivalent to introducing angular 
speed w (ft) as the input, as shown in Fig. 7-26, and the 
gain K (tachometer gain in this case) so that w(t) = 
r(t)/K. This would also imply that the input and output 
have the same unit and dimension. As a result, the 
reference signal is the desired speed and not the 
input voltage r(t). 





Figure 7-26 Speed control block diagram of a dc motor. 


Speed Control of a DC Motor 

Simplifying the block diagram in Fig. 7-26 we can 
arrive at the final unity-feedback representation of the 
system, as in Fig. 7-22, where the open loop transfer 
function of the system is 


K,K,K 


G(s) = Btn 


K;K, + KD, 
s+| hn 
Bid 


(7-93) 


The angular speed of the system can be obtained in 
terms of the input as 





R 
Q. (s)=——_*w’m ___ (5) (7-94) 
st+ K;K, + KB, +K,K;K 
a 
where 
=—_—_See __ (7-95) 
° KK, + 8,8 + KKK 


is the system time constant. Note also that the system 
in Eq. (7-94) is always stable for any K > 0. Finally, the 
time response of the system for the reference signal Q (s) 
= 1/s is 


K,K,K 
K,K,+R,B, +K,K,K 


asm 


0, (= (l—e'*) (7-96) 


The final value of angular speed output is 





0, =limsQ®, (s)=lims ae) fe _ agg (7-97) 
fo eo A 1+G(s) Js K.K,+R.B +K.K.K 
While the steady-state error is obtained as 
e =]j sE(s) =i 5 l _ KK, Tw, (7 98) 
ere" 0 (1+G(s))s K.K,+R,B, +K.K.K 


For H(s) = K, = 1 (this simply implies the sensor output 
is calibrated to show 1 rad/s is 1 V), selecting the system 
parameters from Example 7-4-1, we get 








G(s) jl 18,000K 
Oo; =i sQ. (s =lims SS 7-100 
jp “Tiegh 18) te Feat} 1194.8+18,000K —— 
The final value of angular speed output is 
G(s) jl 18,000K 
M,, =limsQ,(s)=lims —S-—_—_—_ 7-100 
a Feat} 1194.8+18,000K iain 


While the steady-state error is obtained from Ea. (7- 
61) as 


] it 1194.8 

Ge = ee “ins 5 ~ 1194.8 +18,000K ey 
As shown in Table 7-5, for a unit step input (1 rad/s), 

increasing the controller gain K results in the reduction of 
both the steady-state error and system time constant 
values. The unit-step time responses of the system for 
different K values are shown in Fig. 7-27. Practically 
speaking there is a limit to how much we can increase K 
because of amplifier saturation or the applied voltage 
exceeding motor input capacity. 


TABLE 7-5 System Time Constant and Steady-State Speed Error for 
Three Different Controller Gain Values—Given a Unit-Step Input 


System Time Constant 
R, J Hl 


a = 

Controller Gain K Steady-State Error e. ~ KK, +R,B,+K,K,K 
0.1 0.3990 rad/s T =3.3391 x 10s 
1.0 0.0622 rad/s T = 5.2097 x 10” s 


10.0 0.0066 rad/s 7 = 5.5189 x 10s 


Angular Speed 





() 0).2 0.4 0.6 0.8 | LZ 1.4 1.6 1.8 


Time (milliseconds) 


Figure 7-27 System time response for three different controller gain 


values when K, = 1. 


Toolbox 7-6-1 
Speed response of Example 7-6-4 using MATLAB. 


clear all 
Fa=5.0;ki=9.. 0-kb=0:. 063.6 - 7-0 .0001,; 5m) ..005; 
tor B= ([0.71 1, 19] 

num = [ki*k/(ra*jm) ]; 

den = [1 (ki*kbt+ra*bmtki*k) /(ra*jm)]; 

step (num, den) 

hold on; 

end 

xlabel (‘Time’ ) 


ylabel (‘Angular Speed (rad/s) ’) 


7-6-2 Steady-State Error in Systems with a Disturbance 


Not all system errors are defined with respect to the response due to the 
input. Figure 7-28 shows a unity-feedback system with a disturbance D(s), in 
addition to the input R(s). The output due to D(s) acting alone may also be 
considered an error. As discussed in Sec. 4-1-4, disturbance usually adversely 
affects the performance of the control system by placing a burden on the 
controller/actuator components. Before designing a proper controller for the 
system, it is always important to learn the effects of D(s) on the system. 





Figure 7-28 Block diagram of a system undergoing disturbance. 


For the system in Fig. 7-28, using the principle of superposition, the output 
can be written in terms of the input R(s) and disturbance D(s) as 








bd had 

total = ‘s) R(s)+ (s) D(s) 
R(s) D=0 D(s) R=0 

GG, —G, 

Y(s) =———— R(s) + ———— D(s) (7-102) 

L+GiG, l+G,G, 
and the error is 

E(s)= —-— R(s)+ —2_D(s) (7-103) 

l+G,G, 1+ G,G, 


The steady-state error of the system is defined as 


: 
é.. = limsE(s) = lims———— K(s) + lims———— D(s) (7-104) 
s0 s30 [-+G,G, s 30 I+G,G, 
where 
e (R)=lims——— R(s) (7-105) 
. 0 1+G,G, 
and 
e (D)=lims —G, D(s) (7-106) 
. +e 1466 


2 


are the steady-state errors due to the reference input and disturbance, 
respectively. 


Observations 

e (R) and e (D) have the same denominators if the disturbance signal is in 
the forward path. The negative sign in the numerator of e (D) shows that, at 
steady state, the disturbance signal adversely affects the performance of the 


system. Naturally, to compensate for this burden, the control system has to 
alter the system performance at steady state. 


EXAMPLE 7-6-5 Follow up to Example 7-6-4, we now add a disturbance 
torque TL to the motor speed control system as shown 
in Fig. 7-29. Note that in order to use Eq. (7-60) for 
steady-state error calculations, the gain K is moved to 
the forward path to create a unity-feedback system— 
compare the block diagram in Fig. 7-29 to Fig. 7-26. 
Simplifying the block diagram in Fig. 7-29, we get 





Figure 7-29 Speed control block diagram of a dc motor. 


K,K,K 
R 
Q, (s) = - fm Oe (s) 
ei KK, t+ RB + KKK 
R, i 
* 
a. 1 
= $4 T (s) (7-107) 
s+ KK, PRB, + K,K,K 
R, bo 
Speed Control of a DC Motor with a Disturbance 
For a unit step input Q = 1/s and a unit disturbance 
torque T = 1/s, the output becomes 
KK.K tite, Ge -t/t. 
o,, (t)=—-r (1-e "*)-—-(1-e '*) (7-108) 
R, Pe bes 


R, Da 


(=---reOoo 
where K;K,+R,B+K,K;K is the system time 
constant. The steady-state response and the steady-state 
errors in this case are 


KK.K, R 
=) (7-108a) 
KK, + RB, + KKK KK, +RB,, + KKK 
é,.(Q: yee — el (7-108b) 
“ "KK, +R,B +K,K 
R 
1. (7-108c) 


K.K,+RB,+KK.K 


asim 


As in the previous Example 7-6-4, as K increases, the 
steady-state error due to both input and disturbance 
signals decrease. 


7-6-3 Types of Control Systems: Unity-Feedback Systems 
The steady-state error e. depends on the type of the control system. 


Consider that a control system with unity feedback can be represented by 
or simplified to the block diagram with H(s) = 1 in Fig. 7-22. The steady- 
state error of the system is written as 


é_=lime(t)= lims E(s) 


t[—>co Ss 


=i —_._n (7-110) 


Clearly, e_ depends on the characteristics of G(s). More specifically, we 
can show that e_ depends on the number of poles G(s) has at s = 0. This 
number is known as the type of the control system, or simply, system type. 

Let us formalize the system type by referring to the form of the forward- 
path transfer function G(s). In general, G(s) can be expressed for convenience 
as 


_ Kis+¢, s+ 2,)--: 


S — (7-111) 
s'(s+ p, (s+ p,)-- 


G(s) 


the system type refers to the order of the pole of G(s) at s = 0. Thus, the 
closed-loop system in Fig. 7-30 having the forward-path transfer function of 
Eq. (7-111) is type j, where j = 0, 1, 2, .... The total number of terms in the 
numerator and the denominator and the values of the coefficients are not 
important to the system type, as system type refers only to the number of 
poles G(s) has at s = 0. The following example illustrates the system type 
with reference to the form of G(s). 


\ K (s + Z,)(S + Z>) + 
s/ (S + py )(S + Po) 





Figure 7-30 A unity-feedback control system used to define system type. 


EXAMPLE 7-6-6 For the following transfer functions, in the block diagram 
shown in Fig. 7-30, the system types are defined as 


7 K(1+0.5s) 
aNd s(1+s)(1+2s)(1+s+s7) = ‘iia 
G(s) ——e type 3 (7-113) 


Now let us investigate the effects of the types of inputs 
on the steady-state error. We shall consider only the step, 
ramp, and parabolic inputs. 


7-6-4 Error Constants 


Steady-State Error of System with a Step-Function Input 
For the unity-feedback control system in Fig. 7-22, when the input r(t) is a 
step function with magnitude R, R(s) = R/s, the steady-state error is written 


from Eq. (7-60), 


sR(s) R R 





e. =limy G(s) TeG@) TF limG) (7-114) 
For convenience, we define 
K, =limG(s) (7-115) 
as the step-error constant. Then Eq. (7-114) becomes 
ss = (7-116) 


A typical e, due to a step input when K_ is finite and nonzero is shown in 
Fig. 7-31. We see from Eg. (7-116) that, for e. to be zero, when the input is a 
step function, K, must be infinite. If G(s) is described by Eq. (7-111), we see 
that, for K to be infinite, j must be at least equal to unity; that is, G(s) must 
have at least one pole at s = 0. Therefore, we can summarize the steady-state 
error due to a step function input as follows: 


Reference input 
r(t) = Ru(t) 





Output y(f) 


0 t 


Figure 7-31 Typical steady-state error due to a step input. 





Type 0 system: e.. = = constant 


p 
Type 1 or higher system: e.. = 0 


Steady-State Error of System with a Ramp-Function Input 


For the unity-feedback control system in Fig. 7-22, when the input to is a 
ramp-function with magnitude R, 


r(t) = Rtu.(t) (7-117) 


where R is a real constant, the Laplace transform of r(t) is 
R 
R(s)=— (7-118) 
<2 


The steady-state error is written using Eq. (7-60), 
R R 


. =lim——_- = ———— (7-119) 
~  s90$+sG(s)  limsG(s) 
s30 
We define the ramp-error constant as 
K, =limsG(s) (7-120) 
s 0 
Then, Eq. (7-119) becomes 
R 
e =— (7-121) 
"OK 


which is the steady-state error when the input is a ramp function. A typical 
e due to aramp input when K is finite and nonzero is illustrated in Fig. 7-32. 


r(t) . oa 
y(t) Ess = K. 
Reference input i 
r(t) = Rtu(t) 


Output y(f) 


0 f 


Figure 7-32 Typical steady-state error due to a ramp-function input. 


Equation (7-121) shows that, for e. to be zero when the input is a ramp 
function, K, must be infinite. Using Eqs. (7-120) and (7-111), we obtain 


x CC, 

K, =limsG(s)= lim—, j= 051.25. (7-122) 
s0 s-0 $° 

Thus, for K_ to be infinite, j must be at least equal to 2, or the system must 


be of type 2 or higher. The following conclusions may be stated with regard 
to the steady-state error of a system with ramp input: 


Type 0 system: e. = 00 

R 
Type 1 system: e.. = x = constant 
Type 2 system: e.. =0 


Steady-State Error of System with a Parabolic-Function Input 
When the input is described by the standard parabolic form 


5 


H(t) =u, (7-123) 


the Laplace transform of r(t) is 


R 
Ks (7-124) 
5: 
The steady-state error of the system in Fig. 7-22 is 
_ (7-125) 
: lims "G(s) 
s 0 


A typical e. of a system with a nonzero and finite K, due to a parabolic- 
function input is shown in Fig. 7-33. 


r( vy. 8 
y(t) Ess = K, 
Reference input 
r(t) = + u(t) 
Output y(f) 
0 t 


Figure 7-33 Typical steady-state error due to a parabolic-function input. 


Defining the parabolic-error constant as 


K, =lims°G(s) (7-126) 


s30 


the steady-state error becomes 
e.=— (7-127) 


Following the pattern set with the step and ramp inputs, the steady-state 
error due to the parabolic input is zero if the system is of type 3 or greater. 
The following conclusions are made with regard to the steady-state error of a 


system with parabolic input: 


Type 0 system: € =o 
Type 1 system: @.. me 
R 
Type 2 system: ¢.= hs constant 
Type 3 or higher system: e.. =0 


Obviously, for these results to be valid, the closed-loop system must be 
stable. 

By using the method described, the steady-state error of any linear closed- 
loop system subject to an input with an order higher than the parabolic 
function can also be derived if necessary. As a summary of the error analysis, 
Table 7-6 shows the relations among the error constants, the types of systems 
with reference to Eq. (7-111), and the input types. 


TABLE 7-6 Summary of the Steady-State Errors Due to Step-, 
Ramp-, and Parabolic-Function Inputs for Unity-Feedback Systems 


Steady-State Error e. 








Type of System Error Constants Step Input RampInput — Parabolic 
j K K K, R R R 
I+K, K, K, 
0) K () 0) R 00 00 
l+K 
| “_ K () () R oo 
y) 00 00 K () () R 


As a summary, the following points should be noted when applying the 
error-constant analysis just presented. 


1. The step-, ramp-, or parabolic-error constants are significant for the 
error analysis only when the input signal is a step function, ramp 
function, or parabolic function, respectively. 


2. Because the error constants are defined with respect to the forward- 
path transfer function G(s), the method is applicable to only the system 
configuration shown in Fig. 7-22 with a unity feedback. Because the 
error analysis relies on the use of the final-value theorem of the Laplace 
transform, it is important to first check the stability of the system to see 
if sE(s) has any poles on the j@-axis or in the right-half s-plane. 


3. The steady-state error properties summarized in Table 7-6 are for 
systems with unity feedback only. 

4. The steady-state error of a system with an input that is a linear 
combination of the three basic types of inputs can be determined by 
superimposing the errors due to each input component. 


5. When the system configuration differs from that of Fig. 7-22 with 


H(s) = 1, we can either simplify the system to the form of Fig. 7-22 or 
establish the error signal and apply the final-value theorem. The error 
constants defined here may or may not apply, depending on the 
individual situation. 


When the steady-state error is infinite, that is, when the error increases 
continuously with time, the error-constant method does not indicate how the 
error varies with time. This is one of the disadvantages of the error-constant 
method. The error-constant method also does not apply to systems with 
inputs that are sinusoidal, since the final-value theorem cannot be applied. 
The following examples illustrate the utility of the error constants and their 
values in the determination of the steady-state errors of linear control systems 
with unity feedback. 


EXAMPLE 7-6-7 Consider that the system shown in Fig. 7-22, that is, H(s) 
= 1, has the following transfer functions. The error 
constants and steady-state errors are calculated for the 
three basic types of inputs using the error constants. 


K(s+3.15) 





a. G(s)=————— H(s)=1 Typelsystem 
( s(s+1.5)(s+0.5) (s) YP Y 
R 
K = 68 € — = () 
St ; ‘ P - 1+K 
ep input: Step-error constant p 


Ramp input: Ramp-error constant 
R 
K , =4.2K e.. =—= 


K, 4.2K 
Parabolic input: Parabolic-error constant 
K, =O0e.. = = 6O 


a 


These results are valid only if the value of K stays 
within the range that corresponds to a stable closed-loop 
system, which is 0 < K < 1.304 


K 


s*(s +12) 
The closed-loop system is unstable for all values of K, 


b. G(s)= H(s)=1 Type 2 system 


and error analysis is meaningless. 


5(s+1) 
. G(s)=—>—— — H(s)=1 Type2syst 
Cc (s) P(s412)\(545) (s) ype 2 system 


We can show that the closed-loop system is stable. The 
steady-state errors are calculated for the three basic types 





of inputs. 
K = CoO — R ——e 
, ’ 1+K 
Step input: Step-error constant: p 
R 
K, eG = — =() 
Ramp input: Ramp-error constant: K, 


Parabolic input: Parabolic-error constant: 
R 
K,=1/12e, =—=12R 
OK 


ad 


7-6-5 Steady-State Error Caused by Nonlinear System 
Elements 


In many instances, steady-state errors of control systems are attributed to 
some nonlinear system characteristics such as nonlinear friction or dead zone. 
For instance, in real-life applications, an amplifier used in a control system 
may have the input-output characteristics shown in Fig. 7-44. Then, when the 
amplitude of the amplifier input signal falls within the dead zone, the output 
of the amplifier would be zero, and the control would not be able to correct 
the error if any exists. Dead-zone nonlinearity characteristics shown in Fig. 7- 
34 are not limited to amplifiers. The flux-to-current relation of the magnetic 
field of an electric motor may exhibit a similar characteristic. As the current 
of the motor falls below the dead zone D, no magnetic flux, and, thus, no 
torque will be produced by the motor to move the load. 


Output 





Figure 7-34 Typical input-output characteristics of an amplifier with 
dead zone and saturation. 


The output signals of digital components used in control systems, such as a 
microprocessor, can take on only discrete or quantized levels. This property 
is illustrated by the quantization characteristics shown in Fig. 7-35. When the 
input to the quantizer is within +q/2, the output is zero, and the system may 
generate an error in the output whose magnitude is related to +q/2. This type 
of error is also known as the quantization error in digital control systems. 


Output 


Sg 


4g 


q 


-Sqg -4q -3q -2¢ ~4 


—4g 


—Sg 


Figure 7-35 Typical input-output characteristics of a quantizer. 


When the control of physical objects is involved, friction is almost always 
present. Coulomb friction is a common cause of steady-state position errors 


in control systems. Figure 7-36 shows a restoring-torque-versus-position 


curve of a control system. The torque curve typically could be generated by a 


step motor or a switched-reluctance motor or from a closed-loop system with 
a position encoder. Point O designates a stable equilibrium point on the torque 
curve, as well as the other periodic intersecting points along the axis, where 
the slope on the torque curve is negative. The torque on either side of point 0 
represents a restoring torque that tends to return the output to the equilibrium 
point when some angular-displacement disturbance takes place. When there 
is no friction, the position error should be zero because there is always a 
restoring torque so long as the position is not at the stable equilibrium point. 
If the rotor of the motor sees a Coulomb friction torque T., then the motor 
torque must first overcome this frictional torque before producing any 
motion. Thus, as the motor torque falls below T. as the rotor position 
approaches the stable equilibrium point, it may stop at any position inside the 
error band bounded by +6, as shown in Fig. 7-36. 


Torque 


— Position 





Figure 7-36 Torque-angle curve of a motor or closed-loop system with 
Coulomb friction. 


Although it is relatively simple to comprehend the effects of nonlinearities 
on errors and to establish maximum upper bounds on the error magnitudes, it 
is difficult to establish general and closed-form solutions for nonlinear 
systems. Usually, exact and detailed analysis of errors in nonlinear control 
systems can be carried out only by computer simulations. 


Therefore, we must realize that there are no error-free control systems in 


the real world, and, because all physical systems have nonlinear 
characteristics of one form or another, steady-state errors can be reduced but 
never completely eliminated. 


7-7 BASIC CONTROL SYSTEMS AND 
EFFECTS OF ADDING POLES AND ZEROS TO 
TRANSFER FUNCTIONS 


In all previous examples of control systems we have discussed thus far, the 
controller has been typically a simple amplifier with a constant gain K. This 
type of control action is formally known as proportional control because the 
control signal at the output of the controller is simply related to the input of 
the controller by a proportional constant. 

Intuitively, one should also be able to use the derivative or integral of the 
input signal, in addition to the proportional operation. Therefore, we can 
consider a more general continuous-data controller to be one that contains 
such components as adders or summers (addition or subtraction), amplifiers, 
attenuators, differentiators, and integrators—see Sec. 6-1 and Chap. 11 for 
more details. For example, one of the best-known controllers used in practice 
is the PID controller, which stands for proportional, integral, and 
derivative. The integral and derivative components of the PID controller 
have individual performance implications, and their applications require an 
understanding of the basics of these elements. 

All in all, what these controllers do is add additional poles and zeros to the 
open- or closed-loop transfer function of the overall system. As a result, it is 
important to appreciate the effects of adding poles and zeros to a transfer 
function first. We show that—although the roots of the characteristic 
equation of the system, which are the poles of the closed-loop transfer 
function, affect the transient response of linear time-invariant control 
systems, particularly the stability—the zeros of the transfer function are also 
important. Thus, the addition of poles and zeros and/or cancellation of 
undesirable poles and zeros of the transfer function often are necessary in 
achieving satisfactory time-domain performance of control systems. 

In this section, we show that the addition of poles and zeros to forward- 
path and closed-loop transfer functions has varying effects on the transient 


response of the closed-loop system. 


7-7-1 Addition of a Pole to the Forward-Path Transfer 
Function: Unity-Feedback Systems 


To study the general effect of the addition of a pole, and its relative 
location, to a forward-path transfer function of a unity-feedback system, 
consider the transfer function 

Ja — (7-128) 
s(s + 2¢@, )(1+T,s) 


The pole at s = —1/T is considered to be added to the prototype second- 
order transfer function. The closed-loop transfer function is written as 


Y(s) G(s) wo; 


: = Se oe (7-129) 
R(s) 1+G(s) T.s°+(i+ 26@,T)s +26@,s+@, 


M(s)= 








Table 7-7 shows the poles of the closed-loop system when w. = 1, ¢= 1 
and T’ = 0, 1, 2, and 5. As the value of T increases, the open loop added pole 
at —1/T moves closer to the origin in the s-plane, causing the closed-loop 
system to have a pair of complex conjugate poles that move toward the 
origin. Figure 7-37 illustrates the unit-step responses of the closed-loop 
system. As the value of T’ increases, the open loop added pole at —1/T, moves 
closer to the origin in the s-plane, and the maximum overshoot increases. 
These responses also show that the added pole increases the rise time of the 
step response. 


TABLE 7-7 The Poles of the Closed-Loop System in Eg. (7-129) when 
wm, =1,¢=1andT =0,1,2,and5 


() Prototype Second-Order System s=-] s,=-] 

l $= -2.32 §,=-0.344)056 — s,=-0.34-] 0.56 
2 s=-2.14 §,=-0.18+j045 — s,=-0.18-70.45 
9 §, = -2.05 s,=-0.07+j0.30 — s,=-0.07 - 70.30 
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Figure 7-37 Unit-step responses of the system with the closed-loop 
transfer function in Eq. (7-129): ¢= 1, @, = 1 and T’ = 0, 1, 2, and 5. 


The same conclusion can be drawn from the unit-step responses of Fig. 7- 
38, which are obtained for w, = 1, ¢ = 0.25 and T’ = 0, 0.2, 0.667, and 1.0. In 
this case, when T is greater than 0.667, the amplitude of the unit-step 
response increases with time, and the system is unstable. 








y(t) 











Time (sec) 


Figure 7-38 Unit-step responses of the system with the closed-loop 
transfer function in Eq. (7-129): ¢ = 0.25, w, = 1 and T’ = 0, 0.2, 0.667, and 
1.0. 


In general, addition of a pole to the forward-path transfer function 
generally has the effect of increasing the maximum overshoot of the closed- 
loop system. 


For a more detailed treatment of this subject, please refer to the Case Study 
in Sec. 7-9. 


Toolbox 7-7-1 
The corresponding responses for Fig. 7-37 are obtained by the 


following sequence of MATLAB functions: 


clear all 

W=1; l=: 

ror Te Lo 1 2 Sly 

C=—0 ¢ 0001220 : 

num = [wl]; 

den = [Tp 1+2*l*w*Tp 2*1l*w w 2]; 
roots (den) 

step (num,den,t) ; 

hold on; 

end 

xlabel (‘Time (secs) ’ ) 

ylabel (‘apos;y(t) ’) 
title(‘Unit-step responses of the system’ ) 


The corresponding responses for Fig. 7-38 are obtained by the following 
sequence of MATLAB functions 


clear all 

wW=1; [=0..25; 

Lor Toe=10,0.2,0.667, 1) 

C= :0:. 00.1420 

num = [w] ; 

den = [Tp 14+2*1]l*w*Tp 2*l*w w 2]; 
step (num,den,t) ; 

hold on; 

end 

xlabel (‘Time (secs) ’ ) 

ylabel( *y(t)*} 

title(*‘Unit-step responses of the system’ ) 


7-7-2 Addition of a Pole to the Closed-Loop Transfer 
Function 
Because the poles of the closed-loop transfer function are roots of the 


characteristic equation, they control the transient response of the system 
directly. Consider the closed-loop transfer function 


M(s) ¥(s)_ (7-130) 


R(s)  (s? + 2¢,5+@, )(1+T,s) 


where the term (1 + T's) is added to a prototype second-order transfer 
function. ‘Table 7-8 shows the poles of the closed-loop system when @ = 1, ¢ 
= land T = 0, 0.5, 1, 2, and 5. As the value of T increases, the closed-loop 
added pole at —1/T' moves closer to the origin in the s-plane. Figure 7-39 
illustrates the unit-step response of the system. As the pole at s = —-1/T' is 
moved toward the origin in the s-plane, the rise time increases and the 
maximum overshoot decreases. Thus, as far as the overshoot is concerned, 
adding a pole to the closed-loop transfer function has just the opposite effect 
to that of adding a pole to the forward-path transfer function. 


TABLE 7-8 The Poles of the Closed-Loop System in Eg. (7-130) when 
wm, =1,¢=1and T = 0, 0.5, 1, 2, and5 


L, Poles 

() Prototype Second- = 5 =-0.5 + j 0.87 s, = -0.5 -j 0.87 
Order System 

0.5 5 =-2 = -0.5 +) 0.87 s,=-0.5 - j 0.87 

sa 5, =-0.5+j 0.87 5, = -0.5 -j 0.87 

2 s=-0.5 §, =—-0.5 +) 0.87 § =-0.5 - j 0.87 


4 (= 5, =-0.5 +) 0.87 $= 05 JON 
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Figure 7-39 Uhnit-step responses of the system with the closed-loop 
transfer function in Eq. (7-130): ¢ = 0.5, @, = 1 and T = 0, 0.5, 1.0, 2.0, and 
4.0. 


For T < 2, the real pole value is less than the real portion of the complex 
conjugate poles. While for T > 2, it is closer to origin than the complex poles. 
As we will discuss later in Sec. 7-8, in the latter case the real pole is less 
dominant than the complex poles, while in the former case it overpowers the 
response causing the overshoot to diminish. 


Toolbox 7-7-2 


The corresponding responses for Fig. 7-39 are obtained by the 
following sequence of MATLAB functions: 


clear all 

w=1.; /=0:.25; 

Lor To=10,0.2,0.667,, 1) 3 

G0 :0. 001620 

num = [w]; 

den = [Tp 14+2*1*w*Tp 2*1l*w w 2]; 
step (num,den,t) ; 

hold on; 

end 

xlabel (‘Time (secs) ’ ) 
ylabel ( *y(t)*} 

title(*‘Unit-step responses of the system’ ) 


7-7-3 Addition of a Zero to the Closed-Loop Transfer 
Function 


Consider the following closed-loop transfer function with an added zero: 


M(s)=28).- On + Ts) _ (7-131) 
R(s)  (s'+2¢@,s+@-; ) 


Table 7-9 shows the roots of the system when m = 1, ¢=0.5 and T = 0, 1, 
2, 3, 6, and 10. As the value of T increases, the closed-loop added zero at — 
1/T moves closer to the origin in the s-plane. Figure 7-40 shows the unit- 
step responses of the closed-loop system. In this case, we see that adding a 
zero to the closed-loop transfer function decreases the rise time and 
increases the maximum overshoot of the step response. 


TABLE 7-9 The Roots of the Closed-Loop System in Eg. (7-131) 
when @ = 1, ¢=0.5 and T = 0, 1, 2, 3, 6, and 10 


V(t) 


. Zero Poles 
0) Prototype Second-Order System §, =-0.5 +7 0.87 $= —0.5 - j 0.87 
0.5 $=-l s, = -0.5 + 0.87 5, =-0.5 -j 0.87 
s =-0.5 s, =-0.5+) 0.87 s, =-0.5 -j 0.87 
3 5 =-0.33 5, =-0.5+ 0.87 5, =-0.5 -j 0.87 
6 $= -0.17 §, = -0.5 + j 0.87 s, = 0.5 - j 0.87 
10 5 =-0.10 s, = -0.5 +] 0.87 s =-0.5 -j 0.87 








750 900 10.50 12.00 13.50 — 15.00 


Time (sec) 


Figure 7-40 Unit-step responses of the system with the closed-loop 


transfer function in Eq. (7-131): T = 0, 1, 2, 3, 6, and 10. 


For T < 1, the zero value is less than the real portion of the complex 
conjugate poles. While for T > 1, it is closer to origin than the complex poles. 
As in the previous section, in the latter case the zero is less dominant than the 
complex poles, while in the former case it overpowers the response causing 
more overshoot. 


We can analyze the general case by writing Eq. (7-131) as 


Yis (D- T.@°s 


M(s) = ? ? ? ? 
R(s) s°+2¢@,s+@, s +2C@,s+@- 





For a unit-step input, let the output response that corresponds to the first 
term of the right side of Eq. (7-132) be y(t). Then, the total unit-step response 
is 


wt) = y (t)+7 (7-133) 


dt 


Figure 7-41 shows why the addition of the zero at s = —1/T reduces the rise 
time and increases the maximum overshoot, according to Eq. (7-133). In fact, 
as T approaches infinity, the maximum overshoot also approaches infinity, 
and yet the system is still stable as long as the overshoot is finite and ¢ is 
positive. 








| 
| 
| 
| 
| “dt 


ln eee 


Time (sec) 


Figure 7-41 Unit-step responses showing the effect of adding a zero to 
the closed-loop transfer function. 


7-7-4 Addition of a Zero to the Forward-Path Transfer 
Function: Unity-Feedback Systems 


Let us consider that a zero at —1/T is added to the forward-path transfer 
function of a third-order system, so 
6(1+ Ts) 


G(s) = ——————_ (7-134) 
s(s+1)(s+2) 


The closed-loop transfer function is 
Y(s)_ 6(1+T.s) 


Ms) =-——<—_ > ——_— (7-135) 
Ris) § +38°4+(2+60 js+6 


The difference between this case and that of adding a zero to the closed- 
loop transfer function is that, in the present case, not only the term (1 + T's) 
appears in the numerator of M(s), but the denominator of M(s) also contains 
T. The term (1 + Ts) in the numerator of M(s) increases the maximum 


overshoot, but T appears in the coefficient of the s term in the denominator, 
which has the effect of improving damping, or reducing the maximum 
overshoot. Figure 7-42 illustrates the unit-step responses when T = 0, 0.2, 
0.5, 2.0, 5.0, and 10.0. Notice that, when T = 0, the closed-loop system is on 
the verge of becoming unstable. When T = 0.2 and 0.5, the maximum 
overshoots are reduced, mainly because of the improved damping. As T. 
increases beyond 2.0, although the damping is still further improved, the (1 + 
T's) term in the numerator becomes more dominant, so the maximum 
overshoot actually becomes greater as T is increased further. 
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Figure 7-42 Uhnit-step responses of the system with the closed-loop 
transfer function in Eq. (7-135): T = 0, 0.2, 0.5, 2.0, 5.0, and 10.0. 


An important finding from these discussions is that, although the 
characteristic equation roots are generally used to study the relative damping 
and relative stability of linear control systems, the zeros of the transfer 
function should not be overlooked in their effects on the transient 


performance of the system. See Example 7-7-1 in the following section for 
another treatment of this case. 


Toolbox 7-7-3 


The corresponding responses for Fig. 7-42 are obtained by the 
following sequence of MATLAB functions: 


clear all 

tor Te-|10 G.2 0.5 2 S)3 
C0 'O.001 £15% 

num = [6*Tz 6]; 

den. = [1 3 2+6*Tz 6]; 
step (num,den,t) ; 

hold on; 

end 

xlabel (‘Time (secs) ’) 
ylabels *yv(t)*) 
title(‘Unit-step responses of the system’ ) 


7-7-5 Addition of Poles and Zeros: Introduction to Control 
of Time Response 


In practice we can control the response of a system by adding poles and 
zeros or a Simple amplifier with a constant gain K to its transfer function. So 
far in this chapter, we have discussed the effect of adding a simple gain in the 
time response—that is, proportional control. In this section, we look at 
controllers that include derivative or integral of the input signal in addition to 
the proportional operation. 


EXAMPLE 7-7-1 Consider the second-order model 


Ge—_ _&__ (7-136) 
p 
s(s+2) s(s+2Cq, ) 





where @. = 1.414 rad/s and ¢ = 0.707. The forward- 


path transfer function has two poles at 0 and —2. Figure 7- 
43 shows the block diagram of the system. The series 
controller, which adds a zero to the forward path transfer 
function, is a proportional-derivative (PD) type with the 
transfer function 





Figure 7-43 Control system with PD controller. 


G.(s)=K; +K5s (7-137) 


In this case, the forward-path transfer function of the 
compensated system is 


Y(s) w(K,+K,s) 


G(s)=——-=G,(s)G,(s)= et 2008.3 (7-138) 


E(s) 
which shows that the PD control is equivalent to 
adding a simple zero at s = —K/K,, to the forward-path 
transfer function. Note that this controller does not affect 
the system type, and it only alters the transient response 
of the system. 
Rewriting the transfer function of the PD controller as 


G,(s)=(K,+K,5)=K,0+25) (7-139) 


( 


where 


Deli ui 


The forward-path transfer function of the system 
becomes 
Y(s) 2K,(1+7_s) 


G(s) =—— 


= (7-141) 
E(s) s(s+2) 


The closed-loop transfer function is 


Y(s) 2K {1 +75) 
iG Le. 2a ee (7-142) 
Kis) S (24261 6+28.,. 


We should quickly point out that Eq. (7-142) no longer 
represents a prototype second-order system, since the 
transient response is also affected by the zero of the 
transfer function at s = —K/K, —tefer to Sec. 7-7-4 for 


more discussions. 


Let us now examine how the controller gains K, and K, affect the response 
of the system. Obviously, because there are two controller gains that we can 
vary, this process is not unique. In Chap. 11, we discuss this subject in more 
depth. In this example, we provide a simple approach by examining the how 
K, and K, affect the poles and zero of the system. Let’s fix the value of the 
zero at an arbitrary location to the left of forward-path transfer function poles 
at 0 and —2. If T is too small, the system in Eg. (7-142) converges to a 
prototype second-order transfer function. That is 


Jo 2K (1+.1_5) 15, 


—=lim-— = (7-143) 
RUS) %-0S" 4+(24+-2K 0 Je+2R, S°+2542K, 

This is simply saying a large negative zero, will have a minimal effect on 
the system transient response. In order to better examine the effect of the 
zero, let’s choose the zero s = —1/T = —2.5, implying T = 0.4. The poles may 


be obtained from the characteristic equation: 


s*+(2+2K,T. )s+2K, =0 (7-144) 
Or 


s,, =-1-K,T, +,/(1+K,T.)’ -2K, (7-145) 


Hence, addition of a zero to the forward path transfer function 
impacted the overshoot and rise time of the system. If the zero is more 
dominant than the poles, the overshoot increases, despite a decrease in 
the oscillations, while the rise time also decreases. If we select the zero 
farther to the left of the s-plane, its effect will become less dominant. 


Table 7-10 shows selected pole values when K, varies from 0 to 7. The 
results are also plotted in the s-plane in a graph that is better known as the 
root locus of the system—see Fig. 7-44. The root locus is essentially the 
graphical representation of the system zero and roots of Eq. (7-145) for all K, 
values. As shown, as K, varies the poles of the system move together and 
meet at s = —1.38 for K, = 0.9549. Then the poles become complex and 
encircle the zero at —2.5. They meet again at s = —3.64 for K, = 6.5463. 
Beyond this point, one pole moves toward the zero at —2.5 while the other 
one moves to the left. Finally, as K, — %,s, + o, ands, + —2.5. 


TABLE 7-10 The Roots of the Closed-Loop System in Ea. (7-142) 
when T = 0.4 and K, varies from 0 to 7 


K Zero 


P 
0 “on 
0.9549 “2.0 
| “2d 
3 =2.9 
+ “20 
3 “20 
6.) “15 
6.5463 “hd 
6.6 “2.0 


K, = 6.5463 
5,9 =-3.64 


A 4 8 


0 
-1.38 
-14+j0.2 
-2.2 +) 1.08 
-2.6+j LU 
34j 

3.6 +) 0.2 
~3.64 

~3,86 


—2 
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K, = 0.9549 
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Figure 7-44 The root locus representing the zero and poles of Eq. (7-142) 
for K, varying from 0 to ~ and T = 0.4. 


By looking at the root locus, and based on the previous discussions, at K, = 
0.9549, the two poles at —1.38 dominate the effect of the zero at —2.5, and we 
expect to observe a critically damped type response. At K, = 6.5463, 
however, the zero at —2.5 dominates the two poles at —3.64. As a result, we 
expect to see more overshoot and a faster rise time—see Secs. 7-7-3 and 7-7- 
4. Between these values, the system can exhibit oscillatory response, 
depending on the effect of the zero at —2.5. Examining the unit-step response 
of the system in Eq. (7-142) for selected values of K, = 0.9549, 1, and 6.5463 
confirms our s-plane assessment. It is important to note that the zero’s effect 
in this case appears significant enough to suppress the oscillatory nature of 
the system even when the poles are complex. 


Toolbox 7-7-4 


The corresponding responses for Fig. 7-45 are obtained by the 
following sequence of MATLAB functions: 


clear all 

Tz=0.4: % fix the zero 

for KP =[0.9549 4 6.5463];% plot three responses 
t=0:0.001:5; % time resolution and final limit 
num = [2*KP *Tz 2*KP |: 

den = [1 2+2*KP *Tz 2*KP |; 

step (num,den,t); %* plot the responses 

hold on; 

end 

xlabel (‘Time’) 

ylabel (‘y(t)’) 

title(‘Unit-step responses of the system’) 


The root locus in Fig. 7-44 is obtained by the following sequence of MATLAB functions 


clear all 

Tz=0.4; % fix the zero 

KP =0.001; @ start from a very small KP value. 
num = [2*KP *Tz 2*KP]; 

den = [1 2+2*KP *Tz 2*KP] ; 

rlocus(num,den); %* find and plot the root locus 


System: sys 
Time (seconds): 0.894 
K =6.5463 Amplitude: 1.02 
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Figure 7-45 Unit-step response of Eq. (7-142) for T = 0.4 and three K, 
values. 


EXAMPLE 7-7-2 Consider the following second-order plant 


2 

G(s) =——————— (7-146) 
(s+1)(s+2) 

Figure 7-46 illustrates the block diagram of the system 

with a series PI controller. Using the circuit elements 


given in Table 7-1 in Chap. 6, the transfer function of the 
PI controller is 






(s + 1)(s + 2) 


Figure 7-46 Control system with PI controller. 


G(s)=K, += (7-147) 
S 


which adds a zero and a pole to the forward path 
transfer function. The addition of a pole at s = 0, changes 
the system to a type 1 system, and as a result, eliminates 
the steady-state error to a step input. The forward-path 
transfer function of the compensated system is 


BR (S+KiK,) 2K5(8+5;/K5) 


G(s)=G (s)G (s) s(s +1)(s +2) 6° +357 425 


*s P 


(7-148) 


Our design criteria in this case are zero steady error 
and a PO of 4.33 to a unit step input. 


The closed-loop transfer function is 


Y(s) 2K tS+.KalKs) 
Ris) # +38" +21 +4K, Js 2k, 


where the characteristic equation of the closed-loop 
system 1s 


s°+3s°+2(1+K,)s+2K, =0 (7-150) 


From Routh-Hurwitz stability test, the system is stable 


for 0 < K/K, < 13.5. This means that the zero of G(s) at s 
= —K/K, cannot be placed too far to the left in the left-half 
s-plane, or the system will be unstable (see Fig. 7-47 for 
controller pole and zero locations). Hence, when a type 0 
system is converted to type 1 using a PI controller, the 
steady-state error due to a step input is always zero if the 
closed-loop system is stable. 





Figure 7-47 Pole-zero configuration of a PI controller. 


A viable method of designing the PI control is to select the zero at s = 
—K/K, so that it is relatively close to the origin and away from the most 
significant poles of the process; the values of K, and K, should be 
relatively small. 


The system in Fig. 7-46, with the forward-path transfer 
function in Eg. (7-148), will now have a zero steady-state 
error when the reference input is a step function. 
However, because the system is now third order, it may 
be less stable than the original second-order system or 
even it may become unstable if the parameters K, and K, 


are not properly chosen. The problem is then to choose 
the proper combination of K, and K_ so that the transient 
response is satisfactory. 

Let us place the zero of the controller at —K/K, 
relatively close to the origin. For the present case, the 
most significant pole of G(s) is at -1. Thus, K/K, should 
be chosen so that the following condition is satisfied: 


Per (7-151) 


Y 


As a Start point in designing of the controller, 


considering the condition in Eq. (7-151), Eq. (7-149) may 
loosely be approximated by 


2K; 


——$_+—__. (7-152) 
s°+3s+2+2K, 


G(s)= 


where the term K/K, in the numerator and K, in the 
denominator are neglected. 

As a design criterion, we require a desired percent maximum overshoot 
value of 4.3 for a unit-step input, which utilizing Eq. (7-40) results in a 
relative damping ratio of 0.707. From the denominator of Eq. (7-152) 
compared with a prototype second-order system, we get the natural frequency 
value of w, = 2.1213 rad/s and the required proportional gain of K, = 1.25 — 
see Fig. 7-48 for the time response. Using K, = 1.25, let us now examine the 
time response of the third-order system in Eg. (7-149). As shown in Fig. 7- 
48, if Kis too small, 0.625 in this case, the system time response is slow and 
the desired zero steady-state error requirement is not met fast enough. Upon 
increasing K, to 1.125, the desired response is met, as shown in Fig. 7-48. In 
this case, the controller zero still meets the condition in Eq. (7-151). 
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Figure 7-48 Unit-step response of Eq. (7-149) for three K, values, when 
K, = 1.25. 


Hence, in this case addition of a controller pole at s = 0 
eliminated the steady-state error, while the controller zero 


impacted the transient response to meet the desired PO 
requirement. 


Toolbox 7-7-5 


The corresponding responses for Fig. 7-48 are obtained by the 
following sequence of MATLAB functions: 


clear all 

KP=1.25 @ set KP 

for KI=[0 0.625 1.125]; % Response for three values of KI 
t=0:0.001:10; % time resolution 

num = [2*KP 2*KI]; 

den = [1 3 2+2*KP 2*KI]; 

step (num,den,t) ; 

hold on; 

end 

xlabel (‘Time’ ) 

ylabel (‘y(t)’) 

title(‘Unit-step responses of the system’ ) 


7-8 DOMINANT POLES AND ZEROS OF 
TRANSFER FUNCTIONS 


From the discussions given in the preceding sections, it becomes apparent 
that the location of the poles and zeros of a transfer function in the s-plane 
sreatly affects the transient response of the system. For analysis and design 
purposes, it is important to sort out the poles that have a dominant effect on 
the transient response and call these the dominant poles. 

Because most control systems in practice are of orders higher than two, it 
would be useful to establish guidelines on the approximation of high-order 
systems by lower-order ones insofar as the transient response is concerned. In 
design, we can use the dominant poles to control the dynamic performance of 
the system, whereas the insignificant poles are used for the purpose of 
ensuring that the controller transfer function can be realized by physical 
components. 

For all practical purposes, we can divide the s-plane into regions in which 
the dominant and insignificant poles can lie, as shown in Fig. 7-40. We 
intentionally do not assign specific values to the coordinates, since these are 
all relative to a given system. 

The poles that are close to the imaginary axis in the left-half s-plane give 


rise to transient responses that will decay relatively slowly, whereas the poles 
that are far away from the axis (relative to the dominant poles) correspond to 
fast-decaying time responses. The distance D between the dominant region 
and the least significant region shown in Fig. 7-49 will be subject to 
discussion. The question is: How large a pole is considered to be really large? 
It has been recognized in practice and in the literature that if the magnitude of 
the real part of a pole is at least 5 to 10 times that of a dominant pole or a pair 
of complex dominant poles, then the pole may be regarded as insignificant 
insofar as the transient response is concerned. The zeros that are close to the 
imaginary axis in the left-half s-plane affect the transient responses more 
significantly, whereas the zeros that are far away from the axis (relative to the 
dominant poles) have a smaller effect on the time response. 
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Figure 7-49 Regions of dominant and insignificant poles in the s-plane. 


We must point out that the regions shown in Fig. 7-49 are selected merely 
for the definitions of dominant and insignificant poles. For controller design 
purposes, such as in pole-placement design, the dominant poles and the 
insignificant poles should most likely be located in the tinted regions in Fig. 
7-50. Again, we do not show any absolute coordinates, except that the desired 


region of the dominant poles is centered around the line that corresponds to ¢ 
= 0.707. It should also be noted that, while designing, we cannot place the 
insignificant poles arbitrarily far to the left in the s-plane or these may require 
unrealistic system parameter values when the pencil-and-paper design is 


implemented by physical components. 
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Figure 7-50 Regions of dominant and insignificant poles in the s-plane 


for design purposes. 


7-8-1 Summary of Effects of Poles and Zeros 


Based on previous observations, we can summarize the following: 


1. Complex-conjugate poles of the closed-loop transfer function lead 
to a step response that is underdamped. If all system poles are real, the 
step response is overdamped. However, zeros of the closed-loop transfer 
function may cause overshoot even if the system is overdamped. 


2. The response of a system is dominated by those poles closest to the 
origin in the s-plane. Transients due to those poles, which are farther to 


the left, decay faster. 


3. The farther to the left in the s-plane the system’s dominant poles 
are, the faster the system will respond and the greater its bandwidth will 
be. 


4. The farther to the left in the s-plane the system’s dominant poles 
are, the more expensive it will be and the larger its internal signals will 
be. While this can be justified analytically, it is obvious that striking a 
nail harder with a hammer drives the nail in faster but requires more 
energy per strike. Similarly, a sports car can accelerate faster, but it uses 
more fuel than an average car. 


5. When a pole and zero of a system transfer function nearly cancel 
each other, the portion of the system response associated with the pole 
will have a small magnitude. 


7-8-2 The Relative Damping Ratio 


When a system is higher than the second order, we can no longer strictly 
use the damping ratio ¢ and the natural undamped frequency @., which are 
defined for the prototype second-order systems. However, if the system 
dynamics can be accurately represented by a pair of complex-conjugate 
dominant poles, then we can still use ¢ and @ to indicate the dynamics of the 
transient response, and the damping ratio in this case is referred to as the 
relative damping ratio of the system. For example, consider the closed-loop 
transfer function 


_Y(s)_ 20 


M(s)= =——_$_$_$______ 
R(s) (s+10)(s° +2542) 


(7-153) 


The pole at s = —10 is 10 times the real part of the complex conjugate 
poles, which are at —1 + j1. We can refer to the relative damping ratio of the 
system as 0.707. 


7-8-3 The Proper Way of Neglecting the Insignificant Poles 
with Consideration of the Steady-State Response 
Thus far, we have provided guidelines for neglecting insignificant poles of 


a transfer function from the standpoint of the transient response. However, 
going through with the mechanics, the steady-state performance must also be 


considered. Let us consider the transfer function in Eq. (7-153); the pole at 
-10 can be neglected from the transient standpoint. To do this, we should 
first express Eq. (7-153) as 


Ey e—___ (7-154) 
10(s/10+1)(s° +2542) 


Then we reason that |s/10| < 1 when the absolute value of s is much 
smaller than 10 because of the dominant nature of the complex poles. The 
term s/10 can be neglected when compared with 1. Then, Eg. (7-154) is 
approximated by 


MGs —__~ _ (7-155) 
10(s° +2s+2) 


This way, the steady-state performance of the third-order system will not 
be affected by the approximation. In other words, the third-order system 
described by Eq. (7-153) and the second-order system approximated by Eq. 
(7-155) all have a final value of unity when a unit-step input is applied. On 
the other hand, if we simply throw away the term (s + 10) in Eg. (7-153), the 
approximating second-order system will have a steady-state value of 5 when 
a unit-step input is applied, which is incorrect. 


7-9 CASE STUDY: TIME-DOMAIN ANALYSIS 
OF A POSITION-CONTROL SYSTEM 


Due to the requirements of improved response and reliability, the surfaces 
of modern aircraft are controlled by electric actuators with electronic 
controls. Consider the system in Fig. 7-51. The purpose of the system 
considered here is to control the positions of the fins of an airplane. The so- 
called fly-by-wire control system implies that the attitude of aircraft is no 
longer controlled by mechanical linkages. Figure 7-51 illustrates the 
controlled surfaces and the block diagram of one axis of such a position- 
control system. Figure 7-52 shows the analytical block diagram of the system 
using the dc-motor model given in Fig. 7-51. The system is simplified to the 
extent that saturation of the amplifier gain and motor torque, gear backlash, 


and shaft compliances have all been neglected. (When you get into the real 
world, some of these nonlinear effects should be incorporated into the 
mathematical model to come up with a better controller design that works in 
reality.) 


Contro! 
surface 


\ 
\ 











Control 
surface 







j _,{ \_,} POWER AMPLIFIER 
Command 4 | WITH CURRENT FB 





Position 
of control 
surface 






TACHOMETER 


Figure 7-51 Block diagram of an attitude-control system of an aircraft. 
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Figure 7-52 ‘Transfer-function block diagram of the system shown in Fig. 
7-51. 








The objective of the system is to have the output of the system, 0 (¢), 
follow the input, 6(t). The following system parameters are given initially: 


Gain of encoder 


Gain of preamplifier 


K =1 V/rad 
K = adjustable 


Gain of power amplifier K =10 V/V 

Gain of current feedback K,=0.5 V/A 

Gain of tachometer feedback K,=0 V/rad/s 
Armature resistance of motor R =5.0 Q 
Armature inductance of motor L_ =0.003 H 
Torque constant of motor K.= 9.0 oz-in/A 
Back-emf constant of motor K, = 0.0636 V/rad/s 
Inertia of motor rotor J, = 0.0001 oz-in-s’ 
Inertia of load J, =0.01 oz-in-s? 
Viscous-friction coefficient of motor B_ =0.005 oz: in- s’ 
Viscous-friction coefficient of load B= 1.0 oz-in-s° 
Gear-train ratio between motor and load N= O/ 0 =1/10 


Because the motor shaft is coupled to the load through a gear train with a 
gear ratio of N, 8 = N@_, the total inertia and viscous-friction coefficient seen 
by the motor are 


J, =J,, +N°J, =0.0001+0.01/100 = 0.0002 oz: in-s” 
B, = 5, +N°B, —0.0054+1/100 =0.015 OZ*in*s 


respectively. The forward-path transfer function of the unity-feedback 
system is written from Fig. 7-52 by applying the SFG gain formula: 


; K.K.K.KN 
LJ? +(R J, +L.B+KK,J,)s+RB+KK,B +KK,+KK KK] 


aa: 


(5-157) 


The system is of the third order, since the highest-order term in G(s) is s’. 


The electrical time constant of the amplifier-motor system is 


i 0.003 
tT, =——__*— = —— =0.0003s (7-158) 
R+KK, 5+5 


The mechanical time constant of the motor-load system is 


— J, 0.0002 
' B 0.015 


t 


= 0.01333 s (7-159) 


Because the electrical time constant is much smaller than the mechanical 
time constant, on account of the low inductance of the motor, we can perform 
an initial approximation by neglecting the armature inductance L.. The result 
is a second-order approximation of the third-order system. Later we will 
show that this is not the best way of approximating a high-order system by a 
low-order one. The forward-path transfer function is now 


K.K.K.KN 


G3) = ——— 
s[(R_J,+K,K,J,)s+R,B.+K,K,B,+K,K,+KK,K,K, |] 


K.K.K,KN 
RS RK (7-160) 
RB+K.K,B,+KK,+KK,K.K. 
spt eb ee 


RJ, + KKGT; 


Substituting the system parameters in the last equation, we get 


4500 K 


a ____ (7-161) 
s(s +361.2) 


The closed-loop transfer function of the unity-feedback control system is 


O (s) 4500K 
—_—_=-..?.— OS NnN.~_LLL (7-162a) 
O(s) s° +361.2s+4500K 


Comparing Eq. (7-162) with the prototype second-order transfer function 
of Eq. (7-18), we have 





K_K.K.KN 
_ =, | —_ = V4500K rad/s 
RJ, + KK, J; 


_ R,B,+K,K,B,+K,K,+KK,K,K, 2.692 


= 2,/K K.K.KN(RJ.+K.K,J,.) VK 


Thus, we see that the natural frequency w_ is proportional to the square root 
of the amplifier gain K, whereas the damping ratio ¢ is inversely proportional 
tovk., 


(7-162b) 


7-9-1 Unit-Step Transient Response 
For the characteristic equation of Eg. (7-162), the roots are 


s, =—180.6+V32616—4500K (7-163) 
Ss, =—180.6—V32616—4500K (7-164) 


For K = 7.24808, 14.5, and 181.2, the roots of the characteristic equation 
are tabulated as follows: 


K =7.24808: s, =s, =—180.6 
K =145: s, =-180.6+ j180.6 s, =—180.6— 180.6 
K=181.2:  s, =—180.6+ {884.7 s, =-180.6+ j884.7 


These roots are marked as shown in Fig. 7-30. The trajectories of the two 
characteristic equation roots when K varies continuously from —° to © are 
also shown in Fig. 7-30. These root trajectories are called the root loci of Eq. 
(7-135) and are used extensively for the analysis and design of linear control 
systems. 

From Eqs. (7-163) and (7-164), we see that the two roots are real and 
negative for values of K between 0 and 7.24808. This means that the system 


is overdamped, and the step response will have no overshoot for this range of 
K. For values of K greater than 7.24808, the natural undamped frequency will 


increase with VK. When K is negative, one of the roots is positive, which 
corresponds to a time response that increases monotonically with time, and 
the system is unstable. The dynamic characteristics of the transient step 
response as determined from the root loci of Fig. 7-53 are summarized as 
follows: 
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Figure 7-53 Root loci of the characteristic equation in Eq. (7-162) as K 


varies. 

Amplifier Gain Dynamics — Characteristic Equation Roots System 

0<K< 7.24808 Two negative distinct real roots Overdamped (¢ > 1) 

K = 7.24808 Two negative equal real roots Critically damped (¢= 1) 

7.24808 < K < Two complex-conjugate roots with  Underdamped (¢< 1) 
negative real parts 

-0<K<0 Two distinct real roots, one positive Unstable system (¢ < 0) 
and one negative 


Using a test unit-step input, we can characterize the time-domain 
performance of the system in terms of the maximum overshoot, rise time, 
delay time, and settling time. Let the reference input be a unit-step function 
0 (t) = u(t) rad; then © (s) = 1/s. The output of the system with zero initial 
conditions, for the three values of K indicated, is 


K = 7.248 (C= 1.0): 


6, (t)=(1-15le""" +150e°"™ Ju, (t) (7-165) 

K= 14.5 (C= 0.707): 
6 (t)=(1-e ””” cos180.6t -0,9997e "sin 180.6t)u,(t) (7-166) 

K = 181.17(¢=0.2): 
6 (t)=(1-e" cos884.7t - 0.2041e"" sin884.7t)u, (t) (7-167) 


The three responses are plotted as shown in Fig. 7-54. Table 7-11 gives the 
comparison of the characteristics of the three unit-step responses for the three 
values of K used. When K = 181.17, ¢ = 0.2, the system is lightly damped, 


and the maximum overshoot is 52.7 percent, which is excessive. When the 
value of K is set at 7.248, ¢ is very close to 1.0, and the system is almost 
critically damped. The unit-step response does not have any overshoot or 
oscillation. When K is set at 14.5, the damping ratio is 0.707, and the 
overshoot is 4.3 percent. 
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Figure 7-54 Unit-step responses of the attitude-control system in Fig. 7- 
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TABLE 7-11 Comparison of the Performance of the Second-Order 
Position-Control System with the Gain K Values 


PO [ [ I 


Gain K C (rad/s) Overshoot (s) (s) (s) (s) 
/. 24808 1.000 180.62 () 0.00929 0.0186 0).0259 — 
14.50 0.707 25544 43 (),00560 0.0084 0.0114 0.01735 
181.17 0.200 903.00 WI, 0),00125 0.00136 0.0150 0.00369 


Toolbox 7-9-1 


Figure 7-54 responses may be obtained by the following sequence of 
MATLAB functions: 

+ Unit-Step Transient Response 

for k=|7..243), 14 . 3,131.2] 

num = [4500*k]; 

den = [1 361.2 4500*k] ; 

step (num, den) 

hold on; 

end 

xlabel (‘Time (secs) ‘) 

ylabel (‘Amplitude’ ) 

title (‘Closed-Loop Step’ ) 


7-9-2 ‘The Steady-State Response 


Because the forward-path transfer function in Eq. (7-161) has a simple 
pole at s = 0, the system is of type 1. This means that the steady-state error of 
the system is zero for all positive values of K when the input is a step 
function. Substituting Eq. (7-161) into Eq. (7-115), the step-error constant is 


4500K 
K, =li 


int; = (7-168) 
s>0 $(s + 361.2) 


Thus, the steady-state error of the system due to a step input, as given by 
Eg. (7-116), is zero. The unit-step responses in Fig. 7-54 verify this result. 


The zero-steady-state condition is achieved because only viscous friction is 
considered in the simplified system model. In the practical case, Coulomb 
friction is almost always present, so the steady-state positioning accuracy of 
the system can never be perfect. 


7-9-3 Time Response of a Third-Order System—Electrical 
Time Constant Not Neglected 

In the preceding section, we have shown that the prototype second-order 
system, obtained by neglecting the armature inductance, is always stable for 
all positive values of K. It is not difficult to prove that, in general, all second- 
order systems with positive coefficients in the characteristic equations are 
Stable. 

Let us investigate the performance of the position-control system with the 
armature inductance L_ = 0.003 H. The forward-path transfer function of Eq. 


(7-160) becomes 
15x10’ K 
s(s° + 3408.3 s +1,204,000) 
7 15x10’ K 
s(s + 400.26)(s +3008) 


G(s)= 
(7-169) 


The closed-loop transfer function is 


O,(s) | 1.5x10’K 
O(s) s°+3408.3 s*+1,204,000s+1.5x10' K 





(7-170) 


The system is now of the third order, and the characteristic equation is 
s* +3408.3s° +1,204,000s+1.5 x10’ K =0 (7-171) 


By using the Routh-Hurwitz criterion to Eg. (7-171), we can see that at K = 
273.57, the third-order system becomes marginally stable with two poles at 
S,,= +1097.3. This is a clear difference with the second-order system 
approximation in Eq. (7-162), which is stable for all positive K values. As a 
result, as discussed in detail in the next section, we do expect for some values 


of K the negligible electrical time constant approximation not to be valid. 


7-9-4 Unit-Step Transient Response 


The roots of the characteristic equation are tabulated for the three values of 
K used earlier for the second-order system: 


(= 7.248: §, =-156.21 §, =-230.33 §,=-3021.8 
K = 145: 1=-186.53 + j192 $, =-186.53 - 192 §, =-3039.2 
K= 181.2: s, =-57.49 + j906.6 Ss, =-57.49 - j906.6 §, = -3293.3 


Comparing these results with those of the approximating second-order 
system, we see that, when K = 7.428, the second-order system is critically 
damped, whereas the third-order system has three distinct real roots, and the 
system is slightly overdamped. The root at s, = -3021.8 corresponds to a time 
constant of tT = 1/s* = 0.33 ms, which is more than 13 times faster than the 
next fastest time constant because of the pole at —230.33. Thus, the transient 
response due to the pole at —3021.8 decays rapidly, and the pole can be 
neglected from the transient standpoint. The output transient response is 
dominated by the two roots at —156.21 and —230.33. This analysis is verified 
by writing the transformed output response as 


10.87 X10’ 
oo (7-172) 
s(s +156.21)(s + 230.33)(s+3021.8) 
Taking the inverse Laplace transform of the last equation, we get 
0, (t)=(1—3.28e °°" +.2.28e ~"* —0.0045e Ju, (f) (7-173) 


The last term in Eq. (7-173), which is due to the root at —3021.8, decays to 
zero very rapidly. Furthermore, the magnitude of the term at t = 0 is very 
small compared to the other two transient terms. This simply demonstrates 
that, in general, the contribution of roots that lie relatively far to the left in the 
s-plane to the transient response will be small. The roots that are closer to the 
imaginary axis will dominate the transient response, and these are defined as 
the dominant roots of the characteristic equation or of the system. In this 


case, the second-order system in Eq. (7-162) is a good approximation of the 
third-order system in Eq. (7-170). 


When K = 14.5, the second-order system has a damping ratio of 0.707 
because the real and imaginary parts of the two characteristic equation roots 
are identical. For the third-order system, recall that the damping ratio is 
strictly not defined. However, because the effect on transient of the root at — 
3021.8 is negligible, the two roots that dominate the transient response 
correspond to a damping ratio of 0.697. Thus, for K = 14.5, the second-order 
approximation by setting L_ to zero is not a bad one. It should be noted, 
however, that the fact that the second-order approximation is justified for K = 
14.5 does not mean that the approximation is valid for all values of K. 

When K = 181.2, the two complex-conjugate roots of the third-order 
system again dominate the transient response, and the equivalent damping 
ratio due to the two roots is only 0.0633, which is much smaller than the 
value of 0.2 for the second-order system. Thus, we see that the justification 
and accuracy of the second-order approximation diminish as the value of K is 
increased. 


Figure 7-55 illustrates the root loci of the third-order characteristic 
equation of Eg. (7-171) as K varies. When K = 181.2, the real root at —3293.3 
still contributes little to the transient response, but the two complex-conjugate 
roots at —57.49 + j906.6 are much closer to the jw-axis than those of the 
second-order system for the same K, which are at —180.6 + j884.75. This 
explains why the third-order system is a great deal less stable than the 
second-order system when K = 181.2. 
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Figure 7-55 Root loci of the third-order attitude-control system. 


From the Routh-Hurwitz criterion, the marginal value of K for stability is 
found to be 273.57. With this critical value of K, the closed-loop transfer 
function becomes 


O,(s) _ 1.0872 x 10° 


ee ee (7-174) 
O(s) (s+3408.3)(s° +1.204 10°) 





The roots of the characteristic equation are at s = —3408.3, —j1097.3, and 
j1097.3. These points are shown on the root loci in Fig. 7-55. 


The unit-step response of the system when K = 273.57 is 
0, (t)=[1—0.094e “" — 0.952 sin(1097.3t + 72.16°)]u, (t) (7-175) 


The steady-state response is an undamped sinusoid with a frequency of 
1097.3 rad/s, and the system is said to be marginally stable. When K is 
sreater than 273.57, the two complex-conjugate roots will have positive real 
parts, the sinusoidal component of the time response will increase with time, 
and the system is unstable. Thus, we see that the third-order system is 
capable of being unstable, whereas the second-order system obtained with L. 
= 0 is stable for all finite positive values of K. 

Figure 7-56 shows the unit-step responses of the third-order system for the 
three values of K used. The responses for K = 7.248 and K = 14.5 are very 
close to those of the second-order system with the same values of K that are 
shown in Fig. 7-54. However, the two responses for K = 181.2 are quite 
different. 
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Figure 7-56 Unit-step responses of the third-order attitude-control 
system. 





Toolbox 7-9-2 


The root locus plot in Fig. 7-56 is obtained by the following 
MATLAB commands: 


for k= T..248,,14 .5,181.2,2 73 .57) 

C=0 : 0..00 1:60.05; 

num = [1.5*(10°7) *k] ; 

den = [1 3408.3 1204000 1.5*(10°7) *k]; 
( 


rlocus (num, den) 
hold on; 
end 


Final Thoughts 

When the motor inductance is restored, the system is of the third order, and 
its apparent effect is addition of a pole to the forward-path transfer function. 
For small K values, the additional pole of the third-order system is far to the 
left of the s-plane, so its effect is small. However, as the value of K gets 
larger, the new pole of G(s) essentially “pushes” and “bends” the complex- 
conjugate portion of the root loci of the second-order system toward the 
right-half s-plane. The third-order system can now become unstable for large 
amplifier gain K values. 


7-9-5 Steady-State Response 


From Eq. (7-169), we see that, when the inductance is restored, the third- 
order system is still of type 1. The value of K_ is still the same as that given in 
Eg. (7-168). Thus, the inductance of the motor does not affect the steady-state 
performance of the system, provided that the system is stable. This is 
expected, since L affects only the rate of change and not the final value of the 
motor current. 


7-10 THE CONTROL LAB: INTRODUCTION 
TO LEGO MINDSTORMS NXT MOTOR— 
POSITION CONTROL 


Continuing our work from Sec. 6-6, now that the motor parameters have 
been measured, they can be further fine-tuned by comparing the simulated 
position response to the actual position response of the motor. See App. D for 
more details. 


No-Load Position Response 
Hence, using the simplified closed-loop transfer function, similar to 
Example 7-5-1, 


K,K.K. 
Q R On 
9,,(s) 7 ———— (7-176) 
O,,(s) $° z R,B,, +K;K, s+ K,K;K, (s° T 260,5+@, ) 
KJ KJ 


where K_ is the sensor gain, calibrated to K = 1 (i.e., 1 V = 1 rad). The 
closed-loop position response of the motor with no load is simulated for a 
step input of 160 degrees or 5.585 rad. The results are shown below in Fig. 7- 
57 for multiple proportional control gains, K.,. 
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Figure 7-57 Simulated no-load closed-loop position response results for 
multiple K, gains. 


Next, the closed-loop position response of the NXT motor is found. The 
results are shown in Fig. 7-58 for multiple K, gains. 
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Figure 7-58 NXT motor no-load closed-loop position response results for 
multiple K, gains. 


Both the model response and actual motor response performance 
specifications are measured and tabulated in Table 7-12. By analyzing the 
results in Table 7-12, the system model matches the behavior of the actual 
motor, and no further fine tuning is necessary. 


TABLE 7-12 No-Load Closed-Loop Position Response Performance 
Specifications Comparison 


Percent Settling Rise Time 


K, Overshoot Time(s) (5%) = (s) 
Simulated position response  Gain=1.5 0.8 0.37 0.25 
Gain = 2.5 Whe 0.50 0.10 
Gain =5 18.9 0.48 0.09 
NXT motor position response  Gain=1.5 () 0.37 0.28 
Gain = 2.5 12.9 0.51 0.21 
Gain =5 18 0.61 0.17 


Robotic Arm Position Response 


Next, the closed-loop position response of the NXT motor with the robotic 
arm and payload is found. The results are shown in Fig. 7-59 for multiple KP 
gains. Note because of the backlash in the gearbox, the final value is not 
always 160 degrees. 
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Figure 7-59 Robotic arm with payload closed-loop position response 
results for multiple KP gains. 


The measured parameter values when the robotic arm is attached to the 
motor are shown in Table 7-13. Notice that the total inertia and viscous 
damping coefficient are higher than the no-load case found in Sec. 6-6. Next, 
the closed-loop position response of the motor with the robotic arm and 
payload is simulated for K, = 3. Note that the voltage is saturated to half its 
maximum value (~+2.25 V) to slow down the robotic arm in all the following 
tests. The simulation result is compared to the corresponding experimental 
response, as shown in Fig. 7-59. 


TABLE 7-13 Robotic Arm and Payload Experimental Parameters 


Armature resistance R =2.27Q 
Armature inductance L =0.0047 H 

Motor torque constant K-=0.25 Nm/A 
Back-EMF constant K, = 0.25 V/rad/sec 
Equivalent viscous-friction Coefficient B = 0.0027 Nm/sec 
Mechanical Time Constant tT =0.18 

Total Moment of Inertia J ga) = 900302 kg « m’ 


Comparing the two responses, as shown in Fig. 7-60, it is clear that the 
arm/payload model requires some fine tuning. In order to improve model 
accuracy, the system overshoot, rise time and settling time must all decrease. 
To achieve this task, let us examine the mathematical model of the system. 
Note that the parameter identification discussed in this section assumes a 
second-order model for the position response because the motor electric-time 
constant T = L/R = 0.002 sec is very small. Hence, similar to Example 7-5-1, 
the simplified closed-loop transfer function is 


~ Simulation 


Position (deg) 





0 0.5 | i) 2 2.9 3 


Time (seconds) 


Figure 7-60 Comparison of simulated and experimental robotic arm with 
payload closed-loop position response for K, = 3. 


KKK, 
© sreastoad (s) = R J total — (0; (7179) 
©. (5) ; AERA | K ,K.K. (s°+26@,s+@°) 
so +) 2 |p ps 
R, J total R, J total 


where K_ is the sensor gain, calibrated to K, = 1. Since Eq. (7-177) is a 
second-order system, we have 


260, 


BB+ By 
| Bee 


a 
0, = ,,—— (7-178b) 
ae ee 


(7-178a) 





Combining Eqs. (7-177) and (7-178), we get 


R B+K.K, 
f -—£ tt (7-179) 
2/K, KR 


i~ ‘a? total 


The system poles are 
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total total 


Considering Eqs. (7-178) through (7-180), and using the parameter values 
in Table 7-8 and K, = 3, we have 


@ = 10.45 rad/s (7-181) 
(= 0478 (7-182) 
s,=—5 +j9.18 (7-183) 


Further, upon examining Fig. 7-18, which describes the effects of moving 
a second-order system poles (in the s-plane) on its time response 
performance, moving the two poles in Eg. (7-180) horizontally to the left 
should increase ¢ while reducing system overshoot, rise time, and settling 
time. To do so the first term in Eq. (7-180) should increase while the second 
term should be held a constant. Having these two conditions met 
simultaneously may be a tedious task. So without bothering with rigorous 
mathematical expressions, we resort to trial and error and reduce the value of 
J. while checking the overall response. Alternatively, you can vary B or both 
J. and B, simultaneously. Variation of J. seems to be the best choice for 
fine tuning, as our confidence levels for J. was not high, see discussions in 
Secs. 6-6-3 and 6-6-4. 

The best response for K, = 3 may be achieved for J. = 0.00273 kg - m’, as 
shown in Fig. 7-61. For this parameter choice from Eas. (7-181) to (7-183), 
we have 
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Figure 7-61 Simulated robotic arm with payload closed-loop position 
response results for multiple K, gains. 


@ = 11.0 rad/s (7-184) 
C= 0.503 (7-185) 
34 = —5.54 + 9.03 (7-186) 


Where the poles in Eg. (7-186), in comparison to Eq. (7-183) have moved 
to the left while both z and w_ have increased. From Eq. (7-42), the PO is 
expected to decrease. Also from Eqs. (7-46) and (7-50), the rise time and 
settling times are also expected to decrease. For the second-order model 
using performance specification formulas, we get 


Percent maximum overshoot =100e™/Y'* =16 (7-187) 
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The performance specifications of the system, shown in Table 7-14, for K, 
= 3 are in line with these expectations. The minor discrepancies between the 
calculated values, Eqs. (7-188) and (7-189), and the simulation measurements 
in Table 7-14 are obviously attributed to the differences between the second- 
and third-order models—the simulation software used here (Simulink; see 
App. D) considers the third-order model. Note also since our system is 
nonlinear in reality, we should not expect the simulation response to closely 
match that of the experiment for other controller gain values. From Table 7- 


14, we see this is in fact the case. 


TABLE 7-14 Robotic Arm Closed-Loop Position Response 
Performance Specification Comparison 


Percent 

K, Overshoot 
Simulated position response Gain =2 § 

Gain =3 13 

Gain =5 19.4 
Robotic arm position response Gain =2 1.8 

Gain =3 12.5 

Gain =5 17.1 


Settling 
Time (s) (5%) Rise Time (s) 


0.61 0.22 
0.55 0.19 
(0.68 0.18 
0.33 0.23 
0.53 0.18 
0.48 0.18 


Do not forget that the PO for the experimental system is measured from the 


response final value, using Eq. (7-41). For example for K, = 2, the NXT 
motor (with arm and payload) response final and peak values are at 164 and 
167 degrees, respectively. So 


167-164 
PO =100} ————__ |= 1.8 (7-191) 
164 


At this point you may wish to further fine tune system parameters, or 
decide that the model is good enough. For all practical purposes, the 
parameter values shown in Table 7-15 appear reasonable, and we should stop 
the fine tuning process. 


TABLE 7-15 Fine-Tuned Robotic Arm and Payload Experimental 
Parameters 


Percent Settling 

K, Overshoot Time(s) (5%) Rise Time (s) 
Simulated position response Gain =2 8 0.6] 0.22 

Gain =3 13 0.55 0.19 

Gain =5 19.4 (0.68 0.18 
Robotic arm position response Gain =2 1.8 (),33 0.23 

Gain =3 12.5 0.53 Q.18 

Gain =5 17.1 0.48 0.18 


In the end, now that we have a good enough model of the system, we can 
design different type of controllers for this system. In App. D, we will 
provide labs that allow you to further compare the real-life motor 
characteristics with simulation using MATLAB and Simulink software. 


7-11 SUMMARY 


This chapter was devoted to the time-domain analysis of linear continuous- 


data control systems. The time response of control systems is divided into the 
transient and the steady-state responses. The transient response is 
characterized by such criteria as the maximum overshoot, rise time, delay 
time, and settling time, and such parameters as damping ratio, natural 
undamped frequency, and time constant. The analytical expressions of these 
parameters can all be related to the system parameters simply if the transfer 
function is of the second-order prototype. For other type second-order 
systems or for higher-order systems, the analytical relationships between the 
transient parameters and the system constants are more difficult to determine. 
Computer simulations are recommended for these systems. Examples of 
speed response and position control of a motor were used to better 
demonstrate the topic. 


The steady-state error is a measure of the accuracy of the system as time 
approaches infinity. When the system has unity feedback for the step, ramp, 
and parabolic inputs, the steady-state error is characterized by the error 
constants Kp, Kv, and Ka, respectively, as well as the system type. When 
applying the steady-state error analysis, the final-value theorem of the 
Laplace transform is the basis; it should be ascertained that the closed-loop 
system is stable or the error analysis will be invalid. The error constants are 
not defined for systems with nonunity feedback. For nonunity-feedback 
systems, a method of determining the steady-state error was introduced by 
using the closed-loop transfer function. Examples of speed control of a motor 
were used to better demonstrate the topic. 

Time-domain analysis of a position-control case system was conducted. 
The transient and steady-state analyses were catried out first by 
approximating the system as a second-order system. The effect of varying the 
amplifier gain K on the transient and steady-state performance was 
demonstrated. The concept of the root-locus technique was introduced, and 
the system was then analyzed as a third-order system. It was shown that the 
second-order approximation was accurate only for low values of K. 


The effects of adding poles and zeros to the forward-path and closed-loop 
transfer functions were demonstrated. The dominant poles of transfer 
functions were also discussed. This established the significance of the 
location of the poles of the transfer function in the s-plane and under what 
conditions the insignificant poles (and zeros) could be neglected with regard 
to the transient response. 


Later in the chapter, simple controllers—namely the PD, PI, and PID— 


were introduced. Designs were carried out in the time-domain (and s- 
domain). The time-domain design may be characterized by specifications 
such as the relative damping ratio, maximum overshoot, rise time, delay time, 
settling time, or simply the location of the characteristic-equation roots, 
keeping in mind that the zeros of the system transfer function also affect the 
transient response. The performance is generally measured by the step 
response and the steady-state error. 
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PROBLEMS 


In addition to using the conventional approaches, use MATLAB to solve 
the problem in this chapter. 


7-1. A pair of complex-conjugate poles in the s-plane is required to meet 
the various specifications that follow. for each specification, sketch the region 
in the s-plane in which the poles should be located. 


(a) ¢20.0707 @ 22 rad/s (Positive damping) 
(b) 0<¢<0.707 @ <2 rad/s (Positive damping) 
(c) ¢<0.5 1<@ <5 rad/s (Positive damping) 
(d) 0.5<¢<0.707 @ <5 rad/s (Positive and negative damping) 


7-2. Determine the type of the following unity-feedback systems for 
which the forward-path transfer functions are given. 


Ge)j=——_*—_ 
(a) (1+s)(1+10s)(1+20s) 
a———_. 
(b) (1+s)(1+10s)(1+20s) 
G(s) = _ 10(st+1) 
(c) s(s+5)(s+6) 
G(s) = 100(s—1) 


(d) ~ §?(s+5)(s+6) 


G(s)=— 10(s+1) 


? 


(e) s’(s° +5s+5) 
G(s) = = 

(f) s (e2) 
i) 

(g) s°(s+4) 
G(s) = 8(s+1) 

(h) (s° +25+3)(s+1) 


7-3. Determine the step, ramp, and parabolic error constants of the 
following unity-feedback control systems. The forward-path transfer 
functions are given. 


G(s)= 1000 
(a) ~ (1+0.1s)(1+10s) 
Gis)= ___ 
(b) s(s° +10s+100) 
G(s) OK 
(c) s(1+0.1s)(1+0.5s) 
Gls) = a 
(d) s°(s° +10s+100) 
G(s) = 1000 
(e) 7 s(s +10)(s +100) 
G(s) = K(1+2s)(1+4s) 
(f) ~ §?(s? +541) 


7-4. For the unity-feedback control systems described in Prob. 7-2, 
determine the steady-state error for a unit-step input, a unit-ramp input, and a 
parabolic input, (¢/2)u(t). Check the stability of the system before applying 
the final-value theorem. 


7-5. The following transfer functions are given for a single-loop 
nonunity-feedback control system. Find the steady-state errors due to a unit- 
Step input, a unit-ramp input, and a parabolic input (¢/2)u(t). 





TS mee 
6) “a (s)=5 

(©) Way HOT 
(d) OS) = sp H(s)=5(s+2) 


7-6. Find the steady-state errors of the following single-loop control 
systems for a unit-step input, a unit-ramp input, and a parabolic input, 
(t’/2)u(t). For systems that include a parameter K, find its value so that the 
answers are valid. 





+4 

M(s)=————-_. yal 
(a) s +1l6s +48s° +4s+4 

Ni eq —p ee 
(b) e430? +(K+2)s43R 

M(s)= s+5 H(s)= 10s 
(c) s*+15s°+50s?+10s s+5 

Mi's)- K(s+5) _* 
(d) s*4+17s°+60s?+5Ks+5K ~* 


7-7. The output of the system shown in Fig. 7P-8 has a transfer function 
Y/X. Find the poles and zeros of the closed-loop system and the system type. 


7-8. Find the position, velocity, and acceleration error constants for the 


system given in Fig. 7P-8. 





Figure 7P-8 


7-9. Find the steady-state error for Prob. 7-8 for (a) a unit-step input, (b) 
a unit-ramp input, and (c) a unit-parabolic input. 


7-10. Repeat Prob. 7-8 for the system given in Fig. 7P-10. 





Figure 7P-10 


7-11. Find the steady-state error of the system given in Prob. 7-10 when 
the input is 


5 3 4 


5 3 


25 S&S §& 


7-12. Find the rise time of the following first-order system: 
l—k 

G(s)=—— _with|k)<1 
s—k 


7-13. The block diagram of a control system is shown in Fig. 7P-13. Find 
the step-, ramp-, and parabolic-error constants. The error signal is defined to 
be e(t). Find the steady-state errors in terms of K and K, when the following 
inputs are applied. Assume that the system is stable. 


(a) r() = u(t) 
(b) r= u(t) 


(c) r(0 = (€/2)u(0 


K(S) E(s) 100 Ys) 
"0" TL} EL 
+ + ANT hk US 











Figure 7P-13 


7-14. Repeat Prob. 7-13 when the transfer function of the process is, 
instead, 


100 


CS) = To as)a4 05s) 


What constraints must be made, if any, on the values of K and K so that 
the answers are valid? Determine the minimum steady-state error that can be 
achieved with a unit-ramp input by varying the values of K and K. 


7-15. For the position-control system shown in Fig. 3P-7, determine the 
following. 

(a) Find the steady-state value of the error signal @(t) in terms of the 
system parameters when the input is a unit-step function. 

(b) Repeat part (a) when the input is a unit-ramp function. Assume that the 
system is stable. 


7-16. The block diagram of a feedback control system is shown in Fig. 
7P-16. The error signal is defined to be e(t). 

(a) Find the steady-state error of the system in terms of K and K, when the 
input is a unit-ramp function. Give the constraints on the values of K and K, 
so that the answer is valid. Let n(t) = 0 for this part. 

(b) Find the steady-state value of y(t) when n(f) is a unit-step function. Let 
r(t) = 0. Assume that the system is stable. 





Figure 7P-16 


7-17. The block diagram of a linear control system is shown in Fig. 7P- 
17, where r(t) is the reference input and n(t) is the disturbance. 

(a) Find the steady-state value of e(t) when n(t) = 0 and r(t) = tu(t). Find 
the conditions on the values of a and K so that the solution is valid. 

(b) Find the steady-state value of y(t) when r(t) = 0 and n(t) = u(t). 





N(s) 
R(s) E(s) ! (5) 
s s cb K(s + 3) (S 
=~ -@ ; © — haan 
+ + (s~ — 1) 
Controller Process 


Figure 7P-17 


7-18. The unit-step response of a linear control system is shown in Fig. 
7P-18. Find the transfer function of a second-order prototype system to 
model the system. 





0 0.01 t(sec) 
Figure 7P-18 


7-19. For the control system shown in Fig. 7P-13, find the values of K 
and K so that the maximum overshoot of the output is approximately 4.3 
percent and the rise time t is approximately 0.2 s. Use Eq. (7-98) for the rise- 
time relationship. Simulate the system with any time-response simulation 
program to check the accuracy of your solutions. 

7-20. Repeat Prob. 7-19 with a maximum overshoot of 10 percent and a 
rise time of 0.1 s. 

7-21. Repeat Prob. 7-19 with a maximum overshoot of 20 percent and a 
rise time of 0.05 s. 

7-22. For the control system shown in Fig. 7P-13, find the values of K 
and K so that the maximum overshoot of the output is approximately 4.3 
percent and the delay time t, is approximately 0.1 s. Use Eg. (7-96) for the 
delay-time relationship. Simulate the system with a computer program to 
check the accuracy of your solutions. 

7-23. Repeat Prob. 7-22 with a maximum overshoot of 10 percent and a 
delay time of 0.05 s. 

7-24. Repeat Prob. 7-22 with a maximum overshoot of 20 percent and a 
delay time of 0.01 s. 

7-25. For the control system shown in Fig. 7P-13, find the values of K 
and K_ so that the damping ratio of the system is 0.6 and the settling time of 
the unit-step response is 0.1 s. Use Eq. (7-102) for the settling time 
relationship. Simulate the system with a computer program to check the 
accuracy of your results. 


7-26. (a) Repeat Prob. 7-25 with a maximum overshoot of 10 percent and 
a settling time of 0.05 s. (b) Repeat Prob. 7-25 with a maximum overshoot of 
20 percent and a settling time of 0.01 s. 

7-27. Repeat Prob. 7-25 with a damping ratio of 0.707 and a settling time 
of 0.1 s. Use Eg. (7-103) for the settling time relationship. 

7-28. The forward-path transfer function of a control system with unity 
feedback is 


K 


G(s) =—————_ 
s(s+a)(s+30) 


where a and K are real constants. 

(a) Find the values of a and K so that the relative damping ratio of the 
complex roots of the characteristic equation is 0.5 and the rise time of the 
unit-step response is approximately 1 s. Use Eq. (7-98) as an approximation 
of the rise time. With the values of a and K found, determine the actual rise 
time using computer simulation. 

(b) With the values of a and K found in part (a), find the steady-state 
errors of the system when the reference input is (i) a unit-step function and 
(ii) a unit-ramp function. 

7-29. The block diagram of a linear control system is shown in Fig. 7P- 
20. 

(a) By means of trial and error, find the value of K so that the 
characteristic equation has two equal real roots and the system is stable. You 
may use any root-finding computer program to solve this problem. 

(b) Find the unit-step response of the system when K has the value found 
in part (a). Use any computer simulation program for this. Set all the initial 
conditions to zero. 

(c) Repeat part (b) when K = —1. What is peculiar about the step response 
for small t, and what may have caused it? 





Figure 7P-29 


7-30. A controlled process is represented by the following dynamic 
equations: 








dx,(t) 

ae Me A(t)+-5R, (0) 
dx,(t) 

he 6x, (t)+u(t) 
y(t) =x, (8) 


The control is obtained through state feedback with 
u(t )——k,x,(f)—k,x,(t)+ rb) 


where k_ and k, are real constants, and r(t) is the reference input. 


(a) Find the locus in the k -versus-k, plane (k, = vertical axis) on which the 
overall system has a natural undamped frequency of 10 rad/s. 

(b) Find the locus in the k-versus-k, plane on which the overall system has 
a damping ratio of 0.707. 

(c) Find the values of k, and k, such that ¢ = 0.707 and w= 10 rad/sec. 

(d) Let the error signal be defined as e(t) = r(t) — y(t). Find the steady-state 
error when r(t) = us(t) and kK, and k, are at the values found in part (c). 

(e) Find the locus in the k -versus-k, plane on which the steady-state error 
due to a unit-step input is zero. 


7-31. The block diagram of a linear control system is shown in Fig. 7P- 
31. Construct a parameter plane of K, versus K, (K, is the vertical axis), and 


show the following trajectories or regions in the plane. 


(a) Unstable and stable regions 

(b) Trajectories on which the damping is critical (¢ = 1) 

(c) Region in which the system is overdamped (¢ = 1) 

(d) Region in which the system is underdamped (¢ = 1) 

(e) ‘Trajectory on which the parabolic-error constant K, is 1000 s° 


(f) Trajectory on which the natural undamped frequency @_ is 50 rad/s 


(g) Trajectory on which the system is either uncontrollable or 
unobservable (hint: look for pole-zero cancellation) 





Figure 7P-31 


7-32. The block diagram of a linear control system is shown in Fig. 7P- 
32. The fixed parameters of the system are given as T= 0.1, J = 0.01, and K. 
= 10. 

(a) When r(t) = tu(t) and T(t) = 0, determine how the values of K and K, 
affect the steady-state value of e(t). Find the restrictions on K and K, so that 
the system is stable. 

(b) Let r(t) = 0. Determine how the values of K and K_ affect the steady- 
State value of y(t) when the disturbance input T(t) = u(t). 

(c) Let K = 0.01 and r(t) = 0. Find the minimum steady-state value of y(t) 
that can be obtained by varying K, when T(t) is a unit-step function. Find the 
value of this K. From the transient standpoint, would you operate the system 
at this value of K? Explain. 

(d) Assume that it is desired to operate the system with the value of K as 
selected in part (c). Find the value of K_ so that the complex roots of the 
characteristic equation will have a real part of —2.5. Find all three roots of the 
characteristic equation. 





Figure 7P-32 


7-33. Consider a second-order unity-feedback system with ¢ = 0.6 and w. 
= 5 rad/s. Calculate the rise time, peak time, maximum overshoot, and 
settling time when a unit-step input is applied to the system. 

7-34. Figure 7P-34 shows the block diagram of a servomotor. Assume J 
= 1 kg-m and B=1N - m/rad/s. If the maximum overshoot of the unit-step 
input and the peak time are 0.2 and 0.1 s, respectively, 

(a) Find its damping ratio and natural frequency. 

(b) Find the gain K and velocity feedback K,. Also, calculate the rise time 
and settling time. 





Figure 7P-34 


7-35. Find the unit-step response of the following systems assuming zero 
initial conditions: 


0 1 O l 0) l 
, i+} -1 -1 0 | x a du y=} 001] x, 
xX, ] QO O b 


(c) 


7-36. Use MATLAB to solve Prob. 7-35. 

7-37. Find the impulse response of the given systems in Prob. 7-35. 
7-38. Use MATLAB to solve Prob. 7-37. 

7-39. Figure 7P-39 shows a mechanical system. 

(a) Find the differential equation of the system. 

(b) Use MATLAB to find the unit-step input response of the system. 





no friction 


Figure 7P-39 


7-40. The dc-motor control system for controlling a printwheel described 
in Prob. 4-49 has the forward-path transfer function 


KKK, KR 
ry a ani vam | 


O,(s) A(s) 





where A(s) = | LJ, J,s° +J, (RJ, +B,L,)s° 


mM Mm 


+(n°K,LJ,+K,L,J,,+K,K,J,+R,B,J,)s° 


a m 


+n R.K,J,+R,K,J,+B,K,L,)s+R,B,K, +K.K,K, | 


es 


where K = 9 oz-in./A, K, = 0.636 V/rad/s, R = 5 Q, L = 1mH, K = 1 
V/rad, n= 1/10, J. = J, = 0.001 oz:in:s’, and B_ = 0. The characteristic 
equation of the closed-loop system is 


A(s) + nK.KK,K = 0 


(a) Let K, = 10,000 oz-in-rad. Write the forward-path transfer function 
G(s) and find the poles of G(s). Find the critical value of K for the closed- 
loop system to be stable. Find the roots of the characteristic equation of the 
closed-loop system when K is at marginal stability. 

(b) Repeat part (a) when K, = 1000 oz-in/rad. 

(c) Repeat part (a) when K, = %; that is, the motor shaft is rigid. 

(d) Compare the results of parts (a), (b), and (c), and comment on the 
effects of the values of K, on the poles of G(s) and the roots of the 
characteristic equation. 

7-41. The block diagram of the guided-missile attitude-control system 
described in Prob. 4-20 is shown in Fig. 7P-41. The command input is r(¢), 
and d(t) represents disturbance input. The objective of this problem is to 
study the effect of the controller G(s) on the steady state and transient 
responses of the system. 


(a) Let G(s) = 1. Find the steady-state error of the system when r(t) is a 
unit-step function. Set d(t) = 0. 

(b) Let G(s) =(s + a)/s. Find the steady-state error when r(t) is a unit-step 
function. 

(c) Obtain the unit-step response of the system for 0 <t< 0.5 s with G(s) 
as given in part (b) and a = 5.50, and 500. Assume zero initial conditions. 
Record the maximum overshoot of y(t) for each case. Use any available 
computer simulation program. Comment on the effect of varying the value of 
a of the controller on the transient response. 

(d) Set r(t) = 0 and G(s) = 1. Find the steady-state value of y(t) when d(t) 
= u(t). 

(e) Let G(s) = (s + a)/s. Find the steady-state value of y(t) when d(t) = 
u(t). 

(f) Obtain the output response for 0 < t < 0.5 s, with G(s) as given in part 
(e) when r(t) = 0 and d(t) = u(t); a = 5.50, and 500. Use zero initial 
conditions. 

(g) Comment on the effect of varying the value of a of the controller on 
the transient response of y(t) and d(t). 


100(s +2) 
(s*- 1) 






Controller 





Missile dynamics 


Figure 7P-41 


7-42. The block diagram shown in Fig. 7P-42 represents the liquid-level 
control system described in Prob. 7-19. The liquid level is represented by 
h(t), and N denotes the number of inlets. 


(a) Because one of the poles of the open-loop transfer function is 
relatively far to the left on the real axis of the s-plane at s = —10, it is 
suggested that this pole can be neglected. Approximate the system by a 
second-order system be neglecting the pole of G(s) at s = —10. The 
approximation should be valid for both the transient and the steady-state 
responses. Apply the formulas for the maximum overshoot and the peak time 
t to the second-order model for N = 1 and N = 10. 


(b) Obtain the unit-step response (with zero initial conditions) of the 
original third-order system with N = 1 and then with N = 10. Compare the 
responses of the original system with those of the second-order 
approximating system. Comment on the accuracy of the approximation as a 


function of N. 
50 
s(0.05s + 0.5) 






R(s) 





Figure 7P-42 


7-43. The forward-path transfer function of a unity-feedback control 
system 1s 


A- lt Zs 
s(s+1) 


Compute and plot the unit-step responses of the closed-loop system for T 
= 0, 0.5, 1.0, 10.0, and 50.0. Assume zero initial conditions. Use any 
computer simulation program that is available. Comment on the effects of the 
various values of T on the step response. 


7-44. The forward-path transfer function of a unity-feedback control 
system 1s 


G(s)= 
s(s+1)°(1+ Is) 

Compute and plot the unit-step responses of the closed-loop system for T’ 
= 0, 0.5, and 0.707. Assume zero initial conditions. Use any computer 
simulation program. Find the critical value of T so that the closed-loop 
system is marginally stable. Comment on the effects of the pole at s = —1/T’ in 
G(s). 

7-45. Compare and plot the unit-step responses of the unity-feedback 
closed-loop systems with the forward-path transfer functions given. Assume 
zero initial conditions. Use the timetool program. 


26)j—2—2 st For T, =0,1,5,20 
(a) s(s +0.55)(s+1.5) ; 
l+T's 
G(s) =————- For _T_ = 0,1,5,20 
(b) (s°+2s5+4+2) ; 
Zz 


G(s) 


2 7 Ce 2, = OAD 
(c) (s°+2s+2)(1+T\s) 


10 


G(s) = For T, = 0,0.5,1.0 
(d) s(s+5)1+T,s) 


G(s) ee 
(e) s(s +1.25)(s° +2.55+10) 

G) ForK=5 

Gi) For K = 10 

Gii) For K = 30 


K(s+2.5) 
G(s) a = a ca 
(f) S(s+1.25)(s° +2.55+10) 
G) ForK=5 
Gi) For K = 10 
(ii) For K = 30 


7-46. Figure 7P-46 shows the block diagram of a servomotor with 
tachometer feedback. 

(a) Find the error signal E(s) in the presence of the reference input X(s) 
and disturbance input D(s). 

(b) Calculate the steady-state error of the system when X(s) is a unit ramp 
and D(s) is a unit-step. 

(c) Use MATLAB to plot the response of the system for part (b). 

(d) Use MATLAB to plot the response of the system when_X(s) is a unit- 
step input and D(s) is a unit impulse input. 





Figure 7P-46 


7-47. The feedforward transfer function of a stable unity-feedback 
system is G(s). If the closed-loop transfer function can be rewritten as 


Y(s) — Gls) {As+1)(As+1)...(A s+) 
X(s) 14+G(s) (Bs+1)(B,s+1)...(Bs+1) 


(a) Find the J 0 aa) when e(t) is the error in the unit-step response. 
l 1 


(b) Calculate - lim; 0SG(s) 


7-48. If the maximum overshoot and 1-percent settling time of the unit- 
step response of the closed-loop system shown in Fig. 7P-48 are no more that 
25 percent and 0.1 s, find the gain K and pole location P of the compensator. 
Also, Use MATLAB to plot the unit-step input response of the system and 
verify your controller design. 





Figure 7P-48 


7-49. Ifa given second-order system is required to have a peak time less 
than t, find the region in the s-plane corresponding to the poles that meet this 
specification. 

7-50. A unity-feedback control system shown in Fig. 7P-50a is designed 
so that its closed-loop poles lie within the region shown in Fig. 7P-50b. 

(a) Find the values for @ and ¢. 

(b) If K =2 and P = 2, then find the values for K and KI. 


(c) Show that, regardless of values K, and P, the controller can be 
designed to place the poles anywhere in the left side of the s-plane. 





Im (s) 


Re (s) 





(b) 


Figure 7P-50 
7-51. The motion equation of a dc motor is given by 


KK, 


e o 
J ion (2 + \6, = iy 
R 


R 


Assuming J = 0.02 kg - m’, B=0.002N-m-s,K =0.04N : m/A, K,= 


0.04 V -s, and R= 20 Q. 


(a) Find the transfer function between the applied voltage and the motor 


speed. 


(b) Calculate the steady-state speed of the motor after applying a voltage 


of 10 V. 


(c) Determine the transfer function between the applied voltage and the 
shaft angle @ . 


(d) Including a closed-loop feedback to part (c) such that v= K(0— 6), 
where K is the feedback gain, obtain the transfer function between 6 and @.. 
(e) If the maximum overshoot is less than 25 percent, determine K. 


(f) If the rise time is less than 3 s, determine K. 


(g) Use MATLAB to plot the step response of the position servo system 
for K = 0.5, 1.0, and 2.0. Find the rise time and overshoot. 
7-52. In the unity-feedback closed-loop system in a configuration similar 





G(s)= 
to that in Fig. 7P-48, the plant transfer function is s(s+3) 
and the controller transfer function is 


_ k(st+a) 
(s+b) 
Design the controller parameters so that the closed-loop system has a 10 
percent overshoot far a unit step input and a 1-percent settling time of 1.5 s. 
7-53. An autopilot is designed to maintain the pitch attitude a of an 
airplane. The transfer function between pitch angle a and elevator angle [ are 
given by 
O(s) 60(s+1)(s+2) 
B(s) (s° +6s+40)(s° +0.04s +0.07) 
The autopilot pitch controller uses the pitch error e to adjust the elevator as 
B.(s) K(s+3) 


E(s) s+10 

Use MATLAB to find K with an overshoot of less than 10 percent and a 
rise time faster than 0.5 s for a unit-step input. Explain controller design 
difficulties for complex systems. 

7-54. The block diagram of a control system with a series controller is 
shown in Fig. 7P-54. Find the transfer function of the controller G(s) so that 
the following specifications are satisfied: 

(a) The ramp-error constant Kis 5. 


(b) The closed-loop transfer function is of the form 


Ys) _ K 


M(s)=—— = ————_____ 
R(s) (s° +20s+200)(s+a) 


where K and a are real constants. Use MATLAB to find the values of K 
and a. 


The design strategy is to place the closed-loop poles at —10 + j10 and —10 — 
j10, and then adjust the values of K and a to satisfy the steady-state 
requirement. The value of a is large so that it will not affect the transient 
response appreciably. Find the maximum overshoot of the designed system. 


R(s) E(s) G19) G.(s) = 100 ¥(s) 
4 E s(s2 + 10s + 100) 


Figure 7P-54 


7-55. Repeat Prob. 7-54 if the ramp-error constant is to be 9. What is the 
maximum value of K, that can be realized? Comment on the difficulties that 
may arise in attempting to realize a very large K.. 


7-56. A control system with a PD controller is shown in Fig. 7P-56. Use 
MATLAB to 


(a) Find the values of K, and K, so that the ramp-error constant K, is 1000 
and the damping ratio is 0:5. 


(b) Find the values of K, and K, so that the ramp-error constant K, is 1000 
and the damping ratio is 0.707. 


(c) Find the values of K, and K, so that the ramp-error constant K, is 1000 
and the damping ratio is 1.0. 


R(s) E(s) 1000 Y(s) 


Figure 7P-56 





7-57. For the control system shown in Fig. 7P-56, set the value of K, so 
that the ramp-error constant is 1000. Use MATLAB to 


(a) Vary the value of K, from 0.2 to 1.0 in increments of 0.2 and 
determine the values of rise time and maximum overshoot of the system. 

(b) Vary the value of K, from 0.2 to 1.0 in increments of 0.2 and find the 
value of K, so that the maximum overshoot is minimum. 


7-58. Consider the second-order model of the aircraft attitude control 
system shown in Fig. 7-29. The transfer function of the process is 


Gs) =——_——_. 
: s(s+ 361.2) _Use MATLAB to design a series PD controller with the 


transfer function G(s) = K, + K's so that the following performance 
specifications are satisfied: 


Steady-state error due to a unit-ramp input < 0.001 
Maximum overshoot < 5% 
Rise time t < 0.005 sec 


Setting time t < 0.005 sec 


7-59. Figure 7P-59 shows the block diagram of the liquid-level control 
system described in Prob. 7-42. The number of inlets is denoted by N. Set N 
= 20. Use MATLAB to design the PD controller so that with a unit-step input 
the tank is filled to within 5 percent of the reference level in less than 3 s 
without overshoot. 


R(s) E(s) 1000 Y(s) 





Figure 7P-59 


7-60. For the liquid-level control system described in Prob. 7-59, set K, 
so that the ramp-error constant is 1. Use MATLAB to vary K, from 0 to 0.5 
and determine the values of rise time and maximum overshoot of the system. 


7-61. A control system with a type 0 process G(s) and a PI controller is 
shown in Fig. 7P-61. Use MATLAB to 


(a) Find the value of K so that the ramp-error constant K_ is 10. 


(b) Find the value of K, so that the magnitude of the imaginary parts of the 
complex roots of the characteristic equation of the system is 15 rad/s. Find 
the roots of the characteristic equation. 


(c) Sketch the root contours of the characteristic equation with the value of 
K, as determined in part (a) and for 0 < K < ©, 


K(s) E(s) K, 100 Y(s) 
Ko oe C35 — 


Figure 7P-61 


7-62. For the control system described in Prob. 7-61, set K, so that the 
ramp-error constant is 10. Use MATLAB to vary K, and determine the values 
of rise time and maximum overshoot of the system. 


7-63. For the control system shown in Fig. 7P-61, use MATLAB to 
perform the following: 

(a) Find the value of K_ so that the ramp-error constant Kis 100. 

(b) With the value of K, found in part (a), find the critical value of K, so 
that the system is stable. Sketch the root contours of the characteristic 
equation for 0 < K < ©, 

(c) Show that the maximum overshoot is high for both large and small 
values of K,. Use the value of K found in part (a). Find the value of K, when 
the maximum overshoot is a minimum. What is the value of this maximum 
overshoot? 


7-64, Repeat Prob. 7-63 for K = 10. 


7-65. A control system with a type O process and a PID controller is 
shown in Fig. 7P-65. Use MATLAB to design the controller parameters so 
that the following specifications are satisfied: 


Ramp-error constant K = 100 


Rise time t < 0.01 sec 


Maximum overshoot < 2% 


Plot the unit-step response of the designed system. 


R(s) \ Ets) K; | 100 Y() 
Kot Kyra — GS) = ee 


Figure 7P-65 





7-66. Consider the quarter-car model of vehicle suspension systems in 
Prob. 2-8, for the following system parameters: 


Effective %4 car mass 10 kg 

Effective stiffness 2.7135 N/m 
Effective damping 0.9135 N- m/s"! 
Absolute displacement of the mass m In meters 
Absolute displacement of the base In meters 
Relative displacement (x(t) — y(t)) In meters 


the equation of motion of the system is defined as follows: 
mx(t)+cx(t)+ kx(t)=cy(t)+ky(t) 


which can be simplified by substituting the relation z(t) = x(t) — y(t) and 
nondimensionalizing the coefficients to the form 


Z(t)+ 2¢@_z(t)+@ z(t) =—7(t) 


The Laplace transform between the base acceleration and displacement is 
given by 


a i= “. 


Y ~" +4260 s+? 


(a) It is desired to design a proportional controller. Use MATLAB to 
design the controller parameters where the rise time is no more than 0.05 s 
and the overshoot is no more than 3 percent. Plot the unit-step response of the 
designed system. 

(b) It is desired to design a PD controller. Use MATLAB to design the 
controller parameters where the rise time is no more than 0.05 s and the 
overshoot is no more than 3 percent. Plot the unit-step response of the 
designed system. 

(c) It is desired to design a PI controller. Use MATLAB to design the 
controller parameters where the rise time is no more than 0.05 s and the 
overshoot is no more than 3 percent. Plot the unit-step response of the 
designed system. 

(d) It is desired to design a PID controller. Use MATLAB to design the 
controller parameters where the rise time is no more than 0.05 s and the 
overshoot is no more than 3 percent. Plot the unit-step response of the 
designed system. 

7-67. Consider the spring-mass system shown in Fig. 7P-67. 


Its transfer function is given by 2(t)+ 2¢@,2(t)+@,°z(t) = — p(t), 
Repeat Prob. 7-66, where M = 1kg,B=10N - s/m, K = 20 N/m. 





Figure 7P-67 


7-68. Consider the vehicle suspension system hitting a bump described in 
Prob. 4-3. Use MATLAB to design a proportional controller where the 1- 
percent settling time is less than 0.1 s and the overshoot is no more than 2- 


percent. Assume m = 25 kg, J= 5 kg:m’, K = 100 N/m, andr = 0.35 m. Plot 
the impulse response of the system. 

7-69. Consider the train system described in Prob. 4-6. Use MATLAB to 
design a proportional controller where the peak time is less than 0.05 s and 
the overshoot is no more than 4 percent. Assume M = 1 kg, m=0.5 kg, k=1 
N/m, pt = 0.002 s/m, and g = 9.8 m/s’. 

7-70. Consider the inverted pendulum described in Prob. 4-9, where M = 
1 kg, m= 0.2 kg, up = 0.1 N/m/s (friction of the cart), J = 0.006 kg-m’, g = 9.8 
m/s’, and 1 = 0.3 m. 

Use MATLAB to design a PD controller where the rise time is less than 
0.2 s and the overshoot is no more than 10 percent. 





State-Space Analysis and Controller 
Design 


8-1 STATE-VARIABLE ANALYSIS 


In Chaps. 2 and 3, we presented the concept and definition of state 
variables and state equations for linear continuous-data dynamic systems. In 
Chap. 4, we used block diagrams and signal-flow graphs (SFGs) to obtain the 
transfer function of linear systems. We further extended the SFG concept to 
the modeling of the state equations, and the result was the state diagram. In 
contrast to the transfer-function approach to the analysis and design of linear 
control systems, the state-variable method is regarded as modern, and it is the 
basis for optimal control design. The basic characteristic of the state-variable 
formulation is that linear and nonlinear systems, time-invariant and time- 
varying systems, and single-variable and multivariable systems can all be 
modeled in a unified manner. Transfer functions, on the other hand, are 
defined only for linear time-invariant systems. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 
1. Gain a working knowledge of the state-space approach. 
2. Use transformations that are used to facilitate the analysis and design 
of linear control systems in the state-variable domain. 
3. Establish relationships between the conventional transfer functions 
and the state variables. 
4. Utilize controllability and observability of linear systems and their 
applications. 
5. Gain a practical sense of real life control problems, through the use 


of LEGO MINDSTORMS, and MATLAB tools. 


The objective of this chapter is to introduce the basic methods of state 
variables and state equations so that the reader can gain a working knowledge 
of the subject for further studies when the state-space approach is used for 
modern and optimal control design. Specifically, the closed-form solutions of 
linear time-invariant state equations are presented. Various transformations 
that may be used to facilitate the analysis and design of linear control systems 
in the state-variable domain are introduced. The relationship between the 
conventional transfer-function approach and the state-variable approach is 
established so that the analyst will be able to investigate a system problem 
with various alternative methods. The controllability and observability of 
linear systems are defined and their applications investigated. In the end, we 
provide state-space controller design problems, followed by a case study 
involving the LEGO MINDSTORMS NXT set that was earlier studied in 
Chaps. 2 and 7. At the end of the chapter, we also present our MATLAB 
Automatic Control Systems (ACSYS) State Tool that can help you solve 
most state-space problems. 


8-2 BLOCK DIAGRAMS, TRANSFER 
FUNCTIONS, AND STATE DIAGRAMS 


8-2-1 Transfer Functions (Multivariable Systems) 


The definition of a transfer function is easily extended to a system with 
multiple inputs and outputs. A system of this type is often referred to as a 
multivariable system. As discussed in Chap. 3, in a multivariable system, a 
differential equation of the form of Eq. (8-1) may be used to describe the 
relationship between a pair of input and output variables, when all other 
inputs are set to zero. 











d" y(t) d" y(t) dy(t) 
aye at qe we “TH At +a, y(t) 
m m—| 
=b,, : uw) me! 1b Os yu(t) (8-1) 
dt™ at 


The coefficients a,a,...,a_,andb,b, ...,b. are real constants. Because 
the principle of superposition is valid for linear systems, the total effect on 
any output due to all the inputs acting simultaneously is obtained by adding 
up the outputs due to each input acting alone. 

In general, if a linear system has p inputs and g outputs, the transfer 


function between the jth input and the ith output is defined as 


G,is}=— — (8-2) 


with R,(s)=0,k=1,2,....p,k# J+. Note that Eg. (8-2) is defined with 
only the jth input in effect, whereas the other inputs are set to zero. When all 
the p inputs are in action, the ith output transform is written 


Y(sj=G.,, (5)R,(s)+G. (9) R,(5)+-- bE, (SRS) (8-3) 


It is convenient to express Eq. (8-3) in matrix-vector form: 


Y(s)=G(s)R(s) (8-4) 
where 
Y,(s) 
v(s)=| 19 (8-5) 
Y,(s) 


is the q x 1 transformed output vector, 


R(s)=| (8-6) 
R(s) 
is the p x 1 transformed input vector, and 
Gils) GylS) = Gt8) 
G(s) = Gals) Gyls) « G,,(8) (8-7) 
GAs) Gls) GS) 


is the g X p transfer-function matrix. 


8-2-2 Block Diagrams and Transfer Functions of 
Multivariable Systems 


In this section, we illustrate the block diagram and matrix representations 
of multivariable systems. Two block-diagram representations of a 
multivariable system with p inputs and g outputs are shown in Fig. 8-1la and 
b. In Fig. 8-1a, the individual input and output signals are designated, 
whereas in the block diagram of Fig. 8-1b, the multiplicity of the inputs and 
outputs is denoted by vectors. The case of Fig. 8-15 is preferable in practice 
because of its simplicity. 








y>(f) 
MULTIVARIABLE i 
SYSTEM : 
y(t) 
(a) 
r(t) MULTIVARIABLE y(t) 


SYSTEM 


(b) 


Figure 8-1 Block diagram representations of a multivariable system. 


Figure 8-2 shows the block diagram of a multivariable feedback control 
system. The transfer function relationships of the system are expressed in 
vector-matrix form (see Sec. 8-3 for more detail): 








Figure 8-2 Block diagram of a multivariable feedback control system. 
Y(s)=G(s)U(s) (8-8) 
U(s)=R(s)—B(s) (8-9) 


B(s) = H(s)Y(s) (8-10) 


where Y(s) is the g x 1 output vector; U(s), R(s), and B(s) are all p x 1 
vectors; and G(s) and H(s) are g x p and p * q transfer-function matrices, 


respectively. Substituting Eq. (8-9) into Eq. (8-8) and then from Eq. (8-8) to 
Eq. (8-10), we get 


Y(s)=G(s)R(s)—G(s)H(s) Y(s) (8-11) 
Solving for Y(s) from Eg. (8-11) gives 
Y(s) =[I+G(s)H(s)}" G(s)R(s) (8-12) 


provided that I+G(s)H(s) is nonsingular. The closed-loop transfer matrix is 
defined as 


M(s) =[I+ G(s)H(s)]"' G(s) (8-13) 
Then Eq. (8-12) is written 
Y(s)=M(s)R(s) (8-14) 


EXAMPLE 8-2-1 Consider that the forward-path transfer function matrix 
and the feedback-path transfer function matrix of the 
system shown in Fig. 8-2 are 


] 1 
G(s)=| °° : Hts)=| | | (8-15) 
- et 


respectively. The closed-loop transfer function matrix 
of the system is given by Eq. (8-14) and is evaluated as 
follows: 


] s+2 1 


] 
— —__. a ——i —s 
1+G(s)H(s)= S++] 2 s+] ~ (8-16) 
2 L--— 2 — 
$42 


S+3 l 7 
1} s+2 S s+] S (8-17) 


M(s)=[I+ G(s)H(s)} G(s) =— 
A a st+2 2 = 
$+2 


where 
A-st4 st3 2 _S tost2 (8-18) 
stls+2 s s(s+1) 


Thus, 


35° +9544 - 
sst1) | sist Dis+2) s (8-19) 


M(s)=— 
s-+5s4+2 > 





8-3 SYSTEMS OF FIRST-ORDER 
DIFFERENTIAL EQUATIONS: STATE 


EQUATIONS 


As discussed in Chap. 3, state equations provide an alternative to the 
transfer function approach, discussed earlier, to study differential equations 


This technique particularly provides a powerful means to treat and analyze 


higher-order differential equations, and is highly utilized in modern control 
theory and more advanced topics in control systems, such as optimal control 
design. 

In general, an nth-order differential equation can be decomposed into n 
first-order differential equations. Because, in principle, first-order differential 
equations are simpler to solve than higher-order ones, first-order differential 
equations are used in the analytical studies of control systems. 

For Eq. (8-1), if we define 


x, (t)= y(t) 
_ A(t) 
A= 
x, (t)- 2 20 (8-20) 
dt" 


then the nth-order differential equation is decomposed into n first-order 
differential equations: 








a0 =x, (t) 
dx,(t) 
no 
Su = a,x (t)-a,%,(0)~ ho glb) GAT SU) (8-21) 


Notice that the last equation is obtained by equating the highest-ordered 
derivative term in Eq. (8-1) to the rest of the terms. In control systems theory, 
the set of first-order differential equations in Eq. (8-21) is called the state 
equations, and x, x,,..., X, are called the state variables. Finally, the 
minimum number of state variables needed is usually the same as the order n 
of the differential equation of the system. 


8-3-1 Definition of State Variables 


The state of a system refers to the past, present, and future conditions of 
the system. From a mathematical perspective, it is convenient to define a set 
of state variables and state equations to model dynamic systems. As stated 
earlier, the variables x (t), x,(t),..., x (Q) defined in Eq. (8-20) are the state 
variables of the nth-order system described by Eg. (8-1), and the n first-order 
differential equations, in Eq. (8-21), are the state equations. In general, there 
are some basic rules regarding the definition of a state variable and what 
constitutes a state equation. The state variables must satisfy the following 
conditions: 


The minimum number of state variables needed to represent a 
differential equation, is usually the same as the order of the differential 
equation of the system. 


- At any initial time t =t, the state variables x(t), x,(t,),..., x (t,) define 
the initial states of the system. 


* Once the inputs of the system for t = t, and the initial states just 
defined are specified, the state variables should completely define the 
future behavior of the system. 

The state variables of a system are defined as a minimal set of variables, 
X(t), x,(0),..., X (0), such that knowledge of these variables at any time t, and 
information on the applied input at time t, are sufficient to determine the state 
of the system at any time t >t. Hence, the state-space form for n state 
variables is 


x(t) = Ax(t)+Bu(f) (8-22) 


where x(t) is the state vector having n rows, 


x, (FD 
(i) = Af) 
xe) 


and u(t) is the input vector with p rows, 


u, (ft) 
u(t) = Matt 
u(t) 


The coefficient matrices A and B are defined as 


| qh,» ln 

A 21 as, 2” ln xn) 
d,, ] d, 2 Diy 
Di b,, b, , 

B= Pa 2 “? (nx p) 
—* b., 


8-3-2 The Output Equation 


(8-23) 


(8-24) 


(8-25) 


(8-26) 


One should not confuse the state variables with the outputs of a system. An 
output of a system is a variable that can be measured, but a state variable 
does not always need to satisfy this requirement. For instance, in an electric 


motor, such state variables as the winding current, rotor velocity, and 
displacement can be measured physically, and these variables all qualify as 
output variables. On the other hand, magnetic flux can also be regarded as a 
State variable in an electric motor because it represents the past, present, and 
future states of the motor, but it cannot be measured directly during operation 
and therefore does not ordinarily qualify as an output variable. In general, an 
output variable can be expressed as an algebraic combination of the state 
variables. For the system described by Eq. (8-1), if y(t) is designated as the 
output, then the output equation is simply y(t) = x(t). In general, 


yy (6) 
y(t) 
¥(t)= . = Cx(t)+Du(t) (8-27) 
y, {t) 
C1 C19 Cin 
i. = C5) 7 “2m (8-28) 
Col C2 Con 
11 12 Fig 
d, ) oa ? 
ie rs (8-29) 


We will utilize these concepts in the modeling of various dynamical 
systems next. 


EXAMPLE 8-3-1 Consider the second-order differential equation, which 
was also studied in Example 3-4-1, 





OO) 5) oo yt) =2u(t) (8-30) 


dt” dt 
If we let 
x, (t)= y(t) 
( y — Oe {E) _ aE) (8-31) 
dt dt 


then Eg. (8-30) is decomposed into the following two 
first-order differential equations: 


dx, (t) 9 18) (8-32) 
dt 
SD 9x, (1) 34, (04200 (8-33) 


where x (f), x,(t) are the state variables, and u(t) is the 
input, we can—at this point arbitrarily—define y(t) as the 
output represented by 


y(t) =x, () (8-34) 


In this case we are simply interested in state variable 
X(t) to be our output. As a result, 


| © Leth ewe pe 8-35 
a-| o 1 f Be] of ox[1 oj Da (8-35) 


8-4 VECTOR-MATRIX REPRESENTATION 
OF STATE EQUATIONS 


Let the n state equations of an nth-order dynamic system be represented as 


— = fix, (t),x,(t),...%,(t),u,(t),u,(2),....4, (),w,(t),w,(2),..., (£)] (8-36) 


where i =1,2,....,n. The ith state variable is represented by x(t); u(t) denotes 
the jth input for j = 1, 2,...,9; and w,(37) denotes the kth disturbance input, 
with k = 1, 2,...,v. 

Let the variables y,(t),y, (t),....,.y,be the q output variables of the system. In 
general, the output variables are functions of the state variables and the input 
variables. The output equations can be expressed as 


y (t)=g, x, (t),x,(t),...%, (Eu, (1), (t),...04,(t),w, (t),0,(t),...., (6)) (8-37) 


where j = 1, 2, ..., d. 

The set of n state equations in Eq. (8-36) and g output equations in Eg. (8- 
37) together form the dynamic equations. For ease of expression and 
manipulation, it is convenient to represent the dynamic equations in vector- 
matrix form. Let us define the following vectors: 

State vector: 


x, (t) 


x=} 2) 


(nx 1) (8-38) 
At) 


Input vector: 


u, (t) 


u,(t) 
u(t)= 2 (p x1) (8-39) 
u(t) 
Output vector: 
y(t) 
At 
y(t)=| 7 i (qx1) (8-40) 
y, (t) 
Disturbance vector: 
w, (ft) 
w,(t) 
w(t)=| 7s (vx) (8-41) 
w, (ft) 


Note: In most textbooks on this subject, the disturbance vector is 
considered as—and for simplicity it is absorbed into—the input vector. 


By using these vectors, the n state equations of Eq. (8-36) can be written 


OME) _ rete) alt) with] (8-42) 





where f denotes ann x 1 column matrix that contains the functions f,f,,....f 
as elements. Similarly, the g output equations in Eq. (8-37) become 


y(t)=gl x(t), u(t), w(¢)] (8-43) 


where g denotes a q X 1 column matrix that contains the functions g, g,, 


...,g, as elements. 


For a linear time-invariant system, the dynamic equations are written as 


State equations: 


dx(t) 





= Ax(t)+Bu(t)+Ew(t) 


Output equations: 


y(t) = Cx(t)+Du(t)+Hw(t) 


where 

| 12 ln 
d, a,» a, 

i=) - ™ ™ 14 A) 
qG, a, Gy 

11 Bis lp 

Dy b,, b, , 

B= (nx p) 
b, b, = b, Pp 
C1 C15 Ci, 
C5) C55 C, 

C= } ~ ((qxn) 
C oe C 


(8-44) 


(8-45) 


(8-46) 


(8-47) 


(8-48) 


D=| * (qx p) (8-49) 
d., q2 ib 
C11 C1 C1, 
eC, €,5 €,,, 

b=; “ = "  l(nXv) (8-50) 
a C12 En 
h,, 12 lv 
Hy, 59 . Hy. 

a=] Bo Vg xy) (8-51) 
h h 


8-9 STATE-TRANSITION MATRIX 


Once the state equations of a linear time-invariant system are expressed in 
the form of Eg. (8-44), the next step often involves the solutions of these 
equations given the initial state vector x(t,), the input vector u(t), and the 
disturbance vector w(t), for t >t. The first term on the right-hand side of Eq. 
(8-44) is known as the homogeneous part of the state equation, and the last 
two terms represent the forcing functions u(t) and w(t). 

The state-transition matrix is defined as a matrix that satisfies the linear 
homogeneous state equation: 


ax(t) _ Ax(f) (8-52) 
dt 


Let @ (t) be the n x n matrix that represents the state-transition matrix; then 
it must satisfy the equation 


AO) _ A6(t) (8-53) 


dt 


Furthermore, let x(O) denote the initial state at t = 0; then @ (ft) is also 
defined by the matrix equation 


x(t) = @(t)x(0) (8-54) 


which is the solution of the homogeneous state equation for t > 0. 


One way of determining @ (t) is by taking the Laplace transform on both 
sides of Eq. (8-52), we have 


sX(s)—x(0)= AX(s) (8-55) 
Solving for X(s) from Eq. (8-55), we get 
X(s)=(sI-—A)x(0) (8-56) 


where it is assumed that the matrix (sI — A) is nonsingular. Taking the 
inverse Laplace transform on both sides of Eq. (8-56) yields 


x(t)=L°[(sI—A)"]x(0) t>0 (8-57) 


By comparing Eq. (8-54) with Eq. (8-57), the state-transition matrix is 
identified to be 


o(t) =" [(sI-A)"] (8-58) 


An alternative way of solving the homogeneous state equation is to assume 
a solution, as in the classical method of solving linear differential equations. 
We let the solution to Eq. (8-52) be 


x(t) =ex(0) (8-59) 


for t > 0, where e*“ represents the following power series of the matrix At, 
and 


] 


2! 


] 


3! 


ge oT At+— AP 4+ AP (8-60) 
It is easy to show that Eq. (8-59) is a solution of the homogeneous state 


equation, since, from Eq. (8-60), 


At 
—- Ae” (8-61) 


Therefore, in addition to Eq. (8-58), we have obtained another expression 
for the state-transition matrix: 


Lt cee Bas 
o(t)=e™ =I+At+T At +A te (8-62) 


Equation (8-62) can also be obtained directly from Eq. (8-58). This is left 
as an exercise for the reader (Prob. 8-5). 


8-5-1 Significance of the State-Transition Matrix 


Because the state-transition matrix satisfies the homogeneous state 
equation, it represents the free response of the system. In other words, it 
governs the response that is excited by the initial conditions only. In view of 
Egs. (8-58) and (8-62), the state-transition matrix is dependent only upon the 
matrix A and, therefore, is sometimes referred to as the state-transition 
matrix of A. As the name implies, the state-transition matrix @ (t) completely 
defines the transition of the states from the initial time t = 0 to any time t 
when the inputs are zero. 


8-5-2 Properties of the State-Transition Matrix 


The state-transition matrix @ (t) possesses the following properties: 


1. 

@(0)=I (the identity matrix) (8-63) 
Proof: Equation (8-63) follows directly from Eq. (8-62) by setting t = 0. 
= 


d (t)=0(-t) (8-64) 
Proof: Postmultiplying both sides of Eg. (8-65) by e—*, we get 


Cie ee a] (8-65) 
Then, pre-multiplying both sides of Eg. (8-65) by o"'(t), we get 
e“ =o" (t) (8-66) 
Thus, 
(-t)=o"(t)=e™ (8-67) 


An interesting result from this property of @ (t) is that Eq. (8-59) can be 
rearranged to read 


x(0) = @(-1)x(t) (8-68) 


which means that the state-transition process can be considered as bilateral 
in time. That is, the transition in time can take place in either direction. 


3. 
Q(t, =i, oct, =f, ) = Q(t, —t,) for any bars [, ' - (8-69) 
Proof: 
O(t, —t, O(t, -t, )=e*e Meh 
=o ge ta = Olt, j (8-70) 


This property of the state-transition matrix is important because it implies 
that a state-transition process can be divided into a number of sequential 
transitions. Figure 8-3 illustrates that the transition from t = ¢, to t= t, is equal 
to the transition from ¢, to t, and then from ¢, to t,. In general, of course, the 
State-transition process can be divided into any number of parts. 
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¢§ 6 (tf), ——___- >| 


x(to) x(t)) 








O (ft, — 1) 
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Figure 8-3 Property of the state-transition matrix. 
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Figure 8-4 State diagram for Eq. (8-81). 


a, 
[o(t)|* =0(kt) fork=positiveinteger (8-71) 
Proof: 


[o(t)]" =p At ot 
=e“ = (kt) (8-72) 


8-6 STATE-TRANSITION EQUATION 


The state-transition equation is defined as the solution of the linear 


homogeneous state equation. The linear time-invariant state equation 


dx(t) 
dt 


can be solved using either the classical method of solving linear 
differential equations or the Laplace transform method. The Laplace 
transform solution is presented in the following equations. 


Taking the Laplace transform on both sides of Eg. (8-73), we have 
sX(s)—x(0) = AX(s)+ BU(s)+EW(s) (8-74) 


= Ax(t)+ Bu(t)+Ew(f) (8-73) 


where x(0) denotes the initial-state vector evaluated at t = 0. Solving for 


X(s) in Eq. (8-74) yields 
X(s)=(sI—A)'x(0)+(sI—A) [BU(s)+EW(s)] (8-75) 


The state-transition equation of Eq. (8-73) is obtained by taking the inverse 
Laplace transform on both sides of Eq. (8-75): 


x(t)=L [(sI-A)"]x(0)+ £ {(sI- A)" [BU(s)+EW(s)]} 
= 9(t)x(0)+ |‘g(t—r)[Bu(r)+Ew(t)|dt £20 (8-76) 


The state-transition equation in Eq. (8-76) is useful only when the initial 
time is defined to be at t = 0. In the study of control systems, especially 
discrete-data control systems, it is often desirable to break up a state- 
transition process into a sequence of transitions, so a more flexible initial 
time must be chosen. Let the initial time be represented by t, and the 
corresponding initial state by x(t,), and assume that the input u(t) and the 
disturbance w(t) are applied at t > 0. We start with Eg. (8-76) by setting t=t, 
and solving for x(0), we get 


x(0) = @(-t, )x(t, )—@(, ) | “Olt, —T)(Bu(t)+Ew(t)|dt (8-77) 


where the property on @(t) of Eq. (8-64) has been applied. 
Substituting Eq. (8-77) into Eq. (8-76) yields 


x(t)=9(t)9(-,)x(t,)-9(0)0(—f,)  °6(0, -2)[Bu(r) + Ew(c)]dr 
+ o(t- t)[Bu(t)+ Ew(t)|dt (8-78) 


Now by using the property of Eq. (8-69) and combining the last two 
integrals, Eq. (8-78) becomes 


x(t) = (tt, )x(t, )+ J‘ 6(t—7)[Bu(z)+Ew(c)]dz t>t, (8-79) 


It is apparent that Eq. (8-79) reverts to Eq. (8-77) when ¢, = 0. 


Once the state-transition equation is determined, the output vector can be 
expressed as a function of the initial state and the input vector simply by 
substituting x(t) from Eg. (8-79) into Eq. (8-45). Thus, the output vector is 


y(t)=Co(t—t,)x(t,)+ | Co(t—7)[Bu(t)+Ew(r)]dz 
+Du(t)+Hw(t) t2t, (8-80) 


The following example illustrates the determination of the state-transition 
matrix and equation. 


EXAMPLE 8-6-1 Consider the state equation 


e(T) 


0 ty t 


Figure 8-6 Input voltage waveform for the network in Fig. 8-5. 


dx (t) 


dt | 0 | | x,(t) | 0 fu (8-81) 
dx, (t) 2 -3 || x(t) 1 
dt 


The problem is to determine the state-transition matrix 
@ (t) and the state vector x(t) for t => 0 when the input is 


u(t) = 1 for t > 0. The coefficient matrices are identified 
to be 


A-| y | B-| | E=0 (8-82) 
7 3 l 


Therefore, 


j-k=t * oe), @ © fy & = (8-83) 
O s —2 3 2 geb3 
The inverse matrix of (sI — A) is 


a-ay'=-tS| sisal | (8-84) 


s°4+35+2| —<2 


The state-transition matrix of A is found by taking the 
inverse Laplace transform of Eq. (8-84). Thus, 


—f —2t 
wt)=oU(t-ayy=| “8 oe (8-85) 
—Je*+2e™ -e*+2e~ 

The state-transition equation for t > 0 is obtained by 


substituting Eq. (8-85), B, and u(t) into Eg. (8-76). We 
have 


—t —21 —t —2t 
siti - 2e —e | e -e | x(0) 
—2e'+2e° -e'+2e~ 
-(t-T) __-2(t-r) -(t-t) __-2(t-) 
+f 2e e | e e | Q .™ (8-86) 
0 Sm oe 2 op ira l 
or 


-t  -2t -t _-2t _ yt —21 
x(t)= | Md | eg _— |x(o)+ W5—¢ "--0.5¢ >0) (8-87) 
—2e'+2e" -e'+2e~ 


As an alternative, the second term of the state- 


transition equation can be obtained by taking the inverse 
Laplace transform of (sI — A)'BU(s). Thus, we have 


c'(a-ay uwy="| | —s | ? ; 





Ls 3542) -2 is |} 1 fs 
| . 0.5-e°+0.5e~ 
=T)— sg fa] , t>0 (8-88) 
gt DS gag 


8-6-1 State-Transition Equation Determined from the State 
Diagram 

Equations (8-75) and (8-76) show that the Laplace transform method of 
solving the state equations requires obtaining the inverse of matrix (sI — A). 
We shall now show that the state diagram and the SFG gain formula (Chap. 
4) can be used to solve for the state-transition equation in the Laplace domain 
of Eg. (8-75). Let the initial time be t,; then Eq. (8-75) is rewritten as 


X(s)=(sI-A) x(t,)+(sI-A) [BU(s)+EW(s)] f2¢, (8-89) 


The last equation can be written directly from the state diagram using the 
gain formula, with X(s), i = 1, 2,....n, as the output nodes. The following 
example illustrates the state-diagram method of finding the state-transition 
equations for the system described in Example 8-2-1. 


EXAMPLE 8-6-2 The state diagram for the system described by Eg. (8-81) 
is Shown in Fig. 8-4 with ¢, as the initial time. The 
outputs of the integrators are assigned as state 
variables. Applying the gain formula to the state 
diagram in Fig. 8-4, with X(s) and X,(s) as output 
nodes and x (t,), x,(t,), and u(t), or U(s) in the s domain, 
as input nodes, we have 





so eS <— rally a —U(s) (8-90) 

x, (= ; x ie ba rm x(t, + LU) (8-91) 
where 

A =1+3s'+2s7 (8-92) 


After simplification, Eqs. (8-90) and (8-91) are 
presented in vector-matrix form: 


oe ft a 4 Mo) |, || pow (8-93) 
X,(s) (S+1)(st+2)|} —2 § wn) (stl1)(s+2)| s 


The state-transition equation for t > t, is obtained by 
taking the inverse Laplace transform on both sides of Eq. 
(8-93). 

Consider that the input u(t) is a unit-step function 
applied at t= t. Then the following inverse Laplace- 
transform relationships are identified: 


c'(2}=u-1) tet (8-94) 
S 


* I —a(t—tg : 
c(——]-e Mu (t= ty) tat, (8-95) 


Because the initial time is defined to be t,, the Laplace 
transform expressions here do not have the delay factor e- 
“°, The inverse Laplace transform of Eg. (8-93) is 


x, (tf) Je (tt) py) eo (to) gly) %,(f,.) 
<2 $2070) el) 4 Qe ME) |) x, (fy) 


0.5u.(t-t,)-e" +0.5e 


tt (8-96) 


0 


—(t-ty)  _-2(t-ty) 


e —¢ 
The reader should compare this result with that in Eq. 
(8-87), which is obtained for t > 0. 


EXAMPLE 8-6-3 In this example, we illustrate the utilization of the state- 
transition method to a system with input discontinuity. 
An RL network is shown in Fig. 8-5. The history of 
the network is completely specified by the initial 
current of the inductance, i(0) at t= 0. At time t = 0, 
the voltage e (t) with the profile shown in Fig. 8-6 is 
applied to the network. The state equation of the 
network for t = 0 is 


a(t) Rt (8-97) 
1 ; i(t)+ 7 ein ED 





Figure 8-5 RL network. 


Comparing the last equation with Eq. (8-44), the scalar 
coefficients of the state equation are identified to be 


A=-— B=— E=0 (8-98) 


The state-transition matrix is 
i(t) =e" =e?" (8-99) 


The conventional approach of solving for i(t) for t > 0 
is to express the input voltage as 


e(t)= E,u.(t)+E,,u,(t—t, ) (8-100) 


where u(t) is the unit-step function. The Laplace 
transform of e(t) is 


E, (s) — Fin (1 4-8) (8-101) 
S 
Then 
(sI- A)" BU(s) =——-" —(1+e™’) (8-102) 
Ls(s+ R/L) 


By substituting Eg. (8-102) into Eq. (8-76), the state- 


transition equation, the current for t > 0 is obtained: 


_RIIL. E. : K RE 
i(t)=e"""i(O)u. (t)+—#(1-e "Ju, (t)+#—2 (1 - "u(t, ) (8-103) 
, R , R , 
Using the state-transition approach, we can divide the 
transition period into two parts: t=O tot=t, andt=t to 
t = o, First, for the time interval 0 <t<t, the input is 


e(t)=E,u.(t) OSt<t, (8-104) 
Then 
E. E. 
(I—Ay* BU(s)= —*—____* __ (8-105) 


: Ls(s+R/L) ' Rs{1+(L/R)s| 


Thus, the state-transition equation for the time interval 
O<t<t is 


= e™"(0y+ Fam" (0 (8-106) 
Substituting t = t, into Eq. (8-106), we get 
, —Rt,/L - je! —Rt,/L 
ii j=c™ i(0)+—-(1-e aaah (8-107) 


The value of i(t) at t= t, is now used as the initial state 
for the next transition period of t < t < co, The amplitude 
of the input for the interval is 2E. The state-transition 
equation for the second transition period is 


20, 
i(t) age OO at: —eE_—" whe t>t, (8-108) 


where i(t,) is given by Eq. (8-107). 

This example illustrates two possible ways of solving a 
State-transition problem. In the first approach, the 
transition is treated as one continuous process, whereas in 
the second, the transition period is divided into parts over 


which the input can be more easily presented. Although 
the first approach requires only one operation, the second 
method yields relatively simple results to the state- 
transition equation, and it often presents computational 
advantages. Notice that, in the second method, the state at 
t = t, is used as the initial state for the next transition 
period, which begins at t. 


8-7 RELATIONSHIP BETWEEN STATE 
EQUATIONS AND HIGH-ORDER 
DIFFERENTIAL EQUATIONS 


In the preceding sections, we defined the state equations and their solutions 
for linear time-invariant systems. Although it is usually possible to write the 
State equations directly from the schematic diagram of a system, in practice 
the system may have been described by a high-order differential equation or 
transfer function. It becomes necessary to investigate how state equations can 
be written directly from the high-order differential equation or the transfer 
function. In Chap. 2, we illustrated how the state variables of an nth-order 
differential equation in Eq. (2-97) are intuitively defined, as shown in Eq. (2- 
105). The results are the n state equations in Eg. (2-106). 


The state equations are written in vector-matrix form: 





ONE) axiths Balt} (8-109) 
where 
0 1 0 0 
0 () l a 0 
Ael § oF of o* 8 leew (8-110) 
(0) Q Q l 


qf © 


B=! : |(nx\1) (8-111) 
0 
1 


Notice that the last row of A contains the negative values of the 
coefficients of the homogeneous part of the differential equation in ascending 
order, except for the coefficient of the highest-order term, which is unity. B is 
a column matrix with the last row equal to one, and the rest of the elements 
are all zeros. The state equations in Eg. (8-109) with A and B given in Egs. 
(8-110) and (8-111) are known as the phase-variable canonical form 
(PVCF), or the controllability canonical form (CCF). 


The output equation of the system is written 

pli) —Cx(fj)=x%, 0) (8-112) 
where 

C=|1 0 0 --- Of (8-113) 


We have shown earlier that the state variables of a given system are not 
unique. In general, we seek the most convenient way of assigning the state 
variables as long as the definition of state variables is satisfied. In Sec. 8-11, 
we Shall show that, by first writing the transfer function and then drawing the 
State diagram of the system by decomposition of the transfer function, the 
State variables and state equations of any system can be found very easily. 


EXAMPLE 8-7-1 Consider the differential equation 


d'y(t) 4 y(t) , dy(t) 


+2y(t)=u(t (8-114) 
dt° dt* dt =u) 


Rearranging the last equation so that the highest-order 
derivative term is set equal to the rest of the terms, we 
have 














Py) FV) _ BO) 9 naa (8-115) 
dt dt” dt 
x, (t)= y(t) 
x,(t)= 28 
: dt 
x(n=28 (8-116) 
dt” 
Then the state equations are represented by the vector- 
matrix equation 
mane) Ax(t)+Bu(t) (8-117) 
where x(t) is the 2 x 1 state vector, u(t) is the scalar 
input, and 
0 l 0 0 
A=| 0 0 1 |B=! 0 (8-118) 
—2 -l1 -5 it 


The output equation is 


y(t)=x,(t)=[1 0)x(t) (8-119) 


8-8 RELATIONSHIP BETWEEN STATE 
EQUATIONS AND TRANSFER FUNCTIONS 


We have presented the methods of modeling a linear time-invariant system 
by transfer functions and dynamic equations. We now investigate the 
relationship between these two representations. 

Consider a linear time-invariant system described by the following 
dynamic equations: 


= Ax(t)+ Bu(t)+Ew/(t) (8-120) 


y(t) =Cx(t)+Du(t)+ Hw(t) (8-121) 


where 
x(t) = n x 1 state vector 
u(t) = p < 1 input vector 
y(t) = q x 1 output vector 
w(t) = v x 1 disturbance vector 


and A, B, C, D, E, and H are coefficient matrices of appropriate 
dimensions. 

Taking the Laplace transform on both sides of Eq. (8-120) and solving for 
X(s), we have 


X(s)=(sI—A)x(0)+(sI-A) [BU(s)+EW(s)] (8-122) 


The Laplace transform of Eq. (8-121) is 


Y(s)=CX(s)+DU(s)+HW(s) (8-123) 
Substituting Eg. (8-122) into Eg. (8-123), we have 
Y(s)=C(sI-A) x(0)+C(sI-A)[BU(s)+EW(s)]+DU(s)+HW(s) (8-124) 


Because the definition of a transfer function requires that the initial 
conditions be set to zero, x(0) = 0; thus, Eq. (8-124) becomes 


Y(s)=[C(sI- A)? B+DJ]U(s)+[C(sI- A)E+H]W(s) (8-125) 
Let us define 

G (s)=C(sI—A)'B+D (8-126) 

G_ (s)=C(sI-A) E+H (8-127) 


where G (s) is aq x p transfer-function matrix between u(t) and y(t) when 


w(t) = 0, and G (s) is a q x v transfer-function matrix between w(t) and y(t) 
when u(t) = 0. 
Then, Eq. (8-125) becomes 


Y(s)=G, (s)U(s)+G, (s)W(s) (8-128) 


EXAMPLE 8-8-1 Consider that a multivariable system is described by the 
differential equations 


d°y,(t) ay (t) 


—— = 8-129 
7 +4 r 3y,(t) u,(t)+2w(t) ( ) 
ay tt) | ay {) = 8-130 
HH + 1H +y,(t)+2y,(t)=u,(t) ( ) 


The state variables of the system are assigned as 


x, (t)= y, (f) 
x,()=- 2 
x,(t)= y,(t) (8-131) 


These state variables are defined by mere inspection of 
the two differential equations because no particular 
reasons for the definitions are given other than that these 
are the most convenient. Now equating the first term of 
each of the equations of Eqs. (8-129) and (8-130) to the 
rest of the terms and using the state-variable relations of 
Eg. (8-131), we arrive at the following state equations 
and output equations in vector-matrix form: 


dx, (t) 


dt | 
0 1 of] “9 | | 0 0 
dx,(t u(t) | -132 
OM) |) 9 4 3 x Je} 0 |] hfe 2 fo 182) 
dt u,(t) 
-l -1 -2 |] x(t) fii. 
dx,(t) 3 
dt 
(t) ion 
‘ ae 8 RAT) |= Cet) (8-133) 
y(t) | | 0 0 
; x,(t) 
To determine the transfer-function matrix of the 
system using the state-variable formulation, we substitute 
the A, B, C, D, and E matrices into Eq. (8-125). First, we 
form the matrix (sI — A): 
5 - 0 
(sSI-A)=| 0 s+4 -3 (8-134) 
l 1 S+2 
The determinant of (sI — A) is 
IsI—A|=s°+6s*+11s+3 (8-135) 
Thus, 
s°+6stll  s+2 3 
(sI— A) = ——— 3 s(st2) 3s (8-136) 
sI —A| 


—(s+4)  -(s+l1) s(s+4) 


The transfer-function matrix between u(t) and y(t) is 


1 +2 3 
G, (s)=C(sI- A) B=———————_ . (8-137) 
s+6s°+1ls+3] —(st+l1) s(s+4) 


and that between w(t) and y(t) is 


6,()-e4d-ay | —_— | (8-138) 
s°+6s+11ls+3] -—2(s+1) 


Using the conventional approach, we take the Laplace 
transform on both sides of Eqs. (8-129) and (8-130) and 
assume zero initial conditions. The resulting transformed 
equations are written in vector-matrix form as 


| s(s+4)  -3 | Y(s) Fl uiks) I . ine (8-139) 
stl €+2 Y,(s) U,(s) 0 


Solving for Y¥(s) from Eq. (8-139), we obtain 


Y(s)=G, (s)U(s)+G, (s)W(s) (8-140) 
where 
6,0 | a -S | (8-141) 
s+] s+2 
6.19} Hee) =o | | 2 | (8-142) 
StH S+2 0 


which will give the same results as in Eqs. (8-137) and 
(8-138), respectively, when the matrix inverses are 
carried out. 


8-9 CHARACTERISTIC EQUATIONS, 


EIGENVALUES, AND EIGENVECTORS 


Characteristic equations play an important role in the study of linear 
systems. They can be defined with respect to differential equations, transfer 
functions, or state equations. 


8-9-1 Characteristic Equation from a Differential Equation 


Consider that a linear time-invariant system is described by the differential 
equation 


d'y(t) dy dy(t) 











ri er ar Ae 
d" u(t d”™ult du(t 
= b,, | + m—| - _— b, | | + byu(t) (8-143) 
dt dt dt 
where n > m. By defining the operator s as 
a 
s§=_ k=1,2,...,n (8-144) 
dt 


Equation (8-143) is written 


(s” +S") tet asta, ) y(t) = (b SM +h sh te +b st b, )u(t) (8-145) 


m m—| 
The characteristic equation of the system is defined as 


s"+a,js" ++-+ast+a,=0 (8-146) 


n—| 
which is obtained by setting the homogeneous part of Eg. (8-145) to zero. 


EXAMPLE 8-9-1 Consider the differential equation in Eq. (8-114). The 
characteristic equation is obtained by inspection, 


s°+5s*+s+2=0 (8-147) 


8-9-2 Characteristic Equation from a Transfer Function 
The transfer function of the system described by Eg. (8-143) is 


m—| 


m 

bs + b,8 
n n—| 

S48, Ft aS +E, 


++--+bs+b, 


G(s)= (8-148) 


The characteristic equation is obtained by equating the denominator 
polynomial of the transfer function to zero. 


EXAMPLE 8-9-2 The transfer function of the system described by the 
differential equation in Eq. (8-114) is 
Y(s) l 


— ——___ (8-149) 
U(s) s°+5s°+s+2 


The same characteristic equation as in Eq. (8-147) is 
obtained by setting the denominator polynomial of Eq. 


(8-149) to zero. 


8-9-3 Characteristic Equation from State Equations 


From the state-variable approach, we can write Eg. (8-126) as 


G (s)=c 2s! A), D 
(sI—A) 
(8-150) 
_ Cladj(sI—A)]B+|sI-— A|D 
|sI — Al 


Setting the denominator of the transfer-function matrix G (s) to zero, we 
get the characteristic equation 


|sI— A] =0 (8-151) 


which is an alternative form of the characteristic equation but should lead 
to the same equation as in Eq. (8-146). An important property of the 
characteristic equation Is that, if the coefficients of A are real, then the 


coefficients of |sI—A| are also real. 


EXAMPLE 8-9-3 The matrix A for the state equations of the differential 
equation in Eq. (8-114) is given in Eq. (8-114). The 


characteristic equation of A is 


s -l 0 
IsI—AJ=| 0 s  —-1 |=s°+5s°+s+2=0 (8-152) 
2 1 = s+5 


8-9-4 Eigenvalues 
The roots of the characteristic equation are often referred to as the 


eigenvalues of the matrix A. 
Some of the important properties of eigenvalues are given as follows. 


1. If the coefficients of A are all real, then its eigenvalues are either 
real or in complex-conjugate pairs. 


2. IfA,A,,..., A, are the eigenvalues of A, then 


tr(A)= A (8-153) 


i=] 


That is, the trace of A is the sum of all the eigenvalues of A. 

3. IfA,i=1,2,...,n, is an eigenvalue of A, then it is an eigenvalue of 
A’. 

4. If Ais nonsingular, with eigenvalues A, i= 1, 2, ..., n, then 1/A, i= 
1,2, ...,n, are the eigenvalues of A". 


EXAMPLE 8-9-4 The eigenvalues or the roots of the characteristic equation 
of the matrix A in Eg. (8-118) are obtained by solving 
for the roots of Eq. (8-152). The results are 


s =—0.06047+ j0.63738 s=—0.06047— 0.63738 s=—4.87906 (8-154) 


8-9-5 Eigenvectors 


Eigenvectors are useful in modern control methods, one of which is the 
similarity transformation, which will be discussed in a later section. 


Any nonzero vector p, that satisfies the matrix equation 
(AI—A)p, = (8-155) 


where A, i= 1, 2, ...,n, denotes the ith eigenvalue of A, called the 
eigenvector of A associated with the eigenvalue X. If A has distinct 
eigenvalues, the eigenvectors can be solved directly from Eq. (8-155). 


EXAMPLE 8-9-5 Consider that the state equation of Eq. (8-44) has the 
coefficient matrices 


| _— | s-| | B= (8-156) 
0 -1 


The characteristic equation of A is 


ee 
| 


IsI—A|=s°-1 (8-157) 
The eigenvalues are A, = 1 and A, = —1. Let the 
eigenvectors be written as 
p, = Pu P= Pr. (8-158) 
Pr Px 


Substituting A, = 1 and p, into Eq. (8-155), we get 


QO |] Pu De: (8-159) 
0 2 | Py 0 
Thus, p,, = 0, and p, is arbitrary, which in this case can 
be set equal to 1. 


Similarly, for A, = —1, Eq. (8-155) becomes 


| —2 | | Pi | 0 | (8-160) 
QO O p.. 0 


which leads to 
LP T Pap =0 (8-161) 


The last equation has two unknowns, which means that 
one can be set arbitrarily. Let p,, = 1, then p,, = 2. The 
eigenvectors are 


l l 
= —_ 8-162 
ns} i fms] ) | (8-162) 


8-9-6 Generalized Eigenvectors 


It should be pointed out that if A has multiple-order eigenvalues and is 
nonsymmetric, not all the eigenvectors can be found using Eq. (8-155). Let 
us assume that there are g(<n)distinct eigenvalues among the n eigenvalues of 
A. The eigenvectors that correspond to the g distinct eigenvalues can be 
determined in the usual manner from 


(AI—A)p, =0 (8-163) 


where A, denotes the ith distinct eigenvalue, 1 = 1, 2, ..., q. Among the 
remaining high-order eigenvalues, let A, be of the mth order (m < n — q). The 
corresponding eigenvectors are called the generalized eigenvectors and can 
be determined from the following m vector equations: 


(IJ a A | - 0 

(AI ' A)p,,as ine —P n-gtt 
(AI a AD, ges = "Pea (8- 164) 
(AI Z ADP, ssa = —P n-g+m-—1 


EXAMPLE 8-9-6 Given the matrix 

6 

0 2 (8-165) 
2 


The eigenvalues of A are A, = 2, A, =A, = 1. Thus, A is 
a second-order eigenvalue at 1. The eigenvector that is 


associated with A, = 2 is determined using Eq. (8-163). 
Thus, 


(AI-A)p,=| -1 2 -2 P |=0 (8-166) 
ee Tl Bs 


Because there are only two independent equations in 
Eq. (8-166), we arbitrarily set p, = 2, and we have p, = 
-1 and p, = —2. Thus, 


p =| -1 (8-167) 


For the generalized eigenvectors that are associated 
with the second-order eigenvalues, we substitute A, = 1 


into the first equation of Eq. (8-164). We have 


s+ 2 5 DP» 


Setting p,, = 1 arbitrarily, we have 


Pp -—2 and p =— 
“7 ~ 7 ‘Thus, 


—— (8-169) 


Substituting A, = 1 into the second equation of Eq. (8- 
164), we have 


=| 
1 6 5 Pi; 3 

(A,I—A)p, =| —! 1 -2 Pr == Ps = 7 (8-170) 
6-2 3 il fe 5 
7 


Setting p,, arbitrarily to 1, we have the generalized 


eigenvector 
] 
22 

p. = 49 (8-171) 
A6 


8-10 SIMILARITY TRANSFORMATION 


The dynamic equations of a single-input single-output (SISO) system are 


AAD = Ax(t)+ Bult) (8-172) 


y(t) =Cx(t)+Du(t) (8-173) 


where x(t) is the n x 1 state vector, and u(t) and y(t) are the scalar input and 
output, respectively. When carrying out analysis and design in the state 
domain, it is often advantageous to transform these equations into particular 
forms. For example, as we will show later, the controllability canonical form 
(CCF) has many interesting properties that make it convenient for 
controllability tests and state-feedback design. 

Let us consider that the dynamic equations of Eqs. (8-172) and (8-173) are 
transformed into another set of equations of the same dimension by the 
following transformation: 


x(t) = Px(f) (8-174) 
where P is ann X n nonsingular matrix, so 

xii) = Paté) (8-175) 
The transformed dynamic equations are written 


dx(t) 





= Ax(t)+Bu(t) (8-176) 


y(t)=Cx(t)+Du(t) (8-177) 


Taking the derivative on both sides of Eq. (8-175) with respect to t, we 
have 





AXE) _ pt 0 _ pi ax(t)+P Bult) 
dt dt 
=P‘ APX+P 'Bu(t) (8-178) 
Comparing Eq. (8-178) with Eq. (8-176), we get 
A=P"'AP (8-179) 
and 
B=P'B (8-180) 
Using Eq. (8-174), Eg. (8-177) is written 
y(t) =CPx(t)+Du(t) (8-181) 
Comparing Eq. (8-181) with Eq. (8-173), we see that 
C=CP D=D (8-182) 


The transformation just described is called a similarity transformation, 
because in the transformed system such properties as the characteristic 
equation, eigenvectors, eigenvalues, and transfer function are all preserved by 
the transformation. We shall describe the controllability canonical form 
(CCF), the observability canonical form (OCF), and the diagonal canonical 
form (DCF) transformations in the following sections. The transformation 
equations are given without proofs. 


8-10-1 Invariance Properties of the Similarity 
Transformations 
One of the important properties of the similarity transformations is that the 


characteristic equation, eigenvalues, eigenvectors, and transfer functions are 
invariant under the transformations. 


§-10-2 Characteristic Equations, Eigenvalues, and 
Eigenvectors 


The characteristic equation of the system described by Eq. (8-176) is ||sI- 
A| = 0 and is written 


|sI— A|=|sI—-P"'AP|=|sP'P—P™“'AP| (8-183) 


Because the determinant of a product matrix is equal to the product of the 
determinants of the matrices, the last equation becomes 


sI—A|-|P"'||sI—A||P|=|sI— A] (8-184) 


Thus, the characteristic equation is preserved, which naturally leads to the 
Same eigenvalues and eigenvectors. 


8-10-3 Transfer-Function Matrix 


From Eq. (8-126), the transfer-function matrix of the system of Eas. (8- 
176) and (8-177) is 


G(s)=C(sI—A)B+D 
=CP(sI-P AP)P B+D (8-185) 
which is simplified to 
G(s) =C(sI—A)B+D=G(s) (8-186) 


§-10-4 Controllability Canonical Form 


Consider the dynamic equations given in Eqs. (8-172) and (8-173). The 
characteristic equation of A is 


|sI—A|=s"+a,,s"'+---+as+a, =0 (8-187) 


The dynamic equations in Eqs. (8-172) and (8-173) are transformed into 
CCF of the form of Eqs. (8-176) and (8-177) by the transformation of Eq. (8- 
174), with 


P=SM (8-188) 


where 


and 


Then, 


a, a, 
a, a. 
q_| 
] O 

Q i! 

0 Q 

Q Q 

—t, —@ 

B=P'B= 


$=] B AB A‘’B...A"'B 


‘a © 


v 
i 


(8-189) 


(8-190) 


(8-191) 


(8-192) 


The matrices C and D are given by Eq. (8-182) and do not follow any 
particular pattern. The CCF transformation requires that P* exists, which 
implies that the matrix S must have an inverse because the inverse of M 
always exists because its determinant is (—1)"’, which is nonzero. The n x n 


matrix S in Eq. (8-189) is later defined as the controllability matrix. 


EXAMPLE 8-10-1 Consider the coefficient matrices of the state equations 


in Eq. (8-172): 
L &@ J ] 
A=| 0 1 3 | B=| 0 (8-193) 
it & ] 
The state equations are to be transformed to CCF. 
The characteristic equation of A is 
S-L <2 — 
IsI—AJ=| 0 s—-1 -3 |=s°—3s°-s—3=0 (8-194) 
—<] —_l g=] 


Thus, the coefficients of the characteristic equation are 
identified as a, = —3, a, = —1, and a, = —3. From Eg. (8- 


190), 
, a, | —-1 -3 1 
M=| a, 1 0 |=| 3 1 O (8-195) 
1 0 0 | 0 


(8-196) 


We can show that S is nonsingular, so the system can 
be transformed into the CCF. Substituting S and M into 


Eq. (8-188), we get 


P=SM=| 0 3 0 (8-197) 


given by 
0 10 0 

A=P'AP=! 0 0 1 |B=P'B=! Oo (8-198) 
3 1 3 l 


which could have been determined once the 
coefficients of the characteristic equation are known; 
however, the exercise is to show how the CCF 
transformation matrix P is obtained. 


8-10-5 Observability Canonical Form 


A dual form of transformation of the CCF is the observability canonical 
form (OCF). The system described by Eas. (8-172) and (8-173) is 
transformed to the OCF by the transformation 


x(t) = Qx(t) (8-199) 


The transformed equations are as given in Eqs. (8-176) and (8-177). Thus, 


A=Q'AQ B=Q'B C=CQ D=D (8-200) 
where 

QO 0 0 -d, 

| —d, 


A=O°AGs| O I - @ —# (8-201) 


C-o09=| 0 0. 0 1 | (8-202) 


The elements of the matrices B and D are not restricted to any form. 
Notice that A and C are the transpose of the A and B in Eqs. (8-191) and (8- 
192), respectively. 

The OCF transformation matrix Q is given by 


Q=(MV)" (8-203) 


where M is as given in Eq. (8-190), and 


C 
CA 
V=| CA’ |{(nxn) (8-204) 


Oar 


The matrix V is often defined as the observability matrix, and V‘ must 
exist in order for the OCF transformation to be possible. 


EXAMPLE 8-10-2 Consider that the coefficient matrices of the system 
described by Eqs. (8-172) and (8-138) are 


2 1 l 
1 3 | B=| 0 S| J 1 0 | D=0 (8-205) 
1 1 l 


Because the matrix A is identical to that of the system 
in Example 8-8-1, the matrix M is the same as that in Eq. 
(8-195). The observability matrix is 


C 1 1 0 
v=-| CA [=| 13 4 (8-206) 
CA’ 5 9 14 


We can show that V is nonsingular, so the system can 
be transformed into the OCF. Substituting V and M into 
Eg. (8-203), we have the OCF transformation matrix, 


0.3333 —0.1667 0.3333 
Q=(MV)'=| -0.3333 0.1667 0.6667 (8-207) 
0.1667 0.1667 0.1667 


From Eq. (8-191), the OCF model of the system is 
described by 


0 0 3 
A=Q"'AQ= 1 O 1 C=CQ=| 0 0 ] B-Q ‘B= 2 (8-208) 
a ae. it 


Thus, A and C are of the OCF form given in Egs. (8- 
201) and (8-202), respectively, and B does not conform 
to any particular form. 


8-10-6 Diagonal Canonical Form 


Given the dynamic equations in Eqs. (8-172) and (8-173), if A has distinct 
eigenvalues, there is a nonsingular transformation 


x(t) = T x(t) (8-209) 


which transforms these equations to the dynamic equations of Eqs. (8-176) 
and (8-177), where 


A=T'AT B=T’'B C=CT D=D (8-210) 


The matrix A is a diagonal matrix, 


, 0 0 
A=| 0 0 A, 0 |(nxn) (8-211) 
0 0 0 A 


where A, A, ..., A, are the n distinct eigenvalues of A. The coefficient 
matrices B, and C are given in Eq. (8-210) and do not follow any particular 
form. 


It is apparent that one of the advantages of the diagonal canonical form 
(DCF) is that the transformed state equations are decoupled from each other 
and, therefore, can be solved individually. 

We show in the following that the DCF transformation matrix T can be 
formed by use of the eigenvectors of A as its columns; that is, 


T=| P, Po Pz * P, 8-212) 


where p, i = 1, 2, ..., n, denotes the eigenvector associated with the 
eigenvalue A. This is proved by use of Eq. (8-155), which is written as 


Ap =—AD, t= lidwaost (8-213) 
Now, forming the n x n matrix, 
| Ap Ap, « Ap, =| Ap, Ap, - Ap, j=al P Poo P, (8-214) 
The last equation is written 
PP. iP, |A=al PP. P, . (8-215) 
where A is as given in Eq. (8-211). Thus, if we let 
T=[p, P. ) Pi (8-216) 


Equation (8-215) is written 
A=T”AT (8-217) 


If the matrix A is of the CCF and A has distinct eigenvalues, then the DCF 
transformation matrix is the Vandermonde matrix, 


1 Lo oloewse 
A, A, A, _ A, 
T= A AL A, oe A, (8-218) 


n—| n—\ n—| n—| 
A, A; a0 —_ Kh, 


where A, A, ..., A, are the eigenvalues of A. This can be proven by 


substituting the CCF of A in Eq. (8-110) into Eq. (8-155). The result is that 
the ith eigenvector p, is equal to the ith column of T in Eg. (8-218). 


EXAMPLE 8-10-3 Consider the matrix 


0 1 0 
A=| 0 0 1 (8-219) 
6 ~ll =<¢ 


which has eigenvalues A, = —1, A, = —2, and A, = —3. 
Because A is CCF, to transform it into DCF, the 
transformation matrix can be the Vandermonde matrix in 


Eq. (8-218). Thus, 


l ] | 1 1 | 
a te A, A, A, =| J] ~9 8 (8-220) 
A, Ay Ay 1 4 9 


Thus, the DCF of A is written 


A=T'AT=| 0 -2 0 (8-221) 


8-10-7 Jordan Canonical Form 


In general, when the matrix A has multiple-order eigenvalues, unless the 
matrix is symmetric with real elements, it cannot be transformed into a 
diagonal matrix. However, there exists a similarity transformation in the form 
of Eq. (8-217) such that the matrix A is almost diagonal. The matrix A is 
called the Jordan canonical form (JCF). A typical JCF is shown below. 


A 1 0 0 0 
024 1 0 0 
A=| 0 0A 0 O (8-222) 
00 0A, 0 
000 0A, 


where it is assumed that A has a third-order eigenvalue A, and distinct 
eigenvalues A, and A.. 


The JCF generally has the following properties: 


1. The elements on the main diagonal are the eigenvalues. 

2. All the elements below the main diagonal are zero. 

3. Some of the elements immediately above the multiple-order 
eigenvalues on the main diagonal are 1s, as shown in Eq. (8-222). 

4. The 1s together with the eigenvalues form typical blocks called the 
Jordan blocks. As shown in Eq. (8-222), the Jordan blocks are enclosed 
by dashed lines. 

5. When the nonsymmetrical matrix A has multiple-order eigenvalues, 
its eigenvectors are not linearly independent. For an A that is n x n, 


there are only r (where r is an integer that is less than n and is dependent 
on the number of multiple-order eigenvalues) linearly independent 
eigenvectors. 

6. The number of Jordan blocks is equal to the number of independent 
eigenvectors r. There is one and only one linearly independent 
eigenvector associated with each Jordan block. 


7. The number of 1s above the main diagonal is equal to n — r. 


To perform the JCF transformation, the transformation matrix T is again 
formed by using the eigenvectors and generalized eigenvectors as its 
columns. 


EXAMPLE 8-10-4 Consider the matrix given in Eq. (8-165). We have 
shown that the matrix has eigenvalues 2, 1, and 1. 
Thus, the DCF transformation matrix can be formed 
by using the eigenvector and generalized eigenvector 
given in Eqs. (8-167), (8-169), and (8-171), 


respectively. That is, 


2 1 1 
3 22 
r=| P, Ps P; F 7 49 ‘dea 
5 (6 
ay aes? St 
7 49 


Thus, the DCF is 
2 0 O 
A=T'AT=| 0 1 1 (8-224) 
Oo Oo 4d 


Note that in this case there are two Jordan blocks, and 
there is one element of 1 above the main diagonal. 


8-11 DECOMPOSITIONS OF TRANSFER 


FUNCTIONS 


Up to this point, various methods of characterizing linear systems have 
been presented. To summarize, it has been shown that the starting point of 
modeling a linear system may be the system’s differential equation, transfer 
function, or dynamic equations; all these methods are closely related. 
Furthermore, the state diagram is also a useful tool that can not only lead to 
the solutions of state equations but also serve as a vehicle of transformation 
from one form of description to the others. The block diagram of Fig. 8-7 
shows the relationships among the various ways of describing a linear 
system. For example, the block diagram shows that, starting with the 
differential equation of a system, one can find the solution by the transfer- 
function or state-equation method. The block diagram also shows that the 
majority of the relationships are bilateral, so a great deal of flexibility exists 
between the methods. 


1/O 


Choose state variables 
Differential State 


Equations Equations 





Laplace Algebra Construct SFG Write state 
transform plus with and output equations 
plus inverse integrators using Mason's gain 
algebra Laplace formula after removing 
transform s' branches 
C(sL-A)y' + D 





State 
Transfer Apply Mason's formula : 
4 Diagram 
Function s~* branches 
(Graphical Tool) 
Decompose transfer 
function 
Inverse 
Laplace 
Laplace ee 
transform 
transform 


Impulse 


Response 





Figure 8-7 Block diagram showing the relationships among various 
methods of describing linear systems. 


One subject remains to be discussed, which involves the construction of 
the state diagram from the transfer function between the input and the output. 
The process of going from the transfer function to the state diagram is called 
decomposition. In general, there are three basic ways to decompose transfer 
functions. These are direct decomposition, cascade decomposition, and 
parallel decomposition. Each of these three schemes of decomposition has 
its own merits and is best suited for a particular purpose. 


§-11-1 Direct Decomposition 


Direct decomposition is applied to an input-output transfer function that is 
not in factored form. Consider the transfer function of an nth-order SISO 
system between the input U(s) and output Y(s): 

n— n—2 
Y(s)_5,.s ‘+ by 28 ++--+bs+b, (8-225) 
U(s) S ba.8 bee, 

where we have assumed that the order of the denominator is at least 1 
degree higher than that of the numerator. 

We next show that the direct decomposition can be conducted in at least 
two ways, one leading to a state diagram that corresponds to the CCF and the 
other to the OCF. 


§-11-2 Direct Decomposition to CCF 


The objective is to construct a state diagram from the transfer function of 
Eg. (8-225). The following steps are outlined: 


1. Express the transfer function in negative powers of s. This is done 
by multiplying the numerator and the denominator of the transfer 
function by s . 


2. Multiply the numerator and the denominator of the transfer function 
by a dummy variable X(s). By implementing the last two steps, Eq. (8- 
225) becomes 


Y(s) b,s°+b_.s*++--+bs" +bs" X(s) 


n—| 
=4 —n+] ms 
s +--+as” +as" X(s) 


i (8-226) 
U(s) l+a 


n—| 


3. The numerators and the denominators on both sides of Eq. (8-226) 
are equated to each other, respectively. The results are 


Y(s)=(b gs" +5 Ste tbs +h") X(s) (8-227) 


n—| il 


U(s)= (1 tas +:-tas "+a" )X(s) (8-228) 


4. To construct a state diagram using the two equations in Eqs. (8-227) 
and (8-228), they must first be in the proper cause-and-effect relation. It 
is apparent that Eq. (8-227) already satisfies this prerequisite. However, 
Eq. (8-228) has the input on the left-hand side of the equation and must 
be rearranged. Equation (8-228) is rearranged as 


X(s)=U(s)—(a._,s” +a_,8° ++tas”” +a,5"" )X(s) (8-229) 
n—| n—2 l 0) 


The state diagram is drawn as shown in Fig. 8-8 using Eqs. (8-227) and (8- 
228). For simplicity, the initial states are not drawn on the diagram. The state 
variables x (t), x,(t), ..., xX (0) are defined as the outputs of the integrators and 
are arranged in order from the right to the left on the state diagram. The state 
equations are obtained by applying the SFG gain formula to Fig. 8-8 with the 
derivatives of the state variables as the outputs and the state variables and u(t) 
as the inputs, and overlooking the integrator branches. The output equation is 
determined by applying the gain formula among the state variables, the input, 
and the output y(t). The dynamic equations are written 


dx(t) 





= Ax(t)+ Bu(t) (8-230) 


y(t) =Cx(t)+ Du(t) (8-231) 





Figure 8-8 CCF state diagram of the transfer function in Eq. (8-225) by 
direct decomposition. 


where 


—_) 
i 
a) 
—_) 
—- 


0 0 l 0 0 

A=| : : ™ 3 B=| : (8-232) 
0 0 0 QO | 0 
Ay a, —a, “Ft | 

c=| bb BB D=0 (8-233) 


Apparently, A and B in Eg. (8-232) are of the CCF. 


§-11-3 Direct Decomposition to OCF 


Multiplying the numerator and the denominator of Eq. (8-225) by s”, the 
equation is expanded as 


(l+a,s'+-+as"'+a,s")Y(s) 


=(bs'+b,,s?+:-+bs-""'+b,s" )U(s) (8-234) 


n—2 


Or 


Y(s)= -(a so tetas" +a" )¥(s) 


n—| 


+(b,_,s" +b os*te-t+bs "+h 5" )U(s) (8-235) 

Figure 8-9 shows the state diagram that results from using Eq. (8-235). The 
outputs of the integrators are designated as the state variables. However, 
unlike the usual convention, the state variables are assigned in descending 
order from right to left. Applying the SFG gain formula to the state diagram, 
the dynamic equations are written as in Eqs. (8-230) and (8-231), with 





—tl)) 


Figure 8-9 CCF state diagram of the transfer function in Eq. (8-225) by 
direct decomposition. 


0 0 +: 0 -a, b, 
1 O =: 0 -@ b, 

A=| 0 1 +: 0 -a, B=| b, (8-236) 
0 O lL =t8 b 


and 


c=| 0 0 + 0 1 | D=0 (8-237) 


The matrices A and C are in OCF. 


It should be pointed out that, given the dynamic equations of a system, the 
input-output transfer function is unique. However, given the transfer 
function, the state model is not unique, as shown by the CCF, OCF, and DCF, 
and many other possibilities. In fact, even for any one of these canonical 
forms (e.g., CCF), while matrices A and B are defined, the elements of C and 
D could still be different depending on how the state diagram is drawn, that 
is, how the transfer function is decomposed. In other words, referring to Fig. 
8-8, whereas the feedback branches are fixed, the feedforward branches that 
contain the coefficients of the numerator of the transfer function can still be 
manipulated to change the contents of C. 





EXAMPLE 8-11-1 Consider the following input-output transfer function: 


¥@)  28°45+5 


ag es (8-238) 
U(s) s°+6s°+1ls+4 








Figure 8-10 CCF state diagram of the transfer function in Eq. (8-238). 


The CCF state diagram of the system is shown in Fig. 
8-10, which is drawn from the following equations: 





Y(s)=(2s"' +s +5s~)X(s) (8-239) 


X(s)=U(s)—(6s* +1157 +457 )X(s) (8-240) 





The dynamic equations of the system in CCF are 


dx (t) 
: - 0 1 0 ff %@ 0 
a =} 0 o 1 | x) |+] 0 Ju(t) alee 
4 -1]1 -6 ] 
dx,(t) (0) 
dt 
yWH=(5 1 2)x(£) (8-242) 
For the OCF, Eq. (8-238) is expanded to 
Y(s)=(2s ' +s +5s > )U(s)—(6s '+11s°+4s~ )Y(s) (8-243) 
which leads to the OCF state diagram shown in Fig. 8- 
11. The OCF dynamic equations are written 
dx (t) 
: _ 00 4 ff a 5 
x : 
—— |=] 1 0 -11 |} x) f+] 1 fut (8-244) 
O 1 -46 2 
dx,(t) *3(1) 
dt 


yt}=| 0 0 1 |x(d) (8-245) 
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Figure 8-11 OCF state diagram of the transfer function in Eg. (8-238). 


8-11-4 Cascade Decomposition 


Cascade compensation refers to transfer functions that are written as 
products of simple first-order or second-order components. Consider the 
following transfer function, which is the product of two first-order transfer 


functions. 
¥ts) _K s+b, \{ st+b, (8-246) 
U(s) sta, J\ S47, 





where a,, a,, Db, and b, are real constants. Each of the first-order transfer 
functions is decomposed by the direct decomposition, and the two state 
diagrams are connected in cascade, as shown in Fig. 8-12. The state equations 
are obtained by regarding the derivatives of the state variables as outputs and 
the state variables and u(t) as inputs and then applying the SFG gain formula 
to the state diagram in Fig. 8-12. The integrator branches are neglected when 
applying the gain formula. The results are 





Figure 8-12 State diagram of the transfer function in Eq. (8-246) by 
cascade decomposition. 





dx, (t) 

dt |_| -4 b, —a, x,(t) ‘| K fu (8-247) 
dx,(t) Q —a, x,(t) K 

dt 


The output equation is obtained by regarding the state variables and u(t) as 
inputs and y(t) as the output and applying the gain formula to Fig. 8-18. Thus, 


WH=|R-a b-—a,]att)+ Kalf) (8-248) 





Figure 8-13 State diagram of the transfer function in Eq. (8-249) by 
cascade decomposition. 


When the overall transfer function has complex poles or zeros, the 


individual factors related to these poles or zeros should be in second-order 
form. As an example, consider the following transfer function: 


Taner | #13 (8-249) 
U(s) \s+2 /\s°+3s+4 





where the poles of the second term are complex. The state diagram of the 
system with the two subsystems connected in cascade is shown in Fig. 8-13. 
The dynamic equations of the system are 








dx, (t) 

dt ' 
e.(t) 0 1. o ff 0 

= =|—-1 ~-£ 3B Hilf) [+] 1 julé) (8-250) 
at 0 0 2 (t) | 
dx. (t) m 

dt 

y(t)=| 15 1 0 |x(t) (8-251) 


8-11-5 Parallel Decomposition 


When the denominator of the transfer function is in factored form, the 
transfer function may be expanded by partial-fraction expansion. The 
resulting state diagram will consist of simple first- or second-order systems 
connected in parallel, which leads to the state equations in DCF or JCF, the 
latter in the case of multiple-order eigenvalues. 


Consider that a second-order system is represented by the transfer function 


Y(s)_ Qs) 


= (8-252) 
U(s) (s+a,)(st+a,) 





where Q(s) is a polynomial of order less than 2, and a, and a, are real and 
distinct. Although, analytically, a, and a, may be complex, in practice, 
complex numbers are difficult to implement on a computer. Equation (8-253) 


is expansion by partial fractions: 


Wis) , K, 
Lo ae (8-253) 
U(s) sta, s+a, 


where K_ and K, are real constants. 


The state diagram of the system is drawn by the parallel combination of the 
State diagrams of each of the first-order terms in Eq. (8-253), as shown in Fig. 
8-14. The dynamic equations of the system are 


57! Ky 





Figure 8-14 State diagram of the transfer function of Eq. (8-252) by 
parallel decomposition. 


dx (t) 
dt _ —a, 0 X AC) | ] fu (8-254) 
dx,(t) 0 i x,(t) l 
dt 
y(t)=|[K, K, x(t) (8-255) 


Thus, the state equations are of the DCF. 

The conclusion is that, for transfer functions with distinct poles, parallel 
decomposition will lead to the DCF for the state equations. For transfer 
functions with multiple-order eigenvalues, parallel decomposition to a state 
diagram with a minimum number of integrators will lead to the JCF state 


equations. The following example will clarify this point. 


EXAMPLE 8-11-2 Consider the following transfer function and its partial- 
fraction expansion: 


ep he (8-256) 
U(s) (stl) (s+2) (stl) s4+l = s+2 


Note that the transfer function is of the third order, 
and, although the total order of the terms on the right- 
hand side of Eq. (8-256) is four, only three integrators 
should be used in the state diagram, which is drawn as 
shown in Fig. 8-15. The minimum number of three 
integrators is used, with one integrator being shared by 
two channels. The state equations of the system are 
written directly from Fig. 8-15. 





Figure 8-15 State diagram of the transfer function of Eq. (8-256) by 
parallel decomposition. 





_ 1 1 0 ff © 0 
2 |=| 0 -1 0 ff x(8) f+] 1 fate ale, 
0 0 2 l 
dx,(t) (0) 
dt 


which is recognized to be the JCF. 


8-12 CONTROLLABILITY OF CONTROL 
SYSTEMS 


The concepts of controllability and observability, introduced first by 
Kalman [3], play an important role in both theoretical and practical aspects of 
modern control. The conditions on controllability and observability 
essentially govern the existence of a solution to an optimal control problem. 
This seems to be the basic difference between optimal control theory and 
classical control theory. In the classical control theory, the design techniques 
are dominated by trial-and-error methods so that given a set of design 
specifications the designer at the outset does not know if any solution exists. 
Optimal control theory, on the other hand, has criteria for determining at the 
outset if the design solution exists for the system parameters and design 
objectives. 

We shall show that the condition of controllability of a system is closely 
related to the existence of solutions of state feedback for assigning the values 
of the eigenvalues of the system arbitrarily. The concept of observability 
relates to the condition of observing or estimating the state variables from the 
output variables, which are generally measurable. 

The block diagram shown in Fig. 8-16 illustrates the motivation behind 
investigating controllability and observability. Figure 8-16a shows a system 
with the process dynamics described by 





(a) (b) 


Figure 8-16 (a) Control system with state feedback. (b) Control system 
with observer and state feedback. 


dx(t) 





= Ax(t)+Bu(f) (8-258) 
The closed-loop system is formed by feeding back the state variables 
through a constant feedback gain matrix K. Thus, from Fig. 8-16, 
u(t) =—Kx(t)+r(t) (8-259) 


where K is a p X n feedback matrix with constant elements. The closed- 
loop system is thus described by 


dx(t) 





=(A —BK)x(t)+ Br(t) (8-260) 


This problem is also known as the pole-placement design through state 
feedback. The design objective in this case is to find the feedback matrix K 
such that the eigenvalues of (A — BK), or of the closed-loop system, are of 
certain prescribed values. The word pole refers here to the poles of the 
closed-loop transfer function, which are the same as the eigenvalues of (A — 
BK). 

We shall show later that the existence of the solution to the pole-placement 
design with arbitrarily assigned pole values through state feedback is directly 
based on the controllability of the states of the system. The result is that if the 
system of Eg. (8-225) is controllable, then there exists a constant feedback 
matrix K that allows the eigenvalues of (A — BK) to be arbitrarily assigned. 

Once the closed-loop system is designed, the practical problems of 
implementing the feeding back of the state variables must be considered. 


There are two problems with implementing state feedback control: First, the 
number of state variables may be excessive, which will make the cost of 
sensing each of these state variables for feedback prohibitive. Second, not all 
the state variables are physically accessible, and so it may be necessary to 
design and construct an observer that will estimate the state vector from the 
output vector y(t). Figure 8-22b shows the block diagram of a closed-loop 
system with an observer. The observed state vector x(t) is used to generate 
the control u(t) through the feedback matrix K. The condition that such an 
observer can be designed for the system is called the observability of the 
system. 


§-12-1 General Concept of Controllability 


The concept of controllability can be stated with reference to the block 
diagram of Fig. 8-16a. The process is said to be completely controllable if 
every state variable of the process can be controlled to reach a certain 
objective in finite time by some unconstrained control u(t), as shown in Fig. 
8-17. Intuitively, it is simple to understand that, if any one of the state 
variables is independent of the control u(t), there would be no way of driving 
this particular state variable to a desired state in finite time by means of a 
control effort. Therefore, this particular state is said to be uncontrollable, and, 
as long as there is at least one uncontrollable state, the system is said to be 
not completely controllable or, simply, uncontrollable. 


Control u(f) ie State x(f) 
——} « > ________} 


Figure 8-17 Linear time-invariant system. 


As a simple example of an uncontrollable system, Fig. 8-18 illustrates the 
state diagram of a linear system with two state variables. Because the control 
U(t) affects only the state x (t), the state x,(t) is uncontrollable. In other words, 
it would be impossible to drive x,(t) from an initial state x,(t,) to a desired 
state x,(t,) in finite time interval t —t, by the control U(t). Therefore, the 
entire system is said to be uncontrollable. 





Figure 8-18 State diagram of the system that is not state controllable. 


The concept of controllability given here refers to the states and is 
sometimes referred to as state controllability. Controllability can also be 
defined for the outputs of the system, so there is a difference between state 
controllability and output controllability. 


8-12-2 Definition of State Controllability 


Consider that a linear time-invariant system is described by the following 
dynamic equations: 


AiO — xt) + Bult (8-261) 
y(t) =Cx(t)+Du(t) (8-262) 


where x(t) is the n x 1 state vector, u(t) is the r x 1 input vector, and y(t) is 
the p x 1 output vector. A, B, C, and D are coefficients of appropriate 
dimensions. 

The state x(t) is said to be controllable at t = t, if there exists a piecewise 
continuous input u(t) that will drive the state to any final state x(t, for a finite 
time (t,— t,) = 0. If every state x(t,) of the system is controllable in a finite time 
interval, the system is said to be completely state controllable or, simply, 
controllable. 

The following theorem shows that the condition of controllability depends 
on the coefficient matrices A and B of the system. The theorem also gives 
one method of testing for state controllability. 


= Theorem 8-1. For the system described by the state equation of Eg. (8- 
261) to be completely state controllable, it is necessary and sufficient that the 


following n x nr controllability matrix has a rank of n: 
S= B AB A’B -::- A”'B (8-263) 


Because the matrices A and B are involved, sometimes we say that the pair 
[A, B] is controllable, which implies that S is of rank n. 

The proof of this theorem is given in any standard textbook on optimal 
control systems. The idea is to start with the state-transition equation of Eq. 
(8-79) and then proceed to show that Eq. (8-263) must be satisfied in order 
that all the states are accessible by the input. 

Although the criterion of state controllability given in Theorem 8-1 is quite 
straightforward, manually it is not very easy to test for high-order systems 
and/or systems with many inputs. If S is nonsquare, we can form the matrix 
SS’, which is n x n; then, if SS’ is nonsingular, S has rank n. 


§-12-3 Alternate Tests on Controllability 


There are several alternate methods of testing controllability, and some of 
these may be more convenient to apply than the condition in Eq. (8-263). 


= Theorem 8-2. For a single-input, single-output (SISO) system described 
by the state equation of Eg. (8-261) with r = 1, the pair [A, B] is completely 
controllable if A and B are in CCF or transformable into CCF by a 
similarity transformation. 

The proof of this theorem is straightforward, since it was established in 
Sec. 8-10 that the CCF transformation requires that the controllability matrix 
S be nonsingular. Because the CCF transformation in Sec. 8-10 was defined 
only for SISO systems, the theorem applies only to this type of system. 


= Theorem 8-3. For a system described by the state equation of Eq. (8- 
261), if A is in DCF or JCF, the pair |A, B] is completely controllable if all 
the elements in the rows of B that correspond to the last row of each Jordan 
block are nonzero. 

The proof of this theorem comes directly from the definition of 
controllability. Let us assume that A is diagonal and that it has distinct 
eigenvalues. Then, the pair [A, B] is controllable if B does not have any row 
with all zeros. The reason is that, if A is diagonal, all the states are decoupled 


from each other, and, if any row of B contains all zero elements, the 
corresponding state would not be accessed from any of the inputs, and that 
state would be uncontrollable. 

For a system in JCF, such as the A and B matrices illustrated in Eq. (8- 
264), for controllability only the elements in the row of B that correspond to 
the last row of the Jordan block cannot all be zeros. The elements in the other 
rows of B need not all be nonzero, since the corresponding states are still 
coupled through the 1s in the Jordan blocks of A. 


h, 0 
it 
A 


oS Go G 


(8-264) 
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Thus, the condition of controllability for the A and B in Eg. (8-264) is b, # 
0, b,, 40, b, #0, and b,, 4 0. 

Example 8-12-1 The following matrices are for a system with two 
identical eigenvalues, but the matrix A is diagonal. 


~ B= at (8-265) 
0 A, b,, 


The system is uncontrollable, since the two state 
equations are dependent; that is, it would not be possible 
to control the states independently by the input. We can 
easily show that in this case S = [BAB] is singular. 


EXAMPLE 8-12-2 Consider the system shown in Fig. 8-24, which was 
reasoned earlier to be uncontrollable. Let us 
investigate the same system using the condition of Eq. 
(8-263). The state equations of the system are written 
in the form of Eq. (8-263) with 


fa ade re 
GQ =] 0 


Thus, from Eq. (8-263), the controllability matrix is 


s=[ B AB + “es | (8-267) 


which is singular, and the system is uncontrollable. 


EXAMPLE 8-12-3 Consider that a third-order system has the coefficient 


matrices 
1 2 -l ¢ 
A=| 0 1 0 | B=| 0 ‘ela 
1 -4 3 ] 


QO -l -4 
S=| B AB A’B j= 0 0 0 (8-269) 
] 3 8 


which is singular. ‘Thus, the system is not controllable. 

The eigenvalues of A are A, = 2, A, = 2, and A, = 1. The 
JCF of A and B are obtained with the transformation x(t) 
= Tx(t), where 


1 0 0 
T=| 0 0 1 (8-270) 
1 2 


A=T“AT=| 0 2 0 | B=T'B=| -1 (8-271) 


Because the last row of B, which corresponds to the 
Jordan block for the eigenvalue A., is zero, the 
transformed state variable x,(t) is uncontrollable. From 
the transformation matrix T in Eg. (8-235), x, = x,, which 
means that x, is uncontrollable in the original system. It 
should be noted that the minus sign in front of the 1 in the 
Jordan block does not alter the basic definition of the 
block. 


8-13 OBSERVABILITY OF LINEAR SYSTEMS 


The concept of observability was covered earlier in Sec. 8-11 on 
controllability and observability. Essentially, a system is completely 
observable if every state variable of the system affects some of the outputs. In 
other words, it is often desirable to obtain information on the state variables 
from the measurements of the outputs and the inputs. If any one of the states 
cannot be observed from the measurements of the outputs, the state is said to 
be unobservable, and the system is not completely observable or, simply, 
unobservable. Figure 8-19 shows the state diagram of a linear system in 
which the state x, is not connected to the output y(t) in any way. Once we 
have measured y(t), we can observe the state x (tf), since x (t) = y(t). However, 
the state x, cannot be observed from the information on y(t). Thus, the system 


is unobservable. 


ie 5 | 
'@ ¢ () ) 6 6 


Figure 8-19 State diagram of a system that is not observable. 


§-13-1 Definition of Observability 


Given a linear time-invariant system that is described by the dynamic 
equations of Eqs. (8-261) and (8-262), the state x(t,) is said to be observable 
if given any input u(t), there exists a finite time t, > t, such that the knowledge 
of u(t) for t, < t <t,, matrices A, B, C, and D; and the output y(t) for t, < t < t, 
are sufficient to determine x(t,). If every state of the system is observable for 
a finite t, , we say that the system is completely observable, or, simply, 
observable. 

The following theorem shows that the condition of observability depends 
on the matrices A and C of the system. The theorem also gives one method of 
testing observability. 


= Theorem 8-4. For the system described by Egs. (8-261) and (8-272) to 
be completely observable, it is necessary and sufficient that the following n x 
np observability matrix has a rank of n 


¥V=| CA’ (8-272) 


CAT 


The condition is also referred to as the pair [A, C]| being observable. In 
particular, if the system has only one output, C is a 1 X n row matrix; V is an 
n X n square matrix. Then the system is completely observable if V is 
nonsingular. 


The proof of this theorem is not given here. It is based on the principle that 
Eq. (8-272) must be satisfied so that x(t,) can be uniquely determined from 
the output y(t). 

§-13-2 Alternate Tests on Observability 


Just as with controllability, there are several alternate methods of testing 


observability. These are described in the following theorems. 


= Theorem 8-5. For a SISO system, described by the dynamic equations of 
Fas. (8-261) and (8-262) with r = 1 and p = 1, the pair |A, C] is completely 
observable if A and C are in OCF or transformable into OCF by a similarity 
transformation. 

The proof of this theorem is straightforward, since it was established in 
Sec. 8-10 that the OCF transformation requires that the observability matrix 
V be nonsingular. 


= Theorem 8-6. For a system described by the dynamic equations of Eqs. 
(8-261) and (8-262), if A is in DCF or JCF, the pair [A, C] is completely 
observable if all the elements in the columns of C that correspond to the first 
row of each Jordan block are nonzero. 

Note that this theorem is a dual of the test of controllability given in 
Theorem 8-3. If the system has distinct eigenvalues, A is diagonal, then the 
condition on observability is that none of the columns of C can contain all 
Zeros. 


EXAMPLE 8-13-1 Consider the system shown in Fig. 8-19, which was 
earlier defined to be unobservable. The dynamic 
equations of the system are expressed in the form of 


Eqs. (8-261) and (8-262) with 


a-| = 8 | B-| 4 c=|1 0) (8-273) 


G =I 


Thus, the observability matrix is 


faWee Me 
CA —2 0 


which is singular. Thus, the pair [A, C] is 
unobservable. In fact, because A is of DCF and the 
second column of C is zero, this means that the state x,(t) 
is unobservable, as conjectured from Fig. 8-18. 


8-14 RELATIONSHIP AMONG 
CONTROLLABILITY, OBSERVABILITY, AND 
TRANSFER FUNCTIONS 


In the classical analysis of control systems, transfer functions are used for 
modeling of linear time-invariant systems. Although controllability and 
observability are concepts and tools of modern control theory, we shall show 
that they are closely related to the properties of transfer functions. 


= Theorem 8-7. If the input-output transfer function of a linear system has 
pole-zero cancellation, the system will be uncontrollable or unobservable, or 
both, depending on how the state variables are defined. On the other hand, if 
the input-output transfer function does not have pole-zero cancellation, the 
system can always be represented by dynamic equations as a completely 
controllable and observable system. 

The proof of this theorem is not given here. The importance of this 
theorem is that, if a linear system is modeled by a transfer function with no 
pole-zero cancellation, then we are assured that it is a controllable and 
observable system, no matter how the state-variable model is derived. Let us 
amplify this point further by referring to the following SISO system. 


-l| 0 OO 0 l 

—“z @ l 
A= B= C=| 1 0 1 0 |} D=0 8-275 
0 0 4 () | | 

0 0 O -4 () 


Because A is a diagonal matrix, the controllability and observability 
conditions of the four states are determined by inspection. They are as 
follows: 

: Controllable and observable (C and O) 
: Controllable but unobservable (C but UO) 
, Uncontrollable but observable (UC but O) 
x,: Uncontrollable and unobservable (UC and UO) 
The block diagram of the system in Fig. 8-20 shows the DCF 


af 


< 


2 


>< 


decomposition of the system. Clearly, the transfer function of the controllable 
and observable system should be 








(C but UO) 





(UC but QO) 





(UC and UO) 





Figure 8-20 Block diagram showing the controllable, uncontrollable, 
observable, and unobservable components of the system described in Eq. (8- 


275). 


¥(s)_ 1 (8-276) 
U(s) stl 


whereas the transfer function that corresponds to the dynamics described in 
Eq. (8-275) 1s 


Y(s)_ 


=C(sI-A)'B = (s+2)(s+3)(s+4) 
U(s) 


= SS (8-277) 
(s+1)(s+2)(s+3)(s+4) 


which has three pole-zero cancellations. This simple-minded example 
illustrates that a “minimum-order” transfer function without pole-zero 
cancellation is the only component that corresponds to a system that is 
controllable and observable. 


EXAMPLE 8-14-1 Let us consider the transfer function 
Y(s) _ s+2 
U(s) (s+1)(s+2) 


which is a reduced form of Eq. (8-277). Equation (8- 
278) is decomposed into CCF and OCF as follows: 


CCF: 


a-| _ 4 | B-| | or . 4 | (8-279) 


Because the CCF transformation can be made, the pair 
[A, B] of the CCF is controllable. The observability 
matrix 1s 


eked ve 
CA —s oD 


(8-278) 


which is singular, and the pair [A, C] of the CCF is 
unobservable. 
OCF: 


A-| - | B-| | C=| 0 1 | (8-281) 


Because the OCF transformation can be made, the pair 
[A, C] of the OCF is observable. However, the 
controllability matrix is 


S=| B AB + - | —s 


which is singular, and the pair [A, B] of the OCF is 
uncontrollable. 

The conclusion that can be drawn from this example is 
that, given a system that is modeled by transfer function, 
the controllability and observability conditions of the 
system depend on how the state variables are defined. 


8-15 INVARIANT THEOREMS ON 
CONTROLLABILITY AND OBSERVABILITY 


We now investigate the effects of the similarity transformations on 
controllability and observability. The effects of controllability and 
observability due to state feedback will be investigated. 


= Theorem 8-8. Invariant theorem on similarity transformations: Consider 
that the system described by the dynamic equations of Eqs. (8-261) and (8- 
262). The similarity transformation x(t) = Px(t), where P is nonsingular, 
transforms the dynamic equations to 


<A —Ax(t)+ Bult) (8-283) 


y(t) =Cx(t)+Du(t) (8-284) 
where 
A=P'AP B=P''B (8-285) 


The controllability of [A, B] and the observability of [A, C] are not 
affected by the transformation. 

In other words, controllability and observability are preserved through 
similar transformations. The theorem is easily proven by showing that the 
ranks of S and S and the ranks of V and V are identical, where S and V are 
the controllability and observability matrices, respectively, of the transformed 
system. 


= Theorem 8-9. Theorem on controllability of closed-loop systems with 
state feedback: If the open-loop system 


dt) _ 
dt 


is completely controllable, then the closed-loop system obtained through 
state feedback, 


Ax(t)+ Bu(t) (8-286) 


u(t) =r(t)—Kx(t) (8-287) 
so that the state equation becomes 


ax(t) _ (4 _BK)x(t)+Br(t) (8-288) 





is also completely controllable. On the other hand, if [A, B] is 
uncontrollable, then there is no K that will make the pair [A — BK, B] 
controllable. In other words, if an open-loop system is uncontrollable, it 
cannot be made controllable through state feedback. 

Proof: The controllability of [A, B] implies that there exists a control u(t) 
over the time interval [t,, t.] such that the initial state x(¢,) is driven to the 
final state x(t,) over the finite time interval t,— t,. We can write Eq. (8-252) as 


r(t) =u(t)+Kx(f) (8-289) 


which is the control of the closed-loop system. Thus, if u(t) exists that can 
drive x(t,) to any x(t) in finite time, then we cannot find an input r(f) that will 
do the same to x(t), because otherwise we can set u(t) as in Eq. (8-287) to 
control the open-loop system. 


= Theorem 8-10. Theorem on observability of closed-loop systems with 
state feedback: If an open-loop system is controllable and observable, then 
state feedback of the form of Eg. (8-287) could destroy observability. In other 
words, the observability of open-loop and closed-loop systems due to state 
feedback is unrelated. 


The following example illustrates the relation between observability and 
state feedback. 


EXAMPLE 8-15-1 Let the coefficient matrices of a linear system be 


A-| _ ry B-| 4 Ge] 1 2 | (8-290) 
We can show that the pair [A, B] is controllable and [A, C] is observable. 
Let the state feedback be defined as 
u(t) =r(t)—Kx(f) (8-291) 
where 
K=|[k,_ k,] (8-292) 
Then the closed-loop system is described by the state equation 


AO = (A-BK)x(1)+Br(0) (8-293) 


aA-Bk-| —" ‘% (8-294) 
-i-k, -3-y, 


The observability matrix of the closed-loop system is 


C | 2 
v-| C(A-BK) I ah A =8hy 5 | lain 


The determinant of V is 
\V | = 6k, —3k, +3 (8-296) 


Thus, if k and k, are chosen so that |V| = 0, the closed-loop system would 
be uncontrollable. 


8-16 CASE STUDY: MAGNETIC-BALL 
SUSPENSION SYSTEM 


As a case study to illustrate some of the material presented in this chapter, 
let us consider the magnetic-ball suspension system that was earlier studied in 
Example 3-9-2 and is shown in Fig. 8-21. The objective of the system is to 
regulate the current of the electromagnet so that the ball will be suspended at 
a fixed distance from the end of the magnet. The dynamic equations of the 
system are 


Electromagnet 


‘ Steel ball 
Mg 


Figure 8-21 Ball-suspension system. 
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(8-297) 





v(t) = Ri(t)+L (8-298) 


where Eq. (8-262) is nonlinear. The system variables and parameters are as 
follows: 


v(t) = input voltage (V) x(t) = ball position (m) 
i(t) = winding current (A) k = proportional constant = 1.0 
R=winding resistance =1Q L = winding inductance =0.01H 
M = ball mass = 1.0 kg g = gravitational acceleration = 32.2 m/s” 


The state variables are defined as 


x, (EF) =x(£) 


dx(t 
a (8-299) 
: dt 
x,(t) =i(t) 
The state equations are 
dx. (t 
dx, (t) ) = 5 (8-300) 
dt : 
dx,(t k x(t 
wait) ba gens Sad (8-301) 
dt M x,(t) 
dx.(t R t 
x; ( es. ) (8-302) 
dt Bye * L, 
Let us linearize the system, using the method described in Sec. 3-10, about 
xi 
x(t) = ax (fF) _ 
the equilibrium point y(t)=x, =0.5m.Then, ~ [ and 
a” y, (t) - 0 
dt” After substituting the parameter values, the linearized equations 
are written 
Ax(t)= A* Ax(t)+B* Av(t) (8-303) 


where Ax(t) denotes the state vector, and Av(308) is the input voltage of 
the linearized system. The coefficient matrices are 


0 1 0 0 
A*=| 644 0 -16 BF=| 0 (8-304) 
6 6 100 100 


All the computations done in the following section can be carried out with 
the MATLAB state tool (Sec. 8-20). To show the analytical method, we carry 


out the steps of the derivations as follows. 


§-16-1 The Characteristic Equation 


5 —] v 
ISI-A*|=| 644 s 16 |=s°+100s’-64.4s-6440=0 — (8-305) 
0 0 s+100 
Eigenvalues 


The eigenvalues of A*, or the roots of the characteristic equation, are 
s =—100 s—8.025 s = 8.025 

The State-Transition Matrix 

The state-transition matrix of A* is 


=] 


s —] Q 
o(t)="[(sI-A*)']="| | -644 s 16 (8-306) 
0 0 s+100 


or 
s(s+100)  s+100 —16 


(t)= "| ——_______} 6 4.4(s+100) s(s+100)  -16 (8-307) 
(5-+100)(s+8.025)(s—8.025) 7~ 
0 0 s°-644 


By performing the partial-fraction expansion and carrying out the inverse 
Laplace transform, the state-transition matrix is 


0 0 -0.0016 0.5 0.062 0.0108 
Ot)=| 0 0 0.16 e+} A012 0.5 0.087 |e 
0 0 0 0 0 
0.062 -0.0092 _ 
+| 4012 0.5 0.074 |e” (8-308) 
0 


Because the last term in Eq. (8-308) has a positive exponent, the response 
of /(t) increases with time, and the system is unstable. This is expected, since 
without control, the steel ball would be attracted by the magnet until it hits 
the bottom of the magnet. 


Transfer Function 


Let us define the ball position x(t) as the output y(t); then, given the input, 
v(t), the input-output transfer function of the system is 


—1600 


— =C*(sI-A*)'B*=[1 0 0](sI-A*)” B*=———————————___ (8.39) 
V(s) (s+100)(s+8.025)(s—8.025) 
Controllability 
The controllability matrix is 
() 0 —1,600 
S=| B* A*B* A*2B* |=| 0 -1,600 — 160,000 (8-310) 


100 —10,000 1,000,000 


Because the rank of S is 3, the system is completely controllable. 


Observability 

The observability of the system depends on which variable is defined at the 
output. For state-feedback control, which will be discussed later in Chap. 10, 
the full controller requires feeding back all three state variables, x, x,, and x.,. 
However, for reasons of economy, we may want to feed back only one of the 


three state variables. To make the problem more general, we may want to 
investigate which state, if chosen as the output, would render the system 
unobservable. 


1. y(t) = ball position = x(t): C* = [1 0 OJ. The observability matrix is 


Cc* 1 0 0 
V=| C*A* |=} 0 1. 0 (8-311) 
CTA" 644 0 -16 


which has a rank of 3. Thus, the system is completely observable. 
2. y(t) = all velocity = dx(t)/dt: C* = [0 1 0]. The observability matrix 


1S 
Cc ( l () 
V=| C*A* |=| 644 OO -16 (8-312) 
C*A*2 0 644 1600 


which has a rank of 3. Thus, the system is completely observable. 
3. y(t) = winding current = i(t): C* = [0,0,1] 
The observability matrix is 


0 0 
V=| C*A* [=| 0 0 -100 (8-313) 
0 O 


which has a rank of 1. Thus, the system is unobservable. The physical 
interpretation of this result is that, if we choose the current i(t) as the 
measurable output, we would not be able to reconstruct the state variables 
from the measured information. 


The interested reader can enter the data of this system into any available 
computer program and verify the results obtained. 


8-17 STATE-FEEDBACK CONTROL 


A majority of the design techniques in modern control theory is based on 
the state-feedback configuration. That is, instead of using controllers with 
fixed configurations in the forward or feedback path, control is achieved by 
feeding back the state variables through real constant gains. The block 
diagram of a system with state-feedback control is shown in Fig. 8-22. 
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Figure 8-22 Block diagram of a control system with state feedback. 





We can show that the PID control and the tachometer-feedback control 
discussed earlier are all special cases of the state-feedback control scheme. 
Let us consider a second-order prototype system with tachometer-feedback 
control. The process is decomposed by direct decomposition and is 
represented by the state diagram of Fig. 8-23a. If the states x (t) and x,(t) are 
physically accessible, these variables may be fed back through constant real 
gains —k and —k,, respectively, to form the control u(t), as shown in Fig. 8- 
23b. The transfer function of the system with state feedback is 





Figure 8-23 Control of a second-order system by state feedback. 


Y(s) _ 0, (8-314) 


R(s) s?+(26@, +K,)s+K, 


For comparison purposes, we display the transfer functions of the systems 
with tachometer feedback and with PD control as follows: 


Tachometer feedback: 


Y ‘on 
Ms) Oy (8-315) 
R(s) s°+ (2Ce, + K,@- )s+ (O- 
PD control: 
Y Ort K + K 
Y(s) _ (Kp + Kps) (8-316) 


R(s) s°+(26@+K,@; )s+@2K, 


Thus, tachometer feedback is equivalent to state feedback if k, =o’, and k, = 
Ko’. Comparing Eg. (8-314) with Eq. (8-316), we see that the characteristic 
equation of the system with state feedback would be identical to that of the 
system with PD control if k, = @’,K, and k, = ’ K,. However, the numerators 
of the two transfer functions are different. 

The systems with zero reference input, r(t) = 0, are commonly known as 
regulators. When r(t) = 0, the control objective is to drive any arbitrary 
initial conditions of the system to zero in some prescribed manner, for 
example, “as quickly as possible.” Then a second-order system with PD 
control is the same as state-feedback control. 

It should be emphasized that the comparisons just made are all for second- 
order systems. For higher-order systems, the PD control and tachometer- 
feedback control are equivalent to feeding back only the state variables x, and 
x,, While state-feedback control feeds back all the state variables. 


Because PI control increases the order of the system by one, it cannot be 
made equivalent to state feedback through constant gains. We show in Sec. 8- 
18 that if we combine state feedback with integral control we can again 
realize PI control in the sense of state-feedback control. 





8-18 POLE-PLACEMENT DESIGN THROUGH 
STATE FEEDBACK 


When root loci are utilized for the design of control systems, the general 
approach may be described as that of pole placement; the poles here refer to 
that of the closed-loop transfer function, which are also the roots of the 
characteristic equation. Knowing the relation between the closed-loop poles 
and the system performance, we can effectively carry out the design by 
specifying the location of these poles. 

The design methods discussed in the preceding sections are all 
characterized by the property that the poles are selected based on what can be 
achieved with the fixed-controller configuration and the physical range of the 
controller parameters. A natural question would be: Under what condition 
can the poles be placed arbitrarily? This is an entirely new design 
philosophy and freedom that apparently can be achieved only under certain 
conditions. 


When we have a controlled process of the third order or higher, the PD, PI, 
single-stage phase-lead, and phase-lag controllers would not be able to 
control independently all the poles of the system because there are only two 
free parameters in each of these controllers. 

To investigate the condition required for arbitrary pole placement in an 
nth-order system, let us consider that the process is described by the 
following state equation: 


AiO = Ax(t)+ Bult (8-317) 


where x(t) is ann X 1 state vector, and u(t) is the scalar control. The state- 
feedback control is 


u(t) =—Kx(t)+r(t) (8-318) 


where K is the 1 x n feedback matrix with constant-gain elements. By 
substituting Eg. (8-318) into Eq. (8-317), the closed-loop system is 
represented by the state equation 


dx(t) 





= (A —BK )x(t)+ Br(t) (8-319) 


It will be shown in the following that if the pair [A, B] is completely 
controllable, then a matrix K exists that can give an arbitrary set of 
eigenvalues of (A — BK); that is, the n roots of the characteristic equation 


|sI-A+BK| =0 (8-320) 


can be arbitrarily placed. To show that this is true, that if a system is 
completely controllable, it can always be represented in the controllable 
canonical form (CCF); that is, in Eg. (8-317), 


0 0 ] 0 0 

A=|_ : , . we § B=| : (8-321) 
0 0 O - l 0 
—~4, —a —4G, Oi 


The feedback gain matrix K is expressed as 


K=[k k - k] (8-322) 
where k, k,, ..., k are real constants. Then, 
0 | 0 vee 0 
0 0 l 0 
A-BK= : : *, (8-323) 
0 0 0 vee | 
A k, a, k, a, — k a, 7 k, 


The eigenvalues of A — BK are then found from the characteristic equation 


|sI-(A-BK) =s"+(a,_,+k,)s" +(a,,+k,,)s"> +--+(a,+k,)=0 (8-324) 

Clearly, the eigenvalues can be arbitrarily assigned because the feedback 
gains k,k, ..., k are isolated in each coefficient of the characteristic 
equation. Intuitively, it makes sense that a system must be controllable for the 
poles to be placed arbitrarily. If one or more state variables are 
uncontrollable, then the poles associated with these state variables are also 
uncontrollable and cannot be moved as desired. The following example 
illustrates the design of a control system with state feedback. 


EXAMPLE 8-18-1 Consider the magnetic-ball suspension system analyzed 
in Sec. 8-16. This is a typical regulator system for 
which the control problem is to maintain the ball at its 
equilibrium position. It is shown in Sec. 8-16 that the 


system without control is unstable. 
The linearized state model of the magnetic-ball system 
is represented by the state equation 


dAx(t) 


7 = A* Ax(t)+B* Av(t) (8-325) 





where Ax(t) denotes the linearized state vector, and 
Av(t) is the linearized input voltage. The coefficient 
matrices are 


0 1 O 0 
A*=| 644 0 —-16 B*=| 0O (8-326) 
0 0 —100 100 


The eigenvalues of A* are s = —100, -8.025, and 
8.025. Thus, the system without feedback control is 
unstable. 

Let us give the following design specifications: 


1. The system must be stable. 

2. For any initial disturbance on the position of the ball from its 
equilibrium position, the ball must return to the equilibrium position 
with zero steady-state error. 

3. The time response should settle to within 5 percent of the initial 
disturbance in not more than 0.5 s. 

4. The control is to be realized by state feedback 


Av(t)=—-KAx(t)=-[k, k, k,JAx(t) (8-327) 


where k, k,, and k, are real constants. 

A state diagram of the “open-loop” ball-suspension system is shown in 
Fig. 8-24a, and the same of the “closed-loop” system with state feedback is 
shown in Fig. 8-24b. 
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Figure 8-24 (a) State diagram of magnetic-ball-suspension system. (b) 
State diagram of magnetic-ball-suspension system with state feedback. 


We must select the desired location of the eigenvalues of (sI — A* + B*K) 
so that requirement 3 in the preceding list on the time response is satisfied. 
Without entirely resorting to trial and error, we can start with the following 
decisions: 


1. The system dynamics should be controlled by two dominant roots. 


2. To achieve a relatively fast response, the two dominant roots should 
be complex. 


3. The damping that is controlled by the real parts of the complex roots 


should be adequate, and the imaginary parts should be high enough for 
the transient to die out sufficiently fast. 


After a few trial-and-error runs, using the ACSYS/MATLAB tool (see 
Sec. 8-20), we found that the following characteristic equation roots should 
satisfy the design requirements: 


s =—20 s =-6+j4.9 s=—6-j4.9 
The corresponding characteristic equation is 
s* +32s° +300s +1200 =0 (8-328) 


The characteristic equation of the closed-loop system with state feedback is 
written 


S —] () 
sI-A*+B*K=| 644 5 16 
100k, 100k, s+100+100k, 
=s° +100(k, +1)s° - (64.4+1600k, )s-—1600k, —6440(k, +1) =0 (8-329) 


which can also be obtained directly from Fig. 8-24b using the SFG gain 
formula. Equating like coefficients of Eqs. (8-328) and (8-329), we get the 
following simultaneous equations: 
100(k, +1)=32 
—64.4—1600k, =300 
—1600k, — 6440(k, +1) =1200 (8-330) 


Solving the last three equations, and being assured that the solutions exist 
and are unique, we get the feedback-gain matrix 


K=| k, k, k, |-[ -2.038 0.22775 -0.68 | (8-331) 


Figure 8-25 shows the output response y(t) when the system is subject to 
the initial condition 
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Figure 8-25 Output response of magnetic-ball-suspension system with 
State feedback, subject to initial condition y(0) = x (0) = 1. 


it 
x(0)=| 0 (8-331) 
0 


EXAMPLE 8-18-2 In this example, we shall design a state-feedback control 
for the second-order sun-seeker system treated in 
Example 6-5-1; also see Chap. 11. The CCF state 
diagram of the process with K = 1 is shown in Fig. 8- 
26a. The problem involves the design of a state- 
feedback control with 
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Figure 8-26 (a) State diagram of second-order sun-seeker system. (b) 
State diagram of second-order sun-seeker system with state feedback. 


0.(t)=—Kx(t)=-[k,_ k,]x(t) (8-332) 
The state equations are represented in vector-matrix form as 


dx(t) 
d 





= Ax(t)+B6,(t) (8-333) 


adr vs 
0 25 ] 


The output equation is 


@ (t)=Cx(t) (8-335) 


where 


where 
C=l1 0] (8-336) 
The design objectives are as follows: 


1. The steady-state error due to a step function input should equal 0. 


2. With the state-feedback control, the unit-step response should have 
minimum overshoot, rise time, and settling time. 


The transfer function of the system with state feedback is written 


Q,(s)_ 2500 


a (8-337) 
O.(s) s°+(25+k,)s+k, 


Thus, for a step input, if the output has zero steady-state error, the constant 
terms in the numerator and denominator must be equal to each other—that is 
k = 2500. This means that, while the system is completely controllable, we 
cannot arbitrarily assign the two roots of the characteristic equation, which is 
now 


s°+(25+k, )s+2500 =0 (8-338) 


In other words, only one of the roots of Eq. (8-339) can be arbitrarily 
assigned. The problem is solved using ACSYS (see Sec. 8-20). After a few 
trial-and-error runs, we found out that the maximum overshoot, rise time, and 
settling time are all at a minimum when k, = 75. The two roots are s = —50 
and —50. The attributes of the unit-step response are 


Maximum overshoot = 0% t, = 0.06717s t = 0.09467s 
The state-feedback gain matrix is 


K =[2500 75] (8-339) 


The lesson that we learned from this illustrative example is that state- 
feedback control generally produces a system that is type 0. For the system to 
track a step input without steady-state error, which requires a type 1 or 
higher-type system, the feedback gain k of the system in the CCF state 


diagram cannot be assigned arbitrarily. This means that, for an nth-order 
system, only n — 1 roots of the characteristic equation can be placed 
arbitrarily. 


8-19 STATE FEEDBACK WITH INTEGRAL 
CONTROL 


The state-feedback control structured in the preceding section has one 
deficiency in that it does not improve the type of the system. As a result, the 
state-feedback control with constant-gain feedback is generally useful only 
for regulator systems for which the system does not track inputs, if all the 
roots of the characteristic equation are to be placed at will. 

In general, most control systems must track inputs. One solution to this 
problem is to introduce integral control, just as with PI controller, together 
with the constant-gain state feedback. The block diagram of a system with 
constant-gain state feedback and integral control feedback of the output is 
shown in Fig. 8-27. The system is also subject to a noise input n(t). For a 
SISO system, the integral control adds one integrator to the system. As 
shown in Fig. 8-27, the output of the (n + 1)st integrator is designated as x. . 
The dynamic equations of the system in Fig. 8-27 are written as 


nt) 








Figure 8-27 Block diagram of a control system with state feedback and 
integral output feedback. 


AD = x(t) + Bult) +En(0 (8-340) 
AX (t) oy 
—— =r(t)— y(t) (8-341) 
y(t)=Cx(t)+ Du(t) (8-342) 


where x(t) is the n x 1 state vector; u(t) and y(t) are the scalar actuating 
signal and output, respectively; r(t) is the scalar reference input; and n(t) is 
the scalar disturbance input. The coefficient matrices are represented by A, B, 
C, D, and E, with appropriate dimensions. The actuating signal u(t) is related 
to the state variables through constant-state and integral feedback, 


u(t) =—Kx(t)—k,,,x,_.,(f) (8-343) 


n+] 
where 


K=[k kk = k] (8-344) 


i 


with constant real gain elements, and k _ is the scalar integral-feedback 
gain. 


Substituting Eq. (8-343) into Eq. (8-340) and combining with Eq. (8-341), 


the n + 1 state equations of the overall system with constant-gain and integral 
feedback are written 


FO _ 5 -BR)RW+| ; |re+En (8-345) 


where 


dx(t) 
dt 





x(f)= 8-346 
x(t) dx (t) (n+1)x1 ( ) 
dt 
~ | A 0 _ | B 
x-| “a | (n+1)x(n+1) B-| 7 [orn (8-347) 
K=| K Ky =| k, k, ree k, 4 Jix@+y) (8-348) 
— E 
E-| . floor (8-349) 


Substituting Eq. (8-343) into Eq. (8-342), the output equation of the overall 
system 1s written 


y(t) =Cx(t) (8-350) 


where 


C=(C-—DK DK][1x(n+1)] (8-351) 
The design objectives are as follows: 


1. The steady-state value of the output y(t) follows a step-function 
input with zero error; that is, 


e. =lime(t)=0 (8-352) 


[—>co 
2. Then+ 1 eigenvalues of (A — BK) are placed at desirable locations. 
For the last condition to be possible, the pair [A,B] must be completely 
controllable. 


The following example illustrates the applications of state-feedback with 
integral control. 


EXAMPLE 8-18-1 We have shown in Example 8-18-1 that, with constant- 
gain state-feedback control, the second-order sun- 
seeker system can have only one of its two roots 
placed at will for the system to track a step input 
without steady-state error. Now let us consider the 
Same second-order sun-seeker system in Example 8- 
18-1, except that an integral control is added to the 
forward path. The state diagram of the overall system 
is shown in Fig. 8-28. The coefficient matrices are 





(8-353) 


Figure 8-28 Sun-seeker system with state feedback and integral control 
in Example 8-18-1. 


From Eg. (8-347), 





Ae 0 1 0 . 0 
i-| — | 0 -25 0 B-| . l (8-354) 
-2500 0 0 0 


We can show that the pair [A,B] is completely controllable. ‘Thus, the 
eigenvalues of (|sI — A + BK)) can be arbitrarily placed. Substituting A, B, 
and K in the characteristic equation of the closed-loop system with state and 
integral feedback, we have 


s —] 0 


sSI-A+BR|=| k,  s+25+k, k, 
—2500 0 s 
=s°+(25+k, )s° +k,s+2500k, =0 (8-355) 


which can also be found from Fig. 8-28 using the SFG gain formula. 
The design objectives are as follows: 


1. The steady-state output must follow a step function input with zero 
error. 


2. The rise time and settling time must be less than 0.05 s. 


3. The maximum overshoot of the unit-step response must be less than 
3 percent. 


Because all three roots of the characteristic equation can be placed 
arbitrarily, it is not realistic to require minimum rise and settling times, as in 


Example 8-18-1. 

Again, to realize a fast rise time and settling time, the roots of the 
characteristic equation should be placed far to the left in the s-plane, and the 
natural frequency should be high. Keep in mind that roots with large 
magnitudes will lead to high gains for the state-feedback matrix. 


The ACSYS/MATLAB software was used to carry out the design. After a 
few trial-and-error runs, the design specifications can be satisfied by placing 
the roots at 


s = —200 -50+j50 and —50-j50 
The desired characteristic equation is 


s*+300s° +25,000s+1,000,000 =0 (8-356) 
Equating like coefficients of Eqs. (8-355) and (8-356), we get 


k = 25,000 k, = 275 and k, = 400 
The attributes of the unit-step response are as follows: 


Maximumovershoot=4% 


t = 0.03247 
t = 0.046675 


Notice that the high feedback gain of k, which is due to the large values of 


the roots selected, may pose physical problems; if so, the design 
specifications may have to be revised. 


EXAMPLE 8-18-2 In this example we illustrate the application of state- 
feedback with integral control to a system with a 
disturbance input. 


Consider a dc-motor control system that is described by the following state 
equations: 


OD es +44 LT, (8-357) 
dt J J J 
di, (t) _ TAY y(t) 4 +—e (t) (8-358) 
dt L L L 
where 
i,(f)=armature current, A 
e (t)=armature applied voltage, V 


(o(t) = motor velocity, rad/s 
B= viscous-friction coefficient of motor and load =0 
J] = moment of inertia of motor and load = 0.02 N- m/rad/s* 
K, = motor torque constant =1 N-m/A 
K, =motor back-emf constant =1 V/rad/s 
T, =constant load torque (magnitude not known), N-m 
L =armature inductance = 0.005 H 


R=armature resistance = 1 Q2 


The output equation is 


y(t)=Cx(t)=| 1 0 |x(Z) (8-359) 


The design problem is to find the control u(t) = e (t) through state feedback 
and integral control such that 





1. 
do(t 
limi, (t)=0 and lim - ) <9 (8-360) 
2. 
lim @(t)= step input r(t)=u, (t) (8-361) 


3. The eigenvalues of the closed-loop system with state feedback and 
integral control are at s = —300, -10 + j 10, and —10 — 10. 


Let the state variables be defined as x(t) = @ (t) and x,(t) = i(t). The state 
equations in Eqs. (8-357) and (8-358) are written in vector-matrix form: 


AD | Ax(t)+Bu(t)+En(t) (8-362) 


where n(t) = T u(t). 


BB K 
4. J J 7 0 50 (8-363) 
_K, oR ~200 -200 
L 6 
( 
B=| 1 | 0 | (8-364) 
_ 200 
L 
l 
E=| ff -| —— | (8-365) 
( 


From Eg. (8-347), 


0 50 (0 
A= » 8 T 200 -200 0 | B= a 
-C op 0 


—] 0 O 


The control is given by 
u(t) =—Kx(t)—k,_,x,,, (t)=Kx(t) 


where 


(8-366) 


(8-367) 


(8-368) 


(8-369) 





Figure 8-29 Dc-motor control system with state feedback and integral 
control and disturbance torque in Example 8-18-2. 


The coefficient matrix of the closed-loop system is 


0 50 0 
A-—BK=| —200—200k, -200-—200k, -200k, (8-370) 
—] 0 0 


The characteristic equation is 
sI—-A+BK| =s°+200(1+k, )s* +10,000(1+k, )s—10,000k, =0 (8-371) 


which is more easily determined by applying the gain formula of SFG to 
Fig. 8-29. 
For the three roots assigned, the last equation must equal 


s*+320s° +6,200s+60,000 =0 (8-372) 
Equating the like coefficients of Eqs. (8-371) and (8-372), we get 


k = -0.38 k, = 0.6 k = -6.0 
Applying the SFG gain formula to Fig. 8-29 between the inputs r (t) and 
n(t) and the states @ (t) and i(t), we have 





| ) k, k,K, T 

——| s +—s+—s —-—— ate 
%(s) | 1 mK L &§ JL : (8-373) 

I,(s) | A.(s) | K,_k, A) - "| l 

a5) ES - 

my & & &L L J s 


where A (s) is the characteristic polynomial given in Eq. (8-372). 


Applying the final-value theorem to the last equation, the steady-state 
values of the state variables are found to be 


w(t) Q(t) 0 K, 7 l 
1 — = f = 8-374 








Thus, the motor velocity @ (t) will approach the constant reference input 
step function r(t) = u(t) as t approaches infinity, independent of the 
disturbance torque T.. Substituting the system parameters into Eq. (8-373), 
we get 


T, 


(8-375) 


(2(s) l —50(s+320)s 60,000 
A (Ss) 


S 
E(s} | 6200s+60,000 1,200s i 
) 


Figure 8-30 shows the time responses of @ (t) and i(t) when T = 1 and T 
= 0. The reference input is a unit-step function. 











Time (sec) 


Figure 8-30 Time responses of dc-motor control system with state 
feedback and integral control and disturbance torque in Example 8-18-2. 


8-20 MATLAB TOOLS AND CASE STUDIES 


In this section, we present a MATLAB tool to solve most problems 
addressed in this chapter. The reader is encouraged to apply this tool to all the 
problems identified by a MATLAB toolbox in the left margin of the text 
throughout this chapter. As in Chap. 2, we use MATLAB’s symbolic tool to 


solve some of the initial problems in this chapter involving inverse Laplace 
transformations. Finally, using the tfcal tool, discussed in Chap. 3, we can 
convert from transfer functions to state-space representation. These programs 
allow the user to conduct the following tasks: 


¢ Enter the state matrices. 

¢ Find the system’s characteristic polynomial, eigenvalues, and 
eigenvectors. 

¢ Find the similarity transformation matrices. 

° Examine the system controllability and observability properties. 

¢ Obtain the step, impulse, and natural (response to initial conditions) 
responses, as well as the time response to any function of time. 

° Use the MATLAB symbolic tool to find the state-transition matrix 
using the inverse Laplace command. 

° Convert a transfer function to state-space form or vice versa. 


To better illustrate how to use the software, let us go through some of the 
steps involved in solving earlier examples in this chapter. 


§-20-1 Description and Use of the State-Space Analysis Tool 


The State-Space Analysis Tool (state tool) consists of a number of m-files 
and GUIs for the analysis of state-space systems. The state tool can be 
invoked from the Automatic Control Systems launch applet by clicking on 
the appropriate button. You will then see the window pictured in Fig. 8-31. 
We first consider the example in Sec. 8-16 to describe the functionality of the 
State tool. 


-» State Space Tool 4 rol |=! x! 
Calculate/Display [ie hes “po mse Accessories 








Block Diagram 


" [a Jeor[ 


y(t) vo & |xo-+| D | ce) 





Input Module- 


Enter coeftticiert Matrices. 
eq. For a 3x3 identity matrix enter [1 00-01 0001] 


[1;0;1] i= @a 3x1 column [1 0 O)] is a 1x3 row. 





B, 
[01 0°64.40-16-0,0,-100] 
6 
| [0;0-100] 
CS 
[1 ,0,0] 
fo 


a a 


Intitial Condition= 


O 





Buttons 
Reset 
| Close VVindovws | 





Figure 8-31 The State-Space Analysis window. 


To enter the following coefficient matrices, 


0 |] 0 
A*=| 644 0 -16 (8-376) 
0 0 100 
0 
B*-| 0 (8-377) 
100 
cé=| 1 0 0 | (8-378) 


enter the values in the appropriate edit boxes. Note that the default value of 
initial conditions is set to zero and you do not have to adjust it for this 
example. Follow the instructions on the screen very carefully. The elements 
in the row of a matrix may be separated by a space or a comma, while the 
rows themselves must be separated by a semicolon. For example, to enter 
matrix A, enter [0,1,0;64.4,0,-16;0,0,-100] in the A edit box, and to enter 
matrix B, enter [0;0;100] in the B edit box, as shown in Fig. 8-32. In this 
case, the D matrix is set to zero (default value). To find the characteristic Eq. 
(8-270), eigenvalues, and eigenvectors, choose the “Eigenvals & vects of A” 
option from the Calculate/Display menu. The detailed solution will be 
displayed on the MATLAB command window. The A matrix, eigenvalues of 
A, and eigenvectors of A are shown in Fig. 8-33. Note that the matrix 
representation of the eigenvalues corresponds to the diagonal canonical form 
(DCF) of A, while matrix T, representing the eigenvectors, is the DCF 
transformation matrix discussed in Sec. 8-11-4. To find the state-transition 
matrix @ (t), you must use the tfsym tool, which will be discussed in Sec. 8- 
20-2. 
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Figure 8-32 Inputting values in the state-space window. 


The A matrix is: 
Amat = 
Q 1.0000 0 
64.4000 0 -16.0000 
0 0 -100.0000 
Characteristic polynomial: 


ans = 


$*3+100*s*2-2265873562520787/35184372088832*s-6440 


Eigenvalues of A = diagonal canonical form of A is: 


Abar = 
8.0250 0 0 
0 -—8.0250 0 
0 0 -100.0000 
Eigenvectors are 
T= 
0.1237 -0.1237 -0.0016 


0.9923 0.9923 0.1590 
0 0 0.9873 





Figure 8-33. The MATLAB command window display after clicking the 
“Figenvals & vects of A” button. 


The choice of the C in Eq. (8-376) makes the ball position the output y(t) 


for input v(t). Then the input-output transfer function of the system can be 
obtained by choosing the “State-Space Calculations” option. The final output 
appearing in the MATLAB command window is the transfer function in both 
polynomial and factored forms, as shown in Fig. 8-34. As you can see, there 
is a Small error due to numerical simulation. You may set the small terms to 
zero in the resulting transfer function to get Eq. (8-309). 


State-space model is: 


a => 
xT x2 x3 
x7 0 7 0 
x2 64.4 O -16 
x3 O O -100 
b= 
ul 
xT O 
x2 O 
x3 100 
cc = 
x7 x2 x3 
yT 1 O O 
d= 
ud 
yi O 


Continuous-time model. 
Characteristic polynomial: 


ans = 
s°3+100*s%*2-22658/73562520/787/351843/72088832*s — 6440 
Equivalent transfer-function model is: 
Transfer function: 
4.263e — 014 s*2 + 8.527e—014 s — 1600 
s“3 + 100s*%2 — 64.4s — 6440 | 
Pole, zero form: 


Zero/pole/gain: 
4.2633e — 014 (s+1.937e008)is — 1.937e008) 
(s+100)(s+8.025)(s — 8.025) 


Figure 8-34 The MATLAB command window after clicking the “State- 
Space Calculations” button. 


Click the “Controllability” and “Observability” menu options to determine 
whether the system is controllable or observable. Note that these options are 
only enabled after pressing the “State-Space Calculations” button. After 
clicking the “Controllability” button, you get the MATLAB command 
window display, shown in Fig. 8-35. The S matrix in this case is the same as 
Eg. (8-310) with the rank of 3. As a result, the system is completely 
controllable. The program also provides the M and P matrices and the system 
controllability canonical form (CCF) representation as defined in Sec. 8-11-2. 


—20) 





Magnitude (dB) 


Phase (deg) 


107! 10° 10! 102 10? 


Frequency (rad/s) 


Figure 8-35 The MATLAB command window after clicking the 
“Controllability” button. 


Once you choose the “Observability” option, the system observability is 
assessed in the MATLAB command window, as shown in Fig. 8-36. The 
system is completely observable, since the V matrix has a rank of 3. Note that 
the V matrix in Fig. 8-42 is the same as in Eq. (8-311). The program also 


provides the M and Q matrices and the system observability canonical form 
(OCF) representation as defined in Sec. 8-11-3. As an exercise, the user is 
urged to reproduce Eqs. (8-312) and (8-313) using this software. 


The observability matrix (transpose:[C CA CA%*2 ...]) is = 


Vmat = 
1.0000 0 0 
0 1.0000 0 
64.4000 0 -16.0000 


The system is therefore observable, rank of V matrix is = 


rankV = 
3 
Mimat = 
-64.4000 100.0000 1.0000 
100.0000 1.0000 0 
1.0000 0 O 


The observability canonical form (OCF) transformation matrix is: 
Otran = 
0 0 1.0000 
O 1.0000 -100.0000 
-0.0625 6.2500 -625.0000 
The transformed matrices using OCF are: 
Abar = 
1.0e+003 * 
0.0000 -0.0000 6.4400 
0.0010 #£-0.0000 0.0644 
) 0.0010 -0.1000 
Bbar = 


-1600 


Figure 8-36 The MATLAB command window after clicking the 
“Observability” button. 


You may obtain the output y(t) natural time response (response to initial 
conditions only), the step response, the impulse response, or the time 
response to any other input function by choosing the appropriate option from 
the Time Response menu. 

The state tool program may be used on all the examples identified by a 
MATLAB toolbox in the left margin of the text throughout this chapter, 
except problems involving inverse Laplace transformations and closed-form 
solutions. To address the analytical solutions, we need to use the tfsym tool, 
which requires the symbolic tool of MATLAB. 


§-20-2 Description and Use of tfisym for State-Space 
Applications 


You may run the Transfer Function Symbolic Tool by clicking the 
“Transfer Function Symbolic” button in the ACSYS window. You should get 
the window in Fig. 8-37. For this example, we will use the State-Space mode. 
Choose the appropriate option from the drop-down menu as shown in Fig. 8- 
37. 





«) Transfer Function Symbolic 


={5) x! 


Enter Transter Function: 


Enter the Numerator and Denominator of the transter function 
using @ ¥Yector of polynomial coefficients, or the numerator or 
denominator of the transter function in symbolic form yith 
complex variable ‘s'. Enter any symbolic variables in the box 
labeled ‘Enter Symbolic Yariables .' 
ex: For numerator (s*2 + 3*kp*s + ki*2): 
erter ‘[1, 3*kp, ki“2]' in the Numerator box 
and ‘kp ki inthe symbolic variables text box. 
ex: The follovving are all equivalent: 
'(s*2 + 7*s + 12) 
Tt 2 12] 
and ‘[s+4)*(s+3)'. 


Erter Symbolic ‘Variables | le 


Mumer ator 


| [1] 


Denominator 


| [1] 


Routh-Huryweitz | 
Inverse Laplace Transform | 


Control Panel 


Transter Function Symbolic ad | 
Transter Function Symbolic 


slate Space 


Inverse Laplace - ZPK 





Figure 8-37 The Transfer Function Symbolic window. 


Let us continue our solution to the example in previous section. Figure 8- 
38 shows the input of the matrices for this example into the state-space 
window. The input and output displays in the MATLAB command window 
are selectively shown in Fig. 8-39. Note that at first glance the (sI-A)’ and @ 
(t) matrices may appear different from Eqs. (8-366) and (8-367). However, 
after minor manipulations, you may be able to verify that they are the same. 
This difference in representation is because of MATLAB symbolic approach. 
You may further simplify these matrices by using the “simple” command in 
the MATLAB command window. For example, to simplify 9 (t), type 
“simple(phi)” in the MATLAB command window. If the desired format has 
not been achieved, you may have reached the software limit. 





«) Transfer Function Symbolic 
Enter Matrix: 


Enter the Coeftticiert Matrices (empty matrices yvill give error) 


E.q. For a 2x2 identity matrix type in: [1 0; 01] 
[(1;0-1] is &@ 3x1 column vector & [101] is a1x3 row 
vector 


A= [0,1 (0:64.40 -16;0 0-100] 
B= 0; 0; 100] 
c= [1,00] 


State Space | 


Control Panel 


(State Space + | 
Close | 


Figure 8-38 Inputting values into the Transfer Function Symbolic 
window. 


Enter A = [0 1 0;64.4 0-16;0 O -100] 


Asym = 
O 1.0000 0 
64.4000 0 -16.0000 
0 QO -100.0000 


Determinant of (s*I-A) is: 
detSIA = 
s$*°3+100*s“%2-322/5*s-6440 
the eigenvalues of A are: 
eigA = 
— 100.0000 
8.0250 
—8.0250 


Inverse of (s*I-A) is: 














[ 5 80 ] 
[5 ------------------ oo .o a= ------------------] 
[ 2 2 3 2 ] 
[ 5s - 322 5 s - 322 5s + 500s - 322s - 32200] 
[ ] 
[ 322 s s ] 
[----------------—-- , 5 - -- , -80 -------------------—-------—--------—----------] 
[ 2 2 3 2 ] 
{5s - 322 5s - 322 5s + 500s - 322s - 32200] 
[ ] 
[ 1 ] 
{[Oo, O, a a a 
[ s + 100] 
State transition matrix of A: 

40 2000 40 ] 
[{%2 , 1/322 %1, - ---------- exp (-100 t) - --------------- %1 + - - %2] 
[ 24839 393993079 24839 ] 
[ ] 
[ 4000 4000 ] 
{1/5 %1, %2, ----------- exp (-100 t) - ------- — %2 + 8/24839 %1] 
[ 4839 24839 ] 
[ ] 
[G:., Se. exp (-100 t)] 

1/2 1/2 
%1:= 1610 sinh (1/5 1610 t) 


1/2 


%2 : = cosh (1/5 1610 


Transfer function between u(t) and y(t) is: 


s000 


os -_—<——————_ He ee er Oe OO er er OO ee ee Oe ew ee Oe ewe ee oe eee 


3 


2 
5 s + 500 s - 322 s - 32200 


t) 


Figure 8-39 Selective display of the MATLAB command window for the 
tfsym tool. 


§-21 CASE STUDY: POSITION CONTROL OF 
THE LEGO MINDSTORMS ROBOTIC ARM 
SYSTEM 


Let us consider the robotic arm system that was shown in Fig. 2-41, and in 
App. D, where using a proportional controller, in Sec. D-1-6, we control the 
position of the robot arm. In this section we use the state-space approach to 
do the same. 


Proportional Control 
From Eq. (6-57), the system transfer function is 











K,K,K. 
O(s) — RJ 
a. Sas om cece fe cae 8-379 
O,,(s) (L. .(__K,K,) KKK. (8-379) 
st+1 [2 Js°| B+ s + ————_ 
R, R, RJ 


As before, L/R, may be neglected for small L.. Hence, from Eq. (6-58), the 
simplified transfer functions of the systems is 





K,K.K. 
Os) RJ (8-380) 
O,(s) , (RB+K,K.\ K,KK. 
sy) 2 gg 
KJ Hp 


Table 8-1 restates the parameter values that were shown earlier in Table 8- 
7 for the LEGO NXT motor. 


TABLE 8-1 Robotic Arm and Payload Experimental Parameters 


Armature resistance R = 2.270 


Armature inductance [ =0.0047 H 
Motor torque constant K=0.25 Nm/A 
Back-EMF constant K, = 0.25 V/rad/s 
Equivalent viscous-friction coefficient B=0.0027 Nm/s 
Mechanical time constant T =0.18 

Total moment of inertia J = 0.00302 kg: m- 
Sensor gain K=1 


Premultiplying both sides of Eg. (8-380) by the denominator, we get 


, DPRK, KeKK. K,K.K. 
is a b Lg 4. p*™; 0.9 ‘or ~Q,. (s) (8-381) 


RJ RJ KJ 
Taking the inverse Laplace transform of Eq. (8-381), while recalling that 
the transfer function is independent of initial conditions of the system, we get 
the following differential equation with constant real coefficients: 
d°0(t) _ RB+KK, d0(t)  KoKiK, p (t)- KKK. 
dt’ RJ dt RJ am 





Q. (t) (8-382) 


Obviously, you can also directly arrive at Eg. (8-383) using the modeling 
techniques discussed in Chaps. 2 and 6. Defining 


x, (t)=O(t) 
— d6(t) 
ma (8-383) 
u(t) =6,,,(t) 
y(t) = x, (t) 


where x (f), x,(t) are the state variables, and u(t) is the input, and y(t) is the 


output. 
The state equations are 





dx (t) 
—— 0 | 
dt 7 x, (t) 
@ lel KKK, — RB+K,K, 
ax, (t) RJ R J x,(t) 
dt | 
yity=| 1 0 |x(t) (8-385) 


There is a slight, but important, difference between the proportional control 
system in Eqs. (8-384) and (8-385) and the state feedback control system in 
Egs. (8-317) and (8-318). Comparing the current system to that in Example 
6-18-2, we can see because K, in the proportional control appears in the 
forward path, as opposed to in the feedback loops, it also appears in the B 
matrix as the coefficient of the input u(t); also see Eq. (8-337) and Fig. 8-26b 
for comparison. As a result, the coefficient matrices become 


0 l 0 
A= = KpK;K, = R,B+ K,k, ) B= KKK, 
RJ RJ KJ 
C=| 1 o } D=0 (8-386) 


Using K, = 3 (also see Sec. 8-1-6), and substituting the parameter values 
from Table 8-1 into the coefficient matrices, we get 


‘ie () | | _ () 
~109.4028 10.0109 |’ 109.4028 
Cl 1 0 iF D=0 (8-387) 


Using the ACSYS state tool we can confirm the following results: 


The characteristic equation is 


|sI— Al = ' =s°+10.0109s+109.4028=0 — (8-388) 
109.4028 s+10.0109 


The eigenvalues of A, or the roots of the characteristic equation, are 


s,, =—5.0054+ j9.1841=—Co, + jo, J1-€ (8-389) 


Controllability: The controllability matrix is 


v 109.4028 
S=| B AB |= 8-390 
| | 109.4028 —1095.22 | 


Because the rank of S is 2, the system is completely controllable. 
The CCF representation of the system is 


—109.4028 -10.0109 | 109.4028 (8-391) 
C= 1 0 iF D=0 


Observability: The observability matrix is 


v-| c H | (8-302) 
CA 0 | 


which has a rank of 2. Thus, the system is completely observable. 
The OCF representation of the system is 


z 0 -109.4028 | 5 109.4028 
1 -—10.0109 | 0 


C=| 0 1 |; D-0 (8-393) 


Using the Time Response menu in the State-Space Tool, we can obtain the 
step response of the system for a unit step input, which is shown in Fig. 8-40. 
The results are identical to Fig. 8-31, which was obtained for a step input of 
160°. For the sake of comparison with the PD controller, we used Toolbox 8- 
21-2 instead. 
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Figure 8-40 Comparison of unit step response of the NXT robot arm for 
proportional controller with K, = 3 and PD controller with K, = 3 and K, = 
0.1. 


PD Control 


The transfer functions of the systems is 


KK 





— (KK, +45 
as) — 
O. (s) 4 iD +i, ‘ | ae ob Bini I, 
RJ R,J RJ 
Substituting the parameter values in Table 8-1, we get 
© 36.4676( K,+K 
is =e (8-395) 





QO. (s) s°+(10.0109+ 36.4676K,, )s+ 36.4676K, 


For comparison purposes, with the proportional controller in Fig. 8-40, we 
retain the earlier value of K, = 3 and vary K,,. For K, = 0.1 the transfer 
function in Eg. (8-395) becomes 


O(s) 3.6475 + 109.4028 
©.(s) s°+13.66s+ 109.4028 


in 





(8-396) 


Using Toolbox 8-21-1 we can find the equivalent system state equations. 


Toolbox 8-21-1 


Conversion of the transfer function in Eq. (8-396) to the state-space 
form: 

s=tE (‘5s’) 

G=36 .4676* (0.1*s+3) /(s*2+(10.0109+36.4676*0.1) *s+36.4676*3) 

controller ss=ss(G) 


The coefficient matrices of PD control become 


i se —13.66 —13.6d ? B= 4 
8 0 v 


Cr 0.9117 3.419 ? D=0 (8-397) 


Using the ACSYS state tool we can confirm the following results: 
The characteristic equation is 


|sI— Al = s+13.66 13.68 
—§ S 


| s°+13.66s+ 109.4028 =0 (8-398) 


The eigenvalues of A, or the roots of the characteristic equation, are 


S$, =—6.83+ j7.9241=@, (-C+jJ1-C’) (8-399) 
Controllability: The controllability matrix is 
4 —54.64 
S=| B AB |= 8-400 
pp alg 6-40 


Because the rank of S is 2, the system is completely controllable. 
The CCF representation of the system is 


Re 0 | , B- 0 
—109.4028 —13.66 | 


C=| 109.4028 3.6468 |; D=0 (8-401) 


Observability: The observability matrix is 


y-| C |_| 09117 34190 — 
CA 14.8982 -12.4721 


If K # 0, the matrix has a rank of 2. Thus, the system is completely 
observable. 
The OCF representation of the system is 


7. 0 109.4028 5 - 109.4028 
Ll —-I366 ff 3.6468 
G=| 0 1 |; D=0 (8-403) 


Using the Time Response menu in the State-Space Tool, we can obtain the 
step response of the system for a unit step input, which is shown in Fig. 8-40. 
Comparing the proportional and PD controllers, we can see that the PD 
controller improves the percent overshoot and settling time by increasing the 
damping of the system. 


Toolbox 8-21-2 


Figure 8-40 is obtained by the following sequence of MATLAB 
functions: 
KD=0 ; KP=3 ; 
% enter transfer function numerator and denominator 
num =160*36.4676* [KD KP]; % apply an input amplitude of 160 degrees 
num =160*36.4676* [KD KP]; 
den = [1 10.0109+36.4676*KD 36.4676*KP] ; 
step (num, den) 
hold on 
KD=0 .12KP=3: 
% enter transfer function numerator and denominator 
num =160*36.4676* [KD KP]; « apply an input amplitude of 160 degrees 
den = [1 10.0109+36.4676*KD 36.4676*KP] ; 
step (num, den) 
axis([0 2 0 200]) 


8-22 SUMMARY 


This chapter was devoted to the state-variable analysis of linear systems. 
The fundamentals on state variables and state equations were introduced in 
Chaps. 2 and 3, and formal discussions on these subjects were covered in this 


chapter. Specifically, the state-transition matrix and state-transition equations 
were introduced and the relationship between the state equations and transfer 
functions was established. Given the transfer function of a linear system, the 
State equations of the system can be obtained by decomposition of the 
transfer function. Given the state equations and the output equations, the 
transfer function can be determined either analytically or directly from the 
State diagram. 

Characteristic equations and eigenvalues were defined in terms of the state 
equations and the transfer function. Eigenvectors of A were also defined for 
distinct and multiple-order eigenvalues. Similarity transformations to 
controllability canonical form (CCF), observability canonical form (OCF), 
diagonal canonical form (DCF), and Jordan canonical form (JCF) were 
discussed. State controllability and observability of linear time-invariant 
systems were defined and illustrated, and a final example, on the magnetic- 
ball-suspension system, summarized the important elements of the state- 
variable analysis of linear systems. 

The MATLAB software tools state tool and tfsym were described in Sec. 
8-20. The program functionality was discussed with two examples. Together 
these tools can solve most of the homework problems and examples in this 
chapter. Finally, the NXT robot example studied in Chaps. 2, 6, and 7 and 
App. D was extended to state-space form in Sec. 8-21, where the effects of a 
proportional and a PD controller were studied. 
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PROBLEMS 


8-1. The following differential equations represent linear time-invariant 
systems. Write the dynamic equations (state equations and output equations) 
in vector-matrix form. 





d*y(t) _ dy(t) 
(a) de + {—— 1 + W(t)= Sr(f) 
4 d y(t) | 34 d y(t) | 5 UE? 5 y(t)=r(t) 
(b) > dt° dt? dt 
d° d y(t) | qd d y(t) | 3b) ~ 
eae to gp tgp 1204 J y@dr=r(a) 
d* y(t) d° y(t) dy(t) 
(a) dt’ +1.5—— 7p + 2.5—— 7H + yii=2rtt) 


8-2. The following transfer functions show linear time-invariant systems. 
Write the dynamic equations (state equations and output equations) in vector- 
matrix form. 


+3 
(a) ical s°+3s+2 


)——__—_ 
(b) s-+6s° +11s+6 


(c) Se J/s+12 


G(s) s°+11s°+35s+250 
eS _. SOe 
(d) s°(s° +4s° +39s+108) 


8-3. Repeat Prob. 8-2 by using MATLAB. 


8-4. Write the state equations for the block diagrams of the systems 
shown in Fig. 8P-4. 
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Figure 8P-4 


8-5. By use of Eg. (8-58), show that 
l 22, 1,333 
i il al Re ll fires 


8-6. The state equations of a linear time-invariant system are represented 
by 


oaNE) . axitie Butt) 





Find the state-transition matrix @(t), the characteristic equation, and 
the eigenvalues of A for the following cases: 


s-| 0 Salt 7 
(a) -» 4 1 0 


=_—~ 
ao 

—_ 

> 
[| 
——— 
| 

= © 
| 

9s 
ES 
oe) 
[| 
a 
_— ae 
ae 


as hake 
(C) . 

2 s}fs 
(d) 

Seas iane 
(e) - 

—I 0 0 0 

A=| 0 -2 l B=; | 

(f) 0 QO -2 0 


(g) 0 QO —-5 


8-7. Find @(t) and the characteristic equation of the state variables in 
Prob. 8-6, using a computer program. 


8-8. Find the state-transition equation of each of the systems described in 
Prob. 8-6 for t > 0. Assume that x(0) is the initial state vector, and the 


components of the input vector u(t) are all unit-step functions. 


8-9. Find out if the matrices given in the following can be state-transition 
matrices. [Hint: check the properties of @(t). | 


—e 0 
(a) 0 ie 


x 0 |] 5 0 
= 5 2 . + 1 li 
xX, at ~~ 7 

(a) : : 


8-11. Given a system described by the dynamic equations: 


a =Ax(t)+Bu(t) y(t)=Cx(t) 


0 (0) () 
A-| 0 Oo B=| 0 C=) 1 1 0 | 
QO -l -2 
(c) 


(1) Find the eigenvalues of A. Use the ACSYS computer program to 
check the answers. You may get the characteristic equation and solve for the 
roots using tfsym or tcal components of ACSYS. 

(2) Find the transfer-function relation between X(s) and U(s). 


(3) Find the transfer function Y(s)/U(s). 


8-12. Given the dynamic equations of a time-invariant system: 


AD ~ Ax(t)+Bu(t y(t) =Cx(f) 
where 
0 ] 0 Q 
A=| 0 0 1 | B=} 0 | C=[11 0) 
—-] —2 -3 ] 


Find the matrices A, and B, so that the state equations are written as 


dX(t) 
an” A,x(t)+ B u(t) 


where 


x, (t) 
y(t) 


wAte) 
dt 


8-13. Given the dynamic equations 


AUD ~ x(t) + Bult y(t) =Cx(t) 
i 2 8 0 
A=} 1 2 0 | B= 1 C=| 1 “ a 
(a) -1 0 1 I 
0 2 0 1 
‘ 2 0 | B=| 1] cC=[1 01 | 
(b) -i i 4 0 
_¥ 1 O l 
A=| 0 -2 0 | B=} 1] C=[1 0 0 | 
mg Lt? = 
= l 0 0 
A=| 0 -1 1 | B=} 1] C=|1 01 | 
(d) 0 oO -l l 
iL 4 _| 0 _ 
a“ a | “fi wt led 


Find the transformation X(f) = P X(£) that transforms the state equations 


into the controllability canonical form (CCF). 


8-14. For the systems described in Prob. 8-13, find the transformation 
x(t) = QX(f) so that the state equations are transformed into the observability 
canonical form (OCF). 


8-15. For the systems described in Prob. 8-13, find the transformation 
x(t) =T X(t) so that the state equations are transformed into the diagonal 
canonical form (DCF) if A has distinct eigenvalues and Jordan canonical 
form (JCF) if A has at least one multiple-order eigenvalue. 


8-16. Consider the following transfer functions. Transform the state 
equations into the controllability canonical form (CCF) and observability 
canonical form (OCF). 


s* =] 
(a) s*{s° +2) 

25+] 
(b) s°+4s+4 


8-17. The state equation of a linear system is described by 


dx(t) 
dt 





= Ax(t)+ Bu(f) 


The coefficient matrices are given as follows. Explain why the state 
equations cannot be transformed into the controllability canonical form 
(CCF). 


— 0 v ] 
A= G —] 0 B=| 2 
v u =! 3 


8-18. Check the controllability of the following systems: 


an «eo oto FF 
SCC COU tea i i _.« £ 
-- + Ss Rk Ss RR 


—— F-.!|CSCSTSTS*t~SsS<a ee _—re | 
Ss Ss ey nee os" ss ss "a 
ee | | es 
om™~ 
ry 2 <) 
Eee ee = 


s wi —« wa —_—_ <= «2 82862—lhgF CSC 
oo os 
, ro ; = oe = = 
rF.6~C~t~—C—:CTEBECSéR | 
| 
x4 © et +4 © Oo e4 © © 


8-19. Check the observability of the following systems: 
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———a—— 
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8-20. The equations that describe the dynamics of a motor control system 
are 
di (t t 
e (t)=Ri (t)+ 1, eo 4 K, nl) 
dt dt 
LT tb=— Kah) 


mM ee 


L (i= 2 Gull) wat pA) 6,0) 
e (t)=K,e(t) 


e(t)= K,|6,(£)—6,, (¢)] 


(a) Assign the state variables as x (t) = 0 (0), x,(t) = dO (t)/dt, and x(t) = 
i (t). Write the state equations in the form of 


RO) _ ax(t)4+BO (1) 
dt 
Write the output equation in the form y(t) = Cx(t), where y(t) = 0 (0). 
(b) Find the transfer function G(s) = © (s)/E(s) when the feedback path 
from © (s) to E(s) is broken. Find the closed-loop transfer function M(s) = 
© (s)/(s). 


8-21. Given the matrix A of a linear system described by the state 
equation 


ail) ax t Balt) 





Find the state-transition matrix @(t) using the following methods: 
(1) Infinite-series expansion of e“, expressed in closed form 
(2) The inverse Laplace transform of (sI — A)’ 


8-22. The schematic diagram of a feedback control system using a dc 
motor is shown in Fig. 8P-22. The torque developed by the motor is T (t) = 
Ki(t), where K is the torque constant. 
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Figure 8P-22 


The constants of the system are 
K,=2 R=2Q2 R&,=0.1Q 
K,=5 V/rad/s K,=5N-m/A L,=0H 
J+J, =0.1N-m-s* B =0N-m:s 


Assume that all the units are consistent so that no conversion is necessary. 
(a) Let the state variables be assigned as x, = 6 and x, = d0/dt. Let the 


output be y = @. Write the state equations in vector-matrix form. Show that 
the matrices A and B are in CCF. 


(b) Let @(t) be a unit-step function. Find x(t) in terms of x(0), the initial 
state. Use the Laplace transform table. 


(c) Find the characteristic equation and the eigenvalues of A. 
(d) Comment on the purpose of the feedback resistor R. 


8-23. Repeat Prob. 8-22 with the following system parameters: 
K,=1 K=9 R,=0.1Q 
R,=0.1Q. K,=1V/rad/s K,=1N-m/A 
L,=0H J, +J,=0.01N-m-s° B =0N-m:s 
8-24. Consider that matrix A can be diagonalized. Show that 


A Dt p- ‘ ‘ : 7 
e' = Pe’'P™, where P transforms A into a diagonal matrix, and P'AP =D, 
where D is a diagonal matrix. 


8-25. Consider that matrix A can be transformed to the Jordan canonical 


Ato Itc-! : 
form, then€ =Se’S_, where S transforms A into a Jordan canonical form 
and J is in a Jordan canonical form. 


8-26. The block diagram of a feedback control system is shown in Fig. 
8P-26. 


(a) Find the forward-path transfer function Y(s)/E(s) and the closed-loop 


transfer function Y(s)/R(s). 


(b) Write the dynamic equations in the form of 


dx(t) 





=Ax(t)+Br(t) y(t)=Cx(t)+Dr(t) 


Find A, B, C, and D in terms of the system parameters. 
(c) Apply the final-value theorem to find the steady-state value of the 


output y(t) when the input r(t) is a unit-step function. Assume that the closed- 
loop system is stable. 


5 
sis + 4)(9 +5) 






OPEN-LOOP SYSTEM 


Figure 8P-26 


8-27. For the linear time-invariant system whose state equations have the 
coefficient matrices given by Eqs. (8-191) and (8-192) (CCF), show that 


and the characteristic equation of A is 


s"+a_js" ++-+asta, =0 


8-28. A linear time-invariant system is described by the differential 
equation 


PE) AWE) | 5) 
dt dt? d 


, + y(f)=r(E) 


(a) Let the state variables be defined as x, = y, x, = dy/dt, and x, = d’y/dt’. 
Write the state equations of the system in vector-matrix form. 

(b) Find the state-transition matrix @(t) of A. 

(c) Let y(O) = 1, dy(O)/dt = 0, dy(0)/dt’ = 0, and r(t) = u(t). Find the state- 
transition equation of the system. 

(d) Find the characteristic equation and the eigenvalues of A. 


8-29. A spring-mass-friction system is described by the following 
differential equation: 


d°y(t) _,dy(t) 
———+2——— + y(t) =r(t) 
de (dtl 
(a) Define the state variables as x (t) = y(t) and x,(t) = dy(t)/dt. Write the 
State equations in vector-matrix form. Find the state-transition matrix @(t) of 
A. 
(b) Define the state variables as x (t) = y(t) and x,(t) = y(t) + dy(t)/dt. Write 
the state equations in vector-matrix form. Find the state-transition matrix @ (¢) 
of A. 


(c) Show that the characteristic equations, | sI — A | = 0, for parts (a) and 
(b) are identical. 


8-30. Given the state equations dx(t)/dt = Ax(t), where o and @ are real 
numbers: 


(a) Find the state transition matrix of A. 
(b) Find the eigenvalues of A. 


8-31. (a) Show that the input-output transfer functions of the two systems 
shown in Fig. 8P-31 are the same. 
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Figure 8P-31 


(b) Write the dynamic equations of the system in Fig. 8P-31a as 
dx(t) 





=A,x(t)+B,u,(t) y,(t)=C,x(t) 


and those of the system in Fig. 8-31b as 


+ = A,x(t)+B,u,(t) y,(t)=C,x(t) 


8-32. Draw the state diagrams for the following systems. 


att) = Ax(t)+Bu(f) 
dt 


(a) 2 3 -4 


8-33. Draw state diagrams for the following transfer functions by direct 
decomposition. Assign the state variables from right to left for x, x,, .... 
Write the state equations from the state diagram and show that the equations 
are in CCF. 


G(s)--—__10 
(a) s- +8.5s° +20.5s+15 
G(s) = __ 10(s+2) 

(b) s*(s+1)(s+3.5) 
G(s) = _ >tsti) 

(c) s(s+2)(s+10) 
G(s)= 

(d) s(s+5)(s° +25+2) 


8-34. Draw state diagrams for the systems described in Prob. 8-33 by 
parallel decomposition. Make certain that the state diagrams contain a 
minimum number of integrators. The constant branch gains must be real. 
Write the state equations from the state diagram. 


8-35. Draw the state diagrams for the systems described in Prob. 8-33 by 
using cascade decomposition. Assign the state variables in ascending order 
from right to left. Write the state equations from the state diagram. 


8-36. The block diagram of a feedback control system is shown in Fig. 
8P-36. 


(a) Draw a state diagram for the system by first decomposing G(s) by 


direct decomposition. Assign the state variables in ascending order, x, X,,..., 
from right to left. In addition to the state-variable-related nodes, the state 
diagram should contain nodes for R(s), E(s), and C(s). 

(b) Write the dynamic equations of the system in vector-matrix form. 

(c) Find the state-transition equations of the system using the state 
equations found in part (b). The initial state vector is x(0), and r(t) = us(t). 

(d) Find the output y(t) for t = 0 with the initial state x(0), and r(t) = u(t). 


s(s+ 4)(s +5) 





Figure 8P-36 


8-37. 

(a) Find the closed-loop transfer function Y(s)/R(s), and draw the state 
diagram. 

(b) Perform a direct decomposition to Y(s)/R(s), and draw the state 
diagram. 

(c) Assign the state variables from right to left in ascending order, and 
write the state equations in vector-matrix form. 

(d) Find the state-transition equations of the system using the state 
equations found in part (c). The initial state vector is x(0), and r(t) = u(0). 


(e) Find the output y(t) for t => 0 with the initial state x(0), and r(t) = u(t). 


8-38. The block diagram of a linearized idle-speed engine-control system 
of an automobile is shown in Fig. 8P-38. (For a discussion on linearization of 
nonlinear systems, refer to Sect. 4-9.) The system is linearized about a 
nominal operating point, so all the variables represent linear-perturbed 
quantities. The following variables are defined: T (t) is the engine torque; T., 
the constant load-disturbance 





Figure 8P-38 


torque; @ (t), the engine speed; u(t), the input-voltage to the throttle 
actuator; and a, the throttle angle. The time delay in the engine model can be 
approximated by 





m 
[I 


1+0.1s 


(a) Draw a state diagram for the system by decomposing each block 
individually. Assign the state variables from right to left in ascending order. 

(b) Write the state equations from the state diagram obtained in part (a), in 
the form of 





a oe ut) | 
dt 


(c) Write Y(s) as a function of U(s) and T (s). Write Q(s) as a function of 
U(s) and T (s). 


8-39. The state diagram of a linear system is shown in Fig. 8P-39. 





Figure 8P-39 


(a) Assign state variables on the state diagram from right to left in 
ascending order. Create additional artificial nodes if necessary so that the 
State-variable nodes satisfy as “input nodes” after the integrator branches are 
deleted. 

(b) Write the dynamic equations of the system from the state diagram in 


part (a). 


8-40. The block diagram of a linear spacecraft-control system is shown in 
Fig. 8P-40. 





Figure 8P-40 


(a) Determine the transfer function Y(s)/R(s). 


(b) Find the characteristic equation and its roots of the system. Show that 
the roots of the characteristic equation are not dependent on K. 


(c) When K = 1, draw a state diagram for the system by decomposing 
Y(s)/R(s), using a minimum number of integrators. 


(d) Repeat part (c) when K = 4. 
(e) Determine the values of K that must be avoided if the system is to be 
both state controllable and observable. 


8-41. A considerable amount of effort is being spent by automobile 
manufacturers to meet the exhaust-emission-performance standards set by the 
government. Modern automobile-power-plant systems consist of an internal 
combustion engine that has an internal cleanup device called a catalytic 
converter. Such a system requires control of such variables as the engine air— 
fuel (A/F) ratio, ignition-spark timing, exhaust-gas recirculation, and 
injection air. The control-system problem considered in this problem deals 
with the control of the A/F ratio. In general, depending on fuel composition 
and other factors, a typical stoichiometric A/F is 14.7:1, that is, 14.7 grams of 
air to each gram of fuel. An A/F greater or less than stoichiometry will cause 
high hydrocarbons, carbon monoxide, and nitrous oxides in the tailpipe 


emission. The control system shown in Fig. 8P-41 is devised to control the 
air—fuel ratio so that a desired output is achieved for a given input command. 


Exhaust 
emission 


Reference Error 
input r(f) e(t) | IN \(0) 
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Figure 8P-41 


The sensor senses the composition of the exhaust-gas mixture entering the 
catalytic converter. The electronic controller detects the difference or the 
error between the command and the error and computes the control signal 
necessary to achieve the desired exhaust-gas composition. The output y(t) 
denotes the effective air—fuel ratio. The transfer function of the engine is 
given by 


ae 
G Be eet ee e 
r U(s) 1+0.5s 








where T’ = 0.2 s is the time delay and is approximated by 


ite - 
ef 14+T st+T7s?/2+-+- 14+T,s+T7s?/2! 


The gain of the sensor is 1.0. 

(a) Using the approximation for e given, find the expression for G(s). 
Decompose G (s) by direct decomposition, and draw the state diagram with 
u(t) as the input and y(t) as the output. Assign state variables from right to left 
in ascending order, and write the state equations in vector-matrix form. 


(b) Assuming that the controller is a simple amplifier with a gain of I, i.e., 
u(t) = e(t), find the characteristic equation and its roots of the closed-loop 


system. 


8-42. Repeat Prob. 8-41 when the time delay of the automobile engine is 
approximated as 


8-43. The schematic diagram in Fig. 8P-43 shows a permanent-magnet 
dc-motor-control system with a viscous-inertia damper. The system can be 
used for the control of the printwheel of an electronic word processor. A 
mechanical damper such as the viscous-inertia type is sometimes used in 
practice as a simple and economical way of stabilizing a control system. The 
damping effect is achieved by a rotor suspended in a viscous fluid. The 
differential and algebraic equations that describe the dynamics of the system 
are as follows: 


Viscous-inertia damper 
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AMPLIFIER Housing 


Viscous fluid 
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Figure 8P-43 


e(t)=K.|@,(t)—@,, (t)] K.=1V/rad/s 

e(f)= Ket)—RiAt)+¢,(t) K=10 

é,.(t)= K,0,,(0) K,, =0.0706 V/rad/s 

do, (t 

T(t)= J+ Kyl, Op] J=Jy+ Jy =0eLozins 

T (()=KA — K,=100z-in/A 
KylO,(0)-@p(t))= J, Se J, =0.080z-in-s’ 

R,=1Q K, =10z-in-s 


(a) Let the state variables be defined as x (t) = w (t) and x,(t) = w,(t). Write 
the state equations for the open-loop system with e(t) as the input. (Open- 
loop refers to the feedback path from @_ to e being open.) 

(b) Draw the state diagram for the overall system using the state equations 
found in part (a) and e(t) = K[w (t) — @ (6)]. 

(c) Derive the open-loop transfer function Q (s)/E(s) and the closed-loop 
transfer function Q (s)/Q (s). 


8-44. Determine the state controllability of the system shown in Fig. 8P- 
Ad, 





Figure 8P-44 


(a) a=1,b=2,c=2, andd=1. 


(b) Are there any nonzero values for a, b, c, and d such that the system is 
uncontrollable? 


8-45. Determine the controllability of the following systems: 


-1 0 0O l 
A=} 0 -1 0 B=! 1 
0 oO -l l 

(a) 
-l1 0 0 l 
A=} 0 -2 O | B= 1 
0 oO -3 l 

(b) 


8-46. Determine the controllability and observability of the system shown 
in Fig. 8P-46 by the following methods: 


(a) Conditions on the A, B, C, and D matrices 
(b) Conditions on the pole-zero cancellation of the transfer functions 





Figure 8P-46 


8-47. The transfer function of a linear control system is 


Y(s) s+ 


R(s) s°+7s?+14s+8 





(a) Determine the value(s) of a so that the system is either uncontrollable 
or unobservable. 


(b) With the value(s) of a found in part (a), define the state variables so 
that one of them is uncontrollable. 


(c) With the value(s) of a found in part (a), define the state variables so 
that one of them is unobservable. 


8-48. Consider the system described by the state equation 


dx(t) 
dt 


“siete 


Find the region in the a-b plane such that the system is completely 
controllable. 


= Ax(t)+ Bu(f) 


where 


8-49. Determine the condition on b, b,,c, and c, so that the following 


29 ~~) 


system is completely controllable and observable. 


AO ~ x(t) + Bult y(t) =Cx(t) 


{eile tela a! 


8-50. The schematic diagram of Fig. 8P-50 represents a control system 
whose purpose is to hold the level of the liquid in the tank at a desired level. 
The liquid level is controlled by a float whose position h(t) is monitored. The 
input signal of the open-loop system is e(t). The system parameters and 
equations are as follows: 
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Figure 8P-50 


Motor resistance R 
Torque constant K. 
Back-emf constant K, 
Load inertia J 


Amplifier gain K, 





Reservoir 






0, 
\ N valves 

Oy 

Ls 

h(t) 

Tank h(t) 
Wa 

=10Q Motor inductance L =A) 
= 10 0z-in/A Rotor inertia J = 0.005 oz: in-s° 
= (1.0706 V/rad/s Gear ratio n = N /N, = 1/100 
= 10 0z-in:s Load and motor friction  =negligible 
='50 Area of tank A = 50 ft’ 


dé (t) 


ée (H)=Ri(t)+K,@ (t) OW (t)= m 


mM 


m mM 
dt 


dw, (t) 


T, (t)=K,i,(t)=(,, +n'J, -— 0, (t) =n6,,,(t) 


{ 


The number of valves connected to the tank from the reservoir is N = 10. 
All the valves have the same characteristics and are controlled simultaneously 


by @. The equations that govern the volume of flow are as follows: 


q(t)=K,N@,(t) K, =10ft*/s-rad 
q,(t)=K,h(t)  K, =50ft°/s 


- volume of tank 


] 
h(t) = == fla(t)—q,(tlat 


area of tank 

(a) Define the state variables as x(t) = h(t), x,(0) = @ (t), and x,(t) = 
d@ (t)/dt. Write the state equations of the system in the form of dx(t)/dt = 
Ax(t) + Be(t). Draw a state diagram for the system. 

(b) Find the characteristic equation and the eigenvalues of the A matrix 
found in part (a). 

(c) Show that the open-loop system is completely controllable; that is, the 
pair [A, B] is controllable. 


(d) For reasons of economy, only one of the three state variables is 
measured and fed back for control purposes. The output equation is y = Cx, 
where C can be one of the following forms: 


1,C=L1 0 0 | 
, C= 01 0) 


3, C=L 0 01 | 


Determine which case (or cases) corresponds to a completely observable 
system. 


8-51. The “broom-balancing” control system described in Prob. 6-21 has 
the following parameters: 


M,=lkg M.=10kg L=l1m g=32.2ft/s° 


The small-signal linearized state equation model of the system is 


Ax(t) = A* Ax(t)+B* Ar(t) 


where 
0 1 O QO 0 
Ax = 25.92 0 0 QO B* = —0.0732 
0 0 OO |] 0 
2.36 0 0 QO 0.0976 


(a) Find the characteristic equation of A* and its roots. 
(b) Determine the controllability of [A*, B*]. 


(c) For reason of economy, only one of the state variables is to be 
measured for feedback. 


The output equation is written 


Ay(t) = C* Ax(t) 


where 
_C=[1 000] 
, C*=| 0 100) 
, C*=[ 0 010 | 


Determine which C* corresponds to an observable system. 


8-52. The double-inverted pendulum shown in Fig. 8P-52 is 
approximately modeled by the following linear state equation: 
dx(t) 
dt 





= Ax(t)+ Bu(t) 





Figure 8P-52 


where 


0 (t) 
0,(t 
x(t) = Akt) 
0 (t) 
x(f) 
x(t) 

Oo |] 0 0 & Q 

16 O -8 QO QO QO —] 

A= G 01 © 0 B= 0 

—-16 O 16 0 Q QO 0 

QO OQ y Qf) © | Q 

0 O 0 0 0 O l 


Determine the controllability of the states. 


8-53. The block diagram of a simplified control system for the large space 
telescope (LST) is shown in Fig. 8P-53. For simulation and control purposes, 
model the system by state equations and by a state diagram. 

(a) Draw a state diagram for the system and write the state equations in 
vector-matrix form. The state diagram should contain a minimum number of 
State variables, so it would be helpful if the transfer function of the system is 
written first. 

(b) Find the characteristic equation of the system. 


Gimbal 
“ controller 







Control moment Vehicle Vehicl 
gyrodynamics dynamics ‘SHC 
position 


Oy 





Command 


Figure 8P-53 


8-54. The state diagram shown in Fig. 8P-54 represents two subsystems 
connected in cascade. 





Figure 8P-54 


(a) Determine the controllability and observability of the system. 

(b) Consider that output feedback is applied by feeding back y, to u,; that 
is, u, = —ky,, where k is a real constant. Determine how the value of k affects 
the controllability and observability of the system. 


8-55. Given the system 


—— = Ax(t)+Bu(t) y(t) =Cx(t) 


where 


a| 3 3] a} feels 1 | 


(a) Determine the state controllability and observability of the system. 
(b) Let u(t) = —Kx(t), where K = [kK k,], and k, and k, are real constants. 


Determine if and how controllability and observability of the closed-loop 
system are affected by the elements of K. 


8-56. The torque equation for a system is given by 


jp = K,d,0(t)+T.d,5(t) 


where K,d = 1 and J = 1. Define the state variables as x, = @ and x, = d@/dt. 
Find the state-transition matrix @(t) using ACSYS/MATLAB. 


8-57. Starting with the state equation dx(t)/dt = Ax(t) + B@ obtained in 
Prob. 8-22, use ACSYS/MATLAB to do the following: 

(a) Find the state-transition matrix of A, @(t). 

(b) Find the characteristic equation of A. 

(c) Find the eigenvalues of A. 

(d) Compute and plot the unit-step response of y(t) = 0(t) for 3 s. Set all 
the initial conditions to zero. 


8-58. The block diagram of a control system with state feedback is shown 
in Fig. 8P-58. Find the real feedback gains k, k,, and k, so that 





Figure 8P-58 


¢ The steady-state error e_ [e(t) is the error signal] due to a step input is 
Zero. 

¢ The complex roots of the characteristic equation are at -1 + j and -1 
=], 

¢ Find the third root. Can all three roots be arbitrarily assigned while 
still meeting the steady-state requirement? 


8-59. The block diagram of a control system with state feedback is shown 
in Fig. 8P-59a. The feedback gains k, k,, and k, are real constants. 








(b) 


Figure 8P-59 
(a) Find the values of the feedback gains so that: 


¢ The steady-state error e [e(t) is the error signal] due to a step input is 
Zero. 
¢ The characteristic equation roots are at -1 + j, -1 —j, and —-10. 
(b) Instead of using state feedback, a series controller is implemented, as 
shown in Fig. 8P-59b. Find the transfer function of the controller G(s) in 
terms of k, k,, and k, found in part (a) and the other system parameters. 


8-60. Problem 8-39 has revealed that it is impossible to stabilize the 
broom-balancing control system described in Probs. 4-21 and 8-51 witha 
series PD controller. Consider that the system is now controlled by state 
feedback with Ar(t) = —Kx(t), where 


K =| kk k k, | 


(a) Find the feedback gains k, k,, k,, and k, so that the eigenvalues of A* — 
B*K are at -1 + j, -1 —j, -10, and -10. Compute and plot the responses of 
Ax (t), Ax,(t), Ax,(Q), and Ax (t) for the initial condition, Ax (0) = 0.1, A@(0) = 
0.1, and all other initial conditions are zero. 

(b) Repeat part (a) for the eigenvalues at —2 + j2, —2 — j2, -20, and —20. 
Comment on the difference between the two systems. 


8-61. The linearized state equations of the ball-suspension control system 
described in Prob. 4-57 are expressed as 


Ax(t)=A* Ax(t)+ B* Ai(t) 


where 
0 l 0 0 0 
Axe 115.22 -0.05 —-18.6 0 Bee —6.55 
0 0 0 l 0 
—37.2 0 37.22 0.1 —6.55 


Let the control current Ai(t) be derived from the state feedback Ai(t) = 
—-KAx(t), where 


K =| k kk, k, | 


(a) Find the elements of K so that the eigenvalues of A* — B*K are at —1 
+j,-1-j, -10, and —-10. 

(b) Plot the responses of Ax (t) = Ay (t) (magnet displacement) and Ax (t) = 
Ay,(t) (ball displacement) with the initial condition 


(c) Repeat part (b) with the initial condition 


ARO) os 


0 


Comment on the responses of the closed-loop system with the two sets of 
initial conditions used in (b) and (c). 


8-62. The temperature x(t) in the electric furnace shown in Fig. 8P-62 is 
described by the differential equation 





exit) =—2x(t)+u(t)+n(t) 
Furnace 
* 
u(t) 
os 


Figure 8P-62 


where u(t) is the control signal, and n(t) the constant disturbance of 
unknown magnitude due to heat loss. It is desired that the temperature x(t) 
follows a reference input r that is a constant. 


(a) Design a control system with state and integral control so that the 
following specifications are satisfied: 


lim x(t) =r=constant 
° =6t-00 
¢ The eigenvalues of the closed-loop system are at —10 and -10. 
¢ Plot the responses of x(t) for t > 0 with r= 1 and n(t) = -1, and then 


with r = 1 and n(t) = 0, all with x(O) = 0. 
(b) Design a PI controller so that 


a 
E(s) S 


E(s)= R(s)— X(s) 





G{(s5)= 


where R(s) = R/s. 


Find K, and K, so that the characteristic equation roots are at —10 and —10. 
Plot the responses of x(t) for t > 0 with r = 1 and n(t) = -1, and then with r = 
1 and n(t) = 0, all x(O) = O. 


8-63. The transfer function of a system is given by 


10 


G(s) =—————_- 
(s+1)(s+2)(s+3) 


Find the state-space model of the system if 
hal 
2 x 
3 xX, 
Design a state control feedback u = —Kx so that the closed-loop poles are 
located at * =—2+ j2v3, S= -2— j2/3, and s = —10 
8-64. Figure 8P-64 shows an inverted pendulum on a moving platform. 


Assuming M = 2 kg, m= 0.5 kg, and/= 1m. 
(a) Find the state-space model of the system if 
x, =0,x, =0,x, =x, xX, =X, y, =X, =0, and ¥2 =X; =x 


(b) Design a state feedback control with gain —K so that the closed-loop 
poles are located at S=—4+4j, 8 =—4—4j, s =—210, and s =—210 


Motor 





Figure 8P-64 


8-65. Consider the following state-space equation of a system: 


ce hf2 a] ht} 


(a) Design a state feedback controller so that 
(i) The damping ratio is ¢ = 0.707. 
(ii) Peak time of the unit-step response is 3 s. 


(b) Use MATLAB to plot the step response of the system and show how 
your design meets the specification in part (a). 


8-66. Consider the following state-space equation of a system: 


x, a x, 2 
x, |= yi | 1 xX, |+] O ju 
’ ] Q -l x, it 


(a) Design a state feedback controller so that 
(i) Settling time is less than 5 s (1 percent settling time). 
(ii) Overshoot is less than 10 percent. 


(b) Use MATLAB to verify your design. 


8-67. Figure 8P-67 shows an RLC circuit. 


i(f) 
> 





Figure 8P-67 


(a) Find the state equation for the circuit when v(t) is an input, i(t) is an 
output, and capacitor voltage and the inductor current are the state variables. 


(b) Find the condition that the system is controllable. 

(c) Find the condition that the system is observable. 

(d) Repeat parts (a), (b), and (c) when v(t) is an input, the voltage of the R, 
is output, and capacitor voltage and the inductor current are the state 
variables. 





Root-Locus Analysis 


Before starting this chapter, the reader is encouraged to refer to App. B to 
review the theoretical background related to complex variables. 

In the preceding chapters, we have demonstrated the importance of the 
poles and zeros of the closed-loop transfer function of a linear control system 
on the dynamic performance of the system. The roots of the characteristic 
equation, which are the poles of the closed-loop transfer function, determine 
the absolute and the relative stability of linear SISO systems. Keep in mind 
that the transient properties of the system also depend on the zeros of the 
closed-loop transfer function. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 

1. Formulate or interpret a root locus to determine the effects of a 
parameter variation on the closed loop poles of a system. 

2. Based on the properties of root loci, manually construct them. 

3. Construct the root contours of a system for multi-parameter 
variation studies (e.g., a PD or a PI controller). 

4. Use MATLAB to construct root loci and root contours. 

5. Use root loci or root contours to design control systems. 


An important study in linear control systems is the investigation of the 
trajectories of the roots of the characteristic equation—or, simply, the root 
loci—when a certain system parameter varies. In Chap. 7, several examples 
already illustrated the usefulness of the root loci of the characteristic equation 
in the study of linear control systems. The basic properties and the systematic 
construction of the root loci are first due to W. R. Evans’’. In general, root 
loci may be sketched by following some simple rules and properties. 


As discussed in Chap. 7, for plotting the root loci accurately, the 


MATLAB root-locus tool can also be used. As design engineers, it may be 
sufficient for us to learn how to use computer tools to generate the root loci 
for design purposes. However, it is important to learn the basics of the root 
loci and their properties, as well as how to interpret the data provided by the 
root loci for analysis and design purposes. The material in this text is 
prepared with these objectives in mind. 

The root-locus technique is not confined only to the study of control 
systems. In general, the method can be applied to study the behavior of roots 
of any algebraic equation with one or more variable parameters. The general 
root-locus problem can be formulated by referring to the following algebraic 
equation of the complex variable, say, s: 


F(s)=P(s)+ KQ(s)=0 (9-1) 
where P(s) is an nth-order polynomial of s, 
P(s)=s"+a_js" ++-+as+a, (9-2) 
and Q(s) is an mth-order polynomial of s; n and m are positive integers. 
Q(s)=s" +b ste +b5+b, (9-3) 


For the present, we do not place any limitations on the relative magnitudes 
between n and m. K is a real constant that can vary from —0o to +00, 

The coefficients a, a,,...,a,b,b,..., b. are considered to be real and 
fixed. 

Root loci of multiple variable parameters can be treated by varying one 
parameter at a time. The resultant loci are called the root contours, and the 
subject is treated in Sec. 9-5. By replacing s with z in Eqs. (9-1) through (9- 
3), the root loci of the characteristic equation of a linear discrete-data system 
can be constructed in a similar fashion (App. H). 

For the purpose of identification in this text, we define the following 
categories of root loci based on the values of K: 


1. Root loci (RL). Refers to the entire root loci for —0o < K < ©, 


2. Root contours (RC). Contour of roots when more than one 
parameter varies. 


In general, for most control-system applications, the values of K are 
positive. Under unusual conditions, when a system has positive feedback or 
the loop gain is negative, then we have the situation that K is negative. 
Although we should be aware of this possibility, we need to place the 
emphasis only on positive values of K in developing the root-locus 
techniques. 


9-1 BASIC PROPERTIES OF THE ROOT LOCI 


Because our main interest is control systems, let us consider the closed- 
loop transfer function of a single-loop control system 


V(s)___— Gs) (9-4) 
R(s) 1+G(s)H(s) 


keeping in mind that the transfer function of multiple-loop SISO systems 
can also be expressed in a similar form. The characteristic equation of the 
closed-loop system is obtained by setting the denominator polynomial of 
Y(s)/R(s) to zero. Thus, the roots of the characteristic equation must satisfy 


1+G(s)H(s)=0 (9-5) 


Suppose that G(s)H(s) contains a real variable parameter K as a 
multiplying factor, such that the rational function can be written as 


KQ(s) 
P(s) 





G(s)H(s)= (9-6) 


where P(s) and Q(s) are polynomials as defined in Eqs. (9-2) and (9-3), 
respectively. Equation (9-5) is written as 
_ KQ(s) _ Pls)+ KQ(s) 


Bs) OS) = 





The numerator polynomial of Eq. (9-7) is identical to Eq. (9-1). Thus, by 
considering that the loop transfer function G(s)H(s) can be written in the 
form of Eq. (9-6), we have identified the RL of a control system with the 


general root-locus problem. 


When the variable parameter K does not appear as a multiplying factor of 
G(s)H(s), we can always condition the functions in the form of Eq. (9-1). As 
an illustrative example, consider that the characteristic equation of a control 
system 1s 


s(s+1)(s+2)+s* +(34+2K)s+5=0 (9-8) 


To express the last equation in the form of Eq. (9-7), we divide both sides 
of the equation by the terms that do not contain K, and we get 


2Ks 


eS DD (9-9) 
s(s+1)(s+2)+s5° 43545 
Comparing the last equation with Eq. (9-7), we get 
S 2S 
Qs) _ (9-10) 


P(s) 445745545 


Now K is isolated as a multiplying factor to the function Q(s)/P(s). 

We shall show that the RL of Eg. (9-5) can be constructed based on the 
properties of Q(s)/P(s). In the case where G(s)H(s)= KQ(s)/P (s),, the root- 
locus problem is another example in which the characteristics of the closed- 
loop system, in this case represented by the roots of the characteristic 
equation, are determined from the knowledge of the loop transfer function 
G(s)H(s). 

Now we are ready to investigate the conditions under which Eq. (9-5) or 


Eg. (9-7) is satisfied. 
Let us express G(s)H(s) as 


G(s)H(s) = KG,(s)H,(s) (9-11) 


where G(s)H (s) does not contain the variable parameter K. Then, Eq. (9- 
5) is written as 


it 
G,(s)H,(s) a (9-12) 


To satisfy Eg. (9-12), the following conditions must be satisfied 
simultaneously: 
Condition on magnitude 


] 


|G, (s)H,(s)|= 
/K| 


—oo < K <oo (9-13) 


Condition on angles 


ZG,(s)H,(s)=(2i+l)xz K20 
= odd multiples of z radians or 180° (9-14) 


ZG,(s)H,(s)=2in K<O 


=even multiples of z radians or 180° (9-15) 
where i = 0, +1, +2,... (any integer). 


In practice, the conditions stated in Egs. (9-13) through (9-15) play 
different roles in the construction of the root loci. 


° The conditions on angles in Eq. (9-14) or Eg. (9-15) are used to 
determine the trajectories of the root loci in the s-plane. 


¢ Once the root loci are drawn, the values of K on the loci are 
determined by using the condition on magnitude in Eq. (9-13). 

The construction of the root loci is basically a graphical problem, although 
some of the properties are derived analytically. The graphical construction of 
the RL is based on the knowledge of the poles and zeros of the function 
G(s)H(s). In other words, G(s)H(s) must first be written as 


K(s+z, )(s+Z,)---(st+z,) 


(9-16) 
(s+ p, (st p,)::(st p,) 


G(s)H(s)=KG,(s)H,(s)= 


where the zeros and poles of G(s)H(s) are real or in complex-conjugate 
pairs. 


Applying the conditions in Eqs. (9-13), (9-14), and (9-15) to Eq. (9-16), we 
have 


GCSES ==5 = ge K ces (9-17) 
Is + p,| 
ForO0<K<o 
ZG,(s)H,(s)= ) Z(s+z,)— )Z(s + p,) =(2i+1)x 180° (9-18) 
k=] j=i 
For —o0 < K <0: 
G,(s)H,(s = VLs+%,) )- }Z(s+ p,) =2i1x 180° (9-19) 


k=1 j=l 


where i = 0, +1, +2, ... 

The graphical interpretation of Eg. (9-18) is that any point s on the RL that 
corresponds to a positive value of K must satisfy the following condition: 

The difference between the sums of the angles of the vectors drawn 
from the zeros and those from the poles of G(s)H(s) tos , is an odd 
multiple of 180 degrees. 

For negative values of K, any point son the RL must satisfy the following 
condition: 

The difference between the sums of the angles of the vectors drawn 
from the zeros and those from the poles of G(s)H(s) to sis an even 
multiple of 180 degrees, including zero degrees. 

Once the root loci are constructed, the values of K along the loci can be 
determined by writing Eq. (9-17) as 


[I|s+2, 
[x|-— (9-20) 
| [|s+z, 


i=] 


The value of K at any point son the RL is obtained from Eq. (9-20) by 


substituting the value of s into the equation. Graphically, the numerator of 
Eg. (9-20) represents the product of the lengths of the vectors drawn from the 
poles of G(s)H(s) to s, and the denominator represents the product of lengths 
of the vectors drawn from the zeros of G(s)H(s) tos. 

To illustrate the use of Eqs. (9-18) to (9-20) for the construction of the root 
loci, let us consider the function 


K(s+2z, ) 


C= s(s+ p,)(s+ p;) 


(9-21) 


The location of the poles and zero of G(s)H(s) are arbitrarily assigned, as 
shown in Fig. 9-1. Let us select an arbitrary trial point s in the s-plane and 
draw vectors directing from the poles and zeros of G(s)H(s) to the point. If s, 
is indeed a point on the RL for positive K, it must satisfy Eq. (9-18); that is, 
the angles of the vectors shown in Fig. 9-1 must satisfy 


s-plane 





Figure 9-1 Pole-zero configuration of 
G(s)H(s)=K(s+z,/s(s+p)*(s+p,)]. 


L(s,+2,)-Zs, -Z(s,+p,)-Zls, + p,)=0,, -8,, -8,, -8,, = (21+ 1)x180° (9-22) 


where i = 0, +1, +2, ... As shown in Fig. 9-1, the angles of the vectors are 


measured with the positive real axis as reference. Similarly, if sis a point on 
the RL for negative values of K, it must satisfy Eq. (9-19), that is, 


A(s,+z,)-Zs, -Z(s,+p,)-Z(s, + p,)=8,, “Uy, -6,, —6,, =21 180° (9-23) 


where i = 0, +1, +2, ... 


If s is found to satisfy either Eg. (9-22) or Eq. (9-23), Eq. (9-20) is used to 
find the magnitude of K at the point. As shown in Fig. 9-1, the lengths of the 
vectors are represented by A, B, C, and D. The magnitude of K is 





K|- Is,||s, + p,||s, + ps| _ BCD 208) 
ls, +2, A 
The sign of K depends on whether s_ satisfies Eq. (9-22) (K = 0) or Eq. (9- 
23) (K < 0). Thus, given the function G(s)H(s) with K as a multiplying factor 
and the poles and zeros are known, the construction of the RL of the zeros of 
1 + G(s)H(s) involves the following two steps: 


1. Asearch for all the s points in the s-plane that satisfy Eq. (9-18) for 
positive K. If the RL for negative values of K are desired, then Eq. (9- 
19) must be satisfied. 


2. Use Eg. (9-20) to find the magnitude of K on the RL. 


We have established the basic conditions on the construction of the root- 
locus diagram. However, if we were to use the trial-and-error method just 
described, the search for all the root-locus points in the s-plane that satisfy 
Eg. (9-18) or Eq. (9-19) and Eg. (9-20) would be a very tedious task. 

With MATLAB tools, as introduced in Chap. 7, the trial-and-error method 
have long become obsolete. Nevertheless, even with a high-speed computer 
and an effective root-locus program, you should still have an understanding 
of the properties of the root loci to be able to manually sketch the root loci of 
simple and moderately complex systems, if necessary, and interpret the 
computer results correctly, when applying the root loci for analysis and 
design of control systems. 


9-2 PROPERTIES OF THE ROOT LOCI 


The following properties of the root loci are useful for the purpose of 
constructing the root loci manually and for the understanding of the root loci. 
The properties are developed based on the relation between the poles and 
zeros Of G(s)H(s) and the zeros of 1 + G(s)H(s), which are the roots of the 
characteristic equation. 


9-2-1 K = 0 and K = +o~ Points 


The K = 0 points on the root loci are at the poles of G(s)H(s). 
The K = +o points on the root loci are at the zeros of G(s)H(s). 


The poles and zeros referred to here, include those at infinity, if any. The 
reason for these properties are seen from the condition of the root loci given 


by Eq. (9-12), which is 
| 
OE) = (9-25) 


As the magnitude of K approaches zero, G(s)H(s) approaches infinity, so s 
must approach the poles of G.(s)H(s) or of G(s)H(s). Similarly, as the 
magnitude of K approaches infinity, s must approach the zeros of G(s)H(s). 


EXAMPLE 9-2-1 Consider the equation 
s(s+2)(s+3)+K(s+1)=0 (9-26) 


When K = 0, the three roots of the equation are at s = 
QO, —2, and —3. When the magnitude of K is infinite, the 
three roots of the equation are at s = —1, 0%, and ©. It is 
useful to consider that infinity in the s-plane is a point 
concept. We can visualize that the finite s-plane is only a 
small portion of a sphere with an infinite radius. Then, 
infinity in the s-plane is a point on the opposite side of 
the sphere that we face. 

Dividing both sides of Eq. (9-26) by the terms that do 
not contain K, we get 


K(s+1) 


=i) (9-27) 
s(s+2)(s+3) 


1+G(s)H(s)=1+ 


which gives 


Gets) = ey (9-28) 


~ §(s+2)(s+3) 


Thus, the three roots of Eq. (9-26) when K = 0 are the 
same as the poles of the function G(s)H(s). The three 
roots of Eq. (9-26) when K = +oo are at the three zeros of 
G(s)H(s), including those at infinity. In this case, one 
finite zero is at s = —1, but there are two zeros at infinity. 
The three points on the root loci at which K = 0 and those 
at which K = +00 are shown in Fig. 9-2. A 


J@ 


s-plane 


K=0 K=0 K=+4.0 |K=0 





Figure 9-2 Points at which K = 0 and K = +00 on the RL of s(s+2) 
(s+3)+K(st+1)=0. 


9-2-2 Number of Branches on the Root Loci 


It is important to keep track of the total number of branches of the 
root loci. 


A branch of the RL is the locus of one root when K varies between —o and 
oo, The following property of the RL results, since the number of branches of 
the RL must equal the number of roots of the equation. 

The number of branches of the RL of Eq. (9-1) or Eg. (9-5) is equal to 
the order of the polynomial. 


For example, the number of branches of the root loci of Eq. (9-26) when K 
varies from —© to © is three, since the equation has three roots. 

Keeping track of the individual branches and the total number of branches 
of the root-locus diagram is important in making certain that the plot is done 
correctly. This is particularly true when the root-locus plot is done by a 
computer because unless each root-locus branch is coded by a different color, 
it is up to the user to make the distinctions. 


EXAMPLE 9-2-2 The number of branches of the root loci of 
$(s+2)(s+3)+K(s+1)=0 (9-29) 


is three, since the equation is of the third order. In 
other words, the equation has three roots, and thus, there 
should be three root loci. 


9-2-3 Symmetry of the RL 


The RL are symmetrical with respect to the real axis of the s-plane. In 
general, the RL are symmetrical with respect to the axes of symmetry of 
the pole-zero configuration of G(s)H(s). 


It is important to pay attention to the symmetry of the root loci. 


The reason behind this property is because for a polynomial with real 
coefficients the roots must be real or in complex-conjugate pairs. In general, 
if the poles and zeros of G(s)H(s) are symmetrical to an axis in addition to the 
real axis in the s-plane, we can regard this axis of symmetry as if it were the 
real axis of anew complex plane obtained through a linear transformation. 


EXAMPLE 9-2-3 Consider the equation 
s(s+1)(s+2)+K =0 (9-30) 


Dividing both sides of the equation by the terms that 
do not contain K, we get 


K 
EE) Lae (9-31) 


The root loci of Eg. (9-30) are shown in Fig. 9-3 for K = —o to K = ©, 
Since the pole-zero configuration of G(s)H(s) is symmetrical with respect to 
the real axis as well as the s = —1 axis, the root-locus plot is symmetrical to 
the two axes. 


As areview of all the properties of the root loci presented thus far, we 
conduct the following exercise with regard to the root loci in Fig. 9-3. 
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Figure 9-3 Root loci of s(s + 2)(s + 3) + K(s + 1) = 0, showing the 
properties of symmetry. 


The points at which K = 0 are at the poles of G(s)H(s), s = 0, -1, and -2. 
The function G(s)H(s) has three zeros at s = 0 at which K = +00, The reader 
should try to trace out the three separate branches of the root loci by starting 
from one of the K = —o points, through the K = 0 point on the same branch, 
and ending at K = © ats = ©, 


EXAMPLE 9-2-4 When the pole-zero configuration of G(s)H(s) is 
symmetrical with respect to a point in the s-plane, the 
root loci will also be symmetrical to that point. This is 
illustrated by the root-locus plot of 


$(s+1)(s+1+7)(s+1—j)+K =0 (9-32) 


shown in Fig. 9-4. 
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Figure 9-4 Root loci of s(s + 2)(s° + 2s + 2) + K = 0, showing the 
properties of symmetry. 


9-2-4 Angles of Asymptotes of the RL: Behavior of the RL at 


Is| = © 
Asymptotes of root loci refers to behavior of root loci at |s| = 00. 


When n, the order of P(s), is not equal to m, the order of Q(s), some of the 
loci will approach infinity in the s-plane. The properties of the RL near 
infinity in the s-plane are described by the asymptotes of the loci when |s| 


+ 00 In general when n#m, there will be 2|n—m| asymptotes that describe the 
behavior of the RL at |s|=co The angles of the asymptotes and their intersect 


with the real axis of the s-plane are described as follows 
For large values of s, the RL for K > 0 are asymptotic to asymptotes 


with angles given by 
21+! 
as 180° n#mM (9-33) 


jn—m 





Q, = 
where 1=0,1,2,..., |a—m|—1 n and m are the number of finite poles and 


zeros of G(s)H(s), respectively. 
For K < 0 (RL), the angles of the asymptotes are 
21 
6. =———_.x 180° n#m (9-34) 
[n—m) 


where i=0,1,2,...,/n—m|+ 


9-2-5 Intersect of the Asymptotes (Centroid) 
The intersect of the 2|n—m| asymptotes of the RL lies on the real axis of the 


s-plane, at 
>» finite poles of G(s)H(s)— Y finite zeros of G(s)H(s) 
= (9-35) 
n-m 

where n is the number of finite poles and m is the number of finite zeros of 
G(s)H(s), respectively. The intersect of the asymptotes o, represents the 
center of gravity of the root loci and is always a real number, or 

real parts of zeros of G(s)H(s) 
a) é (9-36) 


, meal parts of poles of G(s 
n—-m 


EXAMPLE 9-2-5 The root loci and their asymptotes for Eq. (9-26) for —oo 
< K < © are shown in Fig. 9-5. 
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Figure 9-5 Root loci and asymptotes of s(s + 2)(s + 3) + K(s + 1) = 0 for 
—o0 <K<o, 


Toolbox 9-2-1 MATLAB code for root loci in Fig. 9-5. 
num=(1 1]; 

den=conv({1 0], {1 2])}; 

den=conv (den, [1 3]); 

mysys=tf (num, den) ; 

rlocus (mysys) ; 

axis([-3 0 -8 8]] 


[k, poles] = rlocfind(mysys) + rlocfind command in MATLAB can choose the desired poles on the 
locus 


EXAMPLE 9-2-6 Consider the transfer function 


K(s+1) 


ane s(s+4)(s° +2s+2) 


(9-37) 


which corresponds to the characteristic equation 
s(s+4)(s?+2s+2)+ K(s+1)=0 (9-38) 


The pole-zero configuration of G(s)H(s) is shown in 
Fig. 9-6. From the six properties of the root loci 
discussed so far, the following information concerning 
the root loci of Eq. (9-38) when K varies from —© to oo is 
obtained: 


J@ 


\A s-plane 


\ 





Figure 9-6 Asymptotes of the root loci of s(s + 4)(s’ + 2s + 2) + K(s + 1) 
= 0. 


1. K=0: The points at which K = 0 on the root loci are at the poles of 
G(s)H(s): s = 0, -4, - 1 +j, and -1 -j. 

2. K=+00: The points at which K = +o on the root loci are at the zeros 
of G(s)H(s: s = —-1, ©, 0, and ©, 

3. There are four root loci branches, since Eqs. (9-37) and (9-38) are of 
the fourth order. 

4. The root loci are symmetrical to the real axis. 

5. Since the number of finite poles of G(s)H(s) exceeds the number of 
finite zeros of G(s)H(s) by three (n — m = 4 - 1 = 3), when K = +00, three 
root loci approach s = ©, 

The angles of the asymptotes of the RL (K = 0) are given by Eq. (9-33): 


180° 
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540° 
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The angles of the asymptotes of the root loci for K < 0 are given by Eg. (9- 
34), and are calculated to be 0°, 120°, and 240°. 


6. The intersection of the asymptotes is given by Eq. (9-36): 


—4.—]—[)—(-l 5 
oF _ el Dt) (9-39) 
4—] 3 
The asymptotes of the root loci are shown in Fig. 9-6. 


EXAMPLE 9-2-7 The asymptotes of the root loci of several equations are 
shown in Fig. 9-7. 









—(p) + Pz + P) 
rr 












































ayy K 
ae S(S + Py MS + Po)(S + Py) 
K>0 K<0 K>0 K <0) 
jo 
y 
~*~ 
yO N 
ro) 47 
7 
(P| + Py + Ps) ‘. AP) + Pz + P3) —(-%) 
5 — 4 
N) 
, 4 
S iy 
ra 
A 
< e 
| K(s + 2)) 
G(s)H(s) = = ss G(s)H(s) = — 
S-(S +P) )(S + PS + P3) S°(8 + Py )(S + Po(S + P3) 
K>0 K<() K>0 K<0 


Figure 9-7 Examples of the asymptotes of the root loci. 


9-2-6 Root Loci on the Real Axis 


The entire real axis of the s-plane is occupied by the RL for all values K. 
On a given section of the real axis, RL for K = 0 are found in the section only 
if the total number of poles and zeros of G(s)H(s) to the right of the section is 
odd. Note that the remaining sections of the real axis are occupied by the RL 
for K < 0. Complex poles and zeros of G(s)H(s) do not affect the type of RL 
found on the real axis. 


The entire real axis of the s-plane is occupied by root loci. 


These properties are arrived at based on the following observations: 


1. Atany point s on the real axis, the angles of the vectors drawn from 
the complex-conjugate poles and zeros of G(s)H(s) add up to zero. Thus, 
only the real zeros and poles of G(s)H(s) contribute to the angular 
relations in Eqs. (9-18) and (9-19). 

2. Only the real poles and zeros of G(s)H(s) that lie to the right of the 
point s contribute to Eqs. (9-18) and (9-19) because real poles and zeros 
that lie to the left of the point contribute nothing. 

3. Each real pole of G(s)H(s) to the right of s contributes -180 
degrees, and each real zero of G(s)H(s) to the right of s_ contributes 


+180 degrees to Eqs. (9-18) and (9-19). 


The last observation shows that for s, to be a point on the root locus, there 
must be an odd number of poles and zeros of G(s)H(s) to the right of the 
point. For sto be a point on the branch of the root loci for K < 0, the total 
number of poles and zeros of G(s)H(s) to the right of the point must be even. 
The following example illustrates the determination of the properties of the 
root loci on the real axis of the s-plane. 


EXAMPLE 9-2-8 The root loci on the real axis for two pole-zero 
configurations of G(s)H(s) are shown in Fig. 9-8. 


Notice that the entire real axis is occupied by the root 
loci for all values of K. 
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Figure 9-8 Properties of root loci on the real axis. 


9-2-7 Angles of Departure and Angles of Arrival of the RL 


The angle of departure or arrival of a root locus at a pole or zero, 
respectively, of G(s)H(s) denotes the angle of the tangent to the locus near 
the point. 

The angles of departure and arrival are determined using Eq. (9-18) for 
root loci for positive K and Eq. (9-19) for root loci for negative K. The details 
are illustrated by the following example. 


EXAMPLE 9-2-9 For the root-locus diagram shown in Fig. 9-9, the root 
locus near the pole s = —1 + j may be more accurately 


sketched by knowing the angle at which the root locus 
leaves the pole. As shown in Fig. 9-10, the angle of 
departure of the root locus at s = —1 + j is represented 
by 9,, measured with respect to the real axis. Let us 
assign s to be a point on the RL leaving the pole at —1 
+ j and is very close to the pole. Then, s, must satisfy 


Eq. (9-18). Thus, 
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Figure 9-9 Root loci of s(s + 3)(s’ + 2s + 2) + K = 0 to illustrate the 
angles of departure or arrival. 
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Figure 9-10 Angles of departure and arrival at a third-order pole. 
£G(s, )JA(s,)=-(0,+0, +6, +9, )= (27+1)180° (9-40) 


where i is any integer. Since sis assumed to be very 
close to the pole at —1 + j, the angles of the vectors drawn 
from the other three poles are approximated by 
considering that s is at -1 + j. From Fig. F-7, Eq. (F-16) 
is written as 


~(135°+0, +90° + 26.6°) =(2i+1)180° (9-41) 


where 9, is the only unknown angle. In this case, we 
can set i to be —1, and the result for 0, is —71.6°. 


When the angle of departure or arrival of a root locus 
for positive K at a simple pole or zero of G(s)H(s) is 
determined, the angle of arrival or departure of the root 
locus for negative K at the same point differs from this 


angle by 180°, and Eq. (9-19) is now used. Figure 9-9 
shows that the angle of arrival of the root locus for 


negative K at —1 + j is 108.4°, which is 180° — 71.6°. 
Similarly, for the root-locus diagram in Fig. 9-10, we can 
show that the root locus for negative K arrives at the pole 
s = —3 with an angle of 180°, and the root locus for 
positive K leaves the same pole at 0°. For the pole at s = 
Q, the angle of arrival of the negative-K root locus is 
180°, whereas the angle of departure of the positive-K 
root locus is 180°. These angles are also determined from 
the knowledge of the type of root loci on sections of the 
real axis separated by the poles and zeros of G(s)H(s). 
Since the total angles of the vectors drawn from complex- 
conjugate poles and zeros to any point on the real axis 
add up to be zero, the angles of arrival and departure of 
root loci on the real axis are not affected by the complex 
poles and zeros of G(s)H(s). 


EXAMPLE 9-2-10 In this example, we examine the angles of departure and 
arrival of the root loci at a multiple-order pole or zero 
of G(s)H(s). Consider that a G(s)H(s) has a multiple- 
order (third-order) pole on the real axis, as shown in 
Fig. 9-10. Only the real poles and zeros of G(s)H(s) 
are shown, since the complex ones do not affect the 
type or the angles of arrival and departure of the root 
loci on the real axis. For the third-order pole at s = —2, 
there are three positive-K loci leaving and three 
negative-K loci arriving at the point. To find the 
angles of departure of the positive-K root loci, we 
assign a point s on one of the loci near s = —2, and 


apply Eq. (9-18). The result is 
—@, —30,, +0, = Qi+1)180° (9-42) 


where 8 and @, denote the angles of the vectors drawn 
from the pole at 0 and the zero at —3, respectively, tos. 
The angle @, is multiplied by 3, since there are three poles 
at s = —2, so that there are three vectors drawn from —2 to 
s . Setting i to zero in Eq. (9-42), and since 8 = 180°, 0= 


0°, we have @, = 0°, which is the angle of departure of the 
positive-K root loci that lies between s = 0 and s = —2. 
For the angles of departure of the other two positive-K 
loci, we set i = 1 andi = 2 successively in Eq. (F-18), and 
we have @, = 120° and —120°. Similarly, for the three 
negative-K root loci that arrive at s = —2, Eg. (9-19) is 
used, and the angles of arrivals are found to be 60°, 180°, 
and —60°. 


9-2-8 Intersection of the RL with the Imaginary Axis 


Routh-Hurwitz criterion may be used to find the intersection of the 
root loci on the imaginary axis. 


The points where the RL intersect the imaginary axis of the s-plane, and 
the corresponding values of K may be determined by means of the Routh- 
Hurwitz criterion. For complex situations, when the RL have multiple 
number of intersections on the imaginary axis, the intersects and the critical 
values of K can be determined with the help of the root-locus computer 
program. The Bode diagram method in Chap. 10, associated with the 
frequency response, can also be used for this purpose. 


EXAMPLE 9-2-11 The root loci shown in Fig. F-7 is for the equation 
s(s+3)(s°+2s+2)+K =0 (9-43) 


Figure 9-9 shows that the root loci intersect the j@ axis 
at two points. Applying the Routh-Hurwitz criterion to 
Eg. (9-43), and by solving the auxiliary equation, we 
have the critical value of K for stability at K = 8.16, and 
the corresponding crossover points on the ja@-axis are at 
+j1.095. 


9-2-9 Breakaway Points (Saddle Points) on the RL 


Breakaway points on the RL of an equation correspond to multiple-order 


roots of the equation. 


Figure 9-11a illustrates a case in which two branches of the root loci meet 
at the breakaway point on the real axis and then depart from the axis in 
opposite directions. In this case, the breakaway point represents a double root 
of the equation when the value of K is assigned the value corresponding to 
the point. Fig. 9-115 shows another common situation when two complex- 
conjugate root loci approach the real axis, meet at the breakaway point, and 
then depart in opposite directions along the real axis. In general, a breakaway 
point may involve more than two root loci. Figure 9-11c illustrates a situation 
when the breakaway point represents a fourth-order root. 
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Figure 9-11 Examples of breakaway points on the real axis in the s-plane. 


¢ A root-locus plot may have more than one breakaway points. 
¢ Breakaway points may be complex conjugates in the s-plane. 


A root-locus diagram can have, of course, more than one breakaway point. 


Moreover, the breakaway points need not always be on the real axis. Because 
of the conjugate symmetry of the root loci, the breakaway points not on the 
real axis must be in complex-conjugate pairs. Refer to Fig. 9-14 for an 
example of root loci with complex breakaway points. The properties of the 
breakaway points of root loci are given as follows: 


The breakaway points on the RL of 1+KG(s)H(s)=0 must satisfy 


dG, (s)H,(s) 
ds 


It is important to point out that the condition for the breakaway point given 
in Eq. (9-44) is necessary but not sufficient. In other words, all breakaway 
points on the root loci must satisfy Eq. (9-44), but not all solutions of Eq. (9- 
44) are breakaway points. To be a breakaway point, the solution of Eq. (9-44) 
must also satisfy Eq. (9-5), that is, must also be a point on the root loci for 
some real K. 

If we take the derivatives on both sides of Eq. (9-12) with respect to s, we 
get 


= (0) (9-44) 


dK  dG,(s)H,(s)/ds 


oat ad (9-45) 
ds  |G(s)H,(s)\ 
Thus, the condition in Eg. (9-44) is equivalent to 
dK 
——. =f} (9-46) 
ds 


9-2-10 Angles of Arrival and Departure of Root Loci at the 
Breakaway Point 


The angles at which the root loci arrive at or depart from a breakaway 
point depend on the number of loci that are involved at the point. For 
example, the root loci shown in Fig. 9-11a and b all arrive and break away at 
180° apart, whereas in Fig. 9-11c, the four root loci arrive and depart with 
angles 90° apart. In general, n root loci (— © < K < oc) arrive at or depart 
from a breakaway point 180/n degrees apart. 

Many root-locus computer programs have features that will obtain the 


breakaway points, which is a rather tedious task to do manually. 


EXAMPLE 9-2-12 Consider the second-order equation (similar to the PD 
control system in Example 7-7-1) 


s(s+2)+K(s+4)=0 (9-47) 


Based on some of the properties of the root loci 
described thus far, the root loci of Eq. (9-47) are sketched 
as shown in Fig. 9-12 for —o < K < ©, It can be proven 
that the complex portion of the root loci is a circle. The 
two breakaway points are on the real axis, one between 0 
and —2 and the other between —4 and —%. From Eq. (9- 
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Figure 9-12 Root loci of s(s + 2) + K(s + 4) = 0. 


Applying Eq. (9-44), the breakaway points on the root loci must satisfy 


dG,(3)H,(s) _s(s+2)-2(s+1)(s+4) _ 


5 5 0 (9-49) 
ds s°(s+2) 


or 
s°+8s+8 =0 (9-50) 


Solving Eq. (9-50), we find the two breakaway points of the root loci at s = 
—1.172 and —6.828. Figure 9-12 shows that the two breakaway points are all 
on the root loci for positive K. 


EXAMPLE 9-2-13 Consider the equation (another example of a PD control 
system) 


s° +2s+2+K(s+2)=0 (9-51) 


The equivalent G(s)H(s) is obtained by dividing both 
sides of Eq. (9-51) by the terms that do not contain K. We 
have 

_ K(s+2) 


a) 8 (9-52) 


Based on the poles and zeros of G(s)H(s), the root loci 
of Eq. (9-52) are plotted as shown in Fig. 9-13. The plot 
shows that there are two breakaway points, one for K > 0 
and one for K < 0. These breakaway points are 
determined from 
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Figure 9-13 Root loci of s’?+ 2s + 2+ K(s + 2)=0. 

dG, (s)H,(s) | ‘/ s+2 } 5° +2s+2—2(5+1)(s+2) _é (9-53) 
ds ds\ s7+2s+2 (s?+2s+2) 
or 

s°+4s+2=0 (9-54) 


The solution of this equation gives the breakaway point as s = —0.586 and s 
= -3.414. 


EXAMPLE 9-2-14 Figure 9-14 shows the root loci of the equation 
s(s+4)(s°+4s+20)+ K =0 (9-55) 


Dividing both sides of the last equation by the terms 
that do not contain K, we have 


K 


$= (9-56) 
s(s+4)(s°+4s+20) 


1+ KG,(s)H,(s)=1+ 


Since the poles of G(s)H (s) are symmetrical about the axes s = —2 and @ = 
Q in the s-plane, the root loci of the equation are also symmetrical with 
respect to these two axes. Taking the derivative of G(s)H_(s) with respect to 
S, we get 


dG,(s)H\(s)__ 48° +24s°+72s+80 _ (9-57) 
ds [s(s+4)(s° +4s+20)]? 
Or 
s° + 6s? +185 +20=0 (9-58) 


The solutions of the last equation are s = —2, —2 + j2.45, and —2 — j2.45. In 
this case, Fig. 9-14 shows that all the solutions of Eg. (9-58) are breakaway 
points on the root loci, and two of these points are complex. 
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Figure 9-14 Root loci of s(s + 4)(s' + 4s + 20) + K=0. 


EXAMPLE 9-2-15 In this example, we demonstrate that not all the 
solutions of Eq. (9-44) are breakaway points on the 


root loci. The root loci of the equation 
s(s°+2s+2)+K =0 (9-59) 


are shown in Fig. 9-15. The root loci show that neither 
the K = 0 loci nor the K < 0 loci has any breakaway point 
in this case. However, writing Eq. (F-36) as 


K 


weer (9-60) 
$(s° +25+2) 


1+KG,(s)H, (s)=1+ 


Figure 9-15 Root loci of s(s’+ 2s + 2)+K=0. 
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and applying Eq. (9-44), we have the equation for the 
breakaway points: 


35° +4s+2=0 (9-61) 


The roots of Eq. (9-61) are s = —0.667 + j0.471 and 
—0.667 — j0.471. These two roots are not breakaway 
points on the root loci, since they do not satisfy Eg. (9- 
59) for any real value of K. 


9-2-11 Calculation of K on the Root Loci 


Once the root loci are constructed, the values of K at 
any point s on the loci can be determined by use of the 
defining equation of Eq. (9-20). Graphically, the 
magnitude of K can be written as 


K|= IT lengths of vectors drawn from the poles of G,(s)H,(s) tos, (9-62) 


TI lengths of vectors drawn from the zeros of G,(s)H,(s) tos, 


EXAMPLE 9-2-16 As an illustration on the determination of the value of K 
on the root loci, the root loci of the equation 





s°+2s+2+K(s+2)=0 (9-63) 
are shown in Fig. 9-16. The value of K at the point s_ is 
given by 
AXB 
K= = (9-64) 


Figure 9-16 Graphical method of finding the values of K on the real axis. 


where A and B are the lengths of the vectors drawn 
from the poles of G(s)H(s) = K(s + 2)/(s’ + 2s + 2) to the 
point s, and C is the length of the vector drawn from the 
zero of G(s)H(s) to s.. In this case, sis on the locus 
where K is positive. In general, the value of K at the point 
where the root loci intersect the imaginary axis can also 
be found by the method just described. Figure 9-16 
shows that the value of K at s = 0 is -1. The computer 
method and the Routh-Hurwitz criterion are other 
convenient alternatives of finding the critical value of K 
for stability. 


9-2-12 Summary: Properties of the Root Loci 


In summary, except for extremely complex cases, the properties on the root 


loci just presented should be adequate for making a reasonably accurate 
sketch of the root-locus diagram short of plotting it point by point. The 
computer program can be used to solve for the exact root locations, the 
breakaway points, and some of the other specific details of the root loci, 
including the plotting of the final loci. However, one cannot rely on the 
computer solution completely, since the user still has to decide on the range 
and resolution of K so that the root-locus plot has a reasonable appearance. 
For quick reference, the important properties described are summarized in 


Table 9-1. 


Table 9-1 Properties of the Root Loci of 1 + KG(s)H, = 0 


1. K=0 points 
2. K = +e points 


3. Number of 
separate root loci 


4, Symmetry of root 
loci 


5, Asymptotes of root 
loci as s 4 0 


6. Intersection of the 
asymptotes 


The K =0 points are at the poles of G(s)H(s), including those at s =~, 
The K =e points are at the zeros of G(s)H(s), including those at s =o, 


The total number of root loci is equal to the order of the equation 
] + KG (s)H (s) =, 
The root loci are symmetrical about the axes of symmetry the of pole- 
zero configuration of G(s)H(s). 
For large values of s, the RL (K > 0) are asymptotic to asymptotes with 
angles given by 

2i+1 


x 180° 
In—m 





6 = 


For K <0, the RL are asymptotic to 





where i=0, 1, 2, ..., |” - m|-1, 
n=number of finite poles of G(s)H(s), and 
m= number of finite zeros of G(s)H(s). 


(a) The intersection of the asymptotes lies only on the real axis in the 
s-plane. 
(b) The point of intersection of the asymptotes is given by 


¥, real parts of poles of G(s)H (s)-) real parts of zeros of G(s)H(s) 


n-m 


l 


7. Rootlocionthe — RL for K 20 are found in a section of the real axis only if the total 
real axis number of real poles and zeros of G(s)H(s) to the right of the section is 
odd. If the total number of real poles and zeros to the right of a given 
section is even, RL for K <0 are found. 


8. Angles of The angle of departure or arrival of the RL from a pole or a zero of 
departure G(s)H(s) can be determined by assuming a point s, that is very close to 
the pole, or zero, and applying the equation 


G(s, )H(s,)=) As, -2,)-) Z(s, -p,) 


k=l jal 
=2(i+1)180° K20 
=2i1x180° K<0 


where i= 0, +1, +2, .... 


9. Intersection ofthe The crossing points of the root loci on the imaginary axis and the 
root loci withthe — corresponding values of K may be found by use of the Routh-Hurwitz 
imaginary axis criterion. 
10. Breakaway points — The breakaway points on the root loci are determined by finding the roots 
of dK/ds=0, or dG(s)H(s)/ds =0. These are necessary conditions only. 


11. Calculation ofthe — The absolute value of K at any point s, on the root loci is on the root loci 


values of K determined from the equation 
IK ____} 
IG, (s,)H,(s,) 
EXAMPLE 9-2-17 Consider the equation 
s(s+5)(s+6)(s? +2s+2)+K(s+3) =0 (9-65 


Dividing both sides of the last equation by the terms 
that do not contain K, we have 


K(s+3) 


(9-66) 
s(s+5)(s+6)(s° +2542) 


G(s)H(s)= 


The following properties of the root loci are 
determined: 


1. The K=0 points are at the poles of G(s)H(s): s = —5, -6, -1+j, and 
—1 -j. 


2. The K = +c points are at the zeros of G(s)H(s): s = —3, 0-, 0, ©, 
3. There are five separate branches on the root loci. 


4. The root loci are symmetrical with respect to the real axis of the s- 
plane. 


5. Since G(s)H(s) has five poles and one finite zero, four RL and CRL 
should approach infinity along the asymptotes. The angles of the 
asymptotes of the RL are given by [Eg. (9-33)| 


0. = al EFT p90 AFL go O<K<co (9-67) 
jn m| 5-1 


for i = 0, 1, 2, 3. Thus, the four root loci that approach 
infinity as K approaches infinity should approach 
asymptotes with angles of 45°, —45°, 135°, and —135°, 
respectively. The angles of the asymptotes of the CRL at 


infinity are given by Eg. (9-34): 


0. = a —__180°= _#! 189° —coo< K <0) (9-68) 
jn m| 5—1| 


fori = 0, 1, 2, 3. Thus, as K approaches —%, four root 
loci for K < 0 should approach infinity along asymptotes 
with angles of 0°, 90°, 180°, and 270°. 


6. The intersection of the asymptotes is given by [Eq. (9-36)] 


EE (9-69) 
= 


The results from these six steps are illustrated in Fig. 
9-17. It should be pointed out that in general the 
properties of the asymptotes do not indicate on which 
side of the asymptotes the root loci lie. The asymptotes 


indicate nothing more than the behavior of the root loci 
as |s| > 00, In fact, the root locus can even cross an 
asymptote in the finite s domain. The segments of the 
root loci shown in Fig. 9-17 can be accurately plotted 
only if additional information is obtained. 
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Figure 9-17 Preliminary calculation of the root loci of s(s + 5)(s + 6)(s’ + 
25+ 2)+ K(s+3)=0. 


7. Root loci on the real axis: There are K > 0 root loci on the real axis 
between s = 0 and —3, and s = —5 and —6. There are K < 0 root loci on 
the remaining portions of the real axis, that is, between s = —3 and —5, 
and s = —6 and —, as shown in Fig. 9-18. 
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Figure 9-18 Root loci of s(s + 5)(s + 6)(s’ + 2s + 2) + K(s + 3) = 0 on the 
real axis. 


8. Angles of departure: The angle of departure @ of the root loci 
leaving the pole at —1 +) is determined using Eq. (9-18). If sis a point 
on the root loci leaving the pole at —1 +j, and s, is very close to the pole, 


as Shown in Fig. 9-19, Eq. (9-18) gives 
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Figure 9-19 Computation of angle of departure of the root loci of s(s + 5) 
(s + 6)(s’? + 2s + 2) + K(s + 3) = 0. 


Ls $3) -£5, 215 $1+9)-—26, +5)-416,4+1- = (21-16 (9-70) 
OF 
26.6°—135°-—90° —14°-11.4°-@ =(2i+1)180° (9-71) 


for i = 0, +1, +2, ... Therefore, selecting i = 2, 0 = — 
43.8° 


Similarly, Eq. (9-19) is used to determine the angle of 
arrival 0’ ' of the K < 0 root loci arriving at the pole —1 + 
j. It is easy to see that 0’ differs from @ by 180°; thus, 


0’=180°—43.8° =136.2° (9-72) 


9. The intersection of the root loci on the imaginary axis is determined 
using Routh’s tabulation. Equation (F-42) is written as 


s” +13s* +54s° +82s° +(60+K )s+3K =0 (9-73) 


Routh’s tabulation is 


s 1 54 60+K 


54 13 82 3K 
i AGT 0.769K 0 
s° 65.6—0.212K 3K 
, 3940-105K—0.163K~° 
ee 0 0 
65.6—0.212K 
s° 3K 0 0 


For Eq. (9-73) to have no roots on the imaginary axis 
or in the right-half of the s-plane, the elements in the first 
column of Routh’s tabulation must all be of the same 
sign. Thus, the following inequalities must be satisfied: 


65.6—-0.212K>0 or K <309 (9-74) 
3940-105K—0.163K°>0 or K<35 (9-75) 
K>0 (9-76) 


Thus, all the roots of Eq. (9-73) will stay in the left- 
half s-plane if K lies between 0 and 35, which means that 
the root loci of Eq. (9-73) cross the imaginary axis when 
K = 35 and K = 0. 

The coordinates at the crossover points on the 
imaginary axis that correspond to K = 35 are determined 
from the auxiliary equation: 


A(s) =(65.6—0.212K )s° +3K =0 (9-77) 


which is obtained by using the coefficients from the 
row just above the row of zeros in the s' row that would 
have happened when K is set to 35. Substituting K = 35 in 


Eq. (9-77), we get 
58.2s° +105 =03 (9-78) 


The roots of Eq. (9-78) are s = j1.34 and —j1.34, which 


are the points at which the root loci cross the j@-axis. 


10. Breakaway points: Based on the information gathered from the 
preceding nine steps, a trial sketch of the root loci indicates that there 
can be only one breakaway point on the entire root loci, and the point 
should lie between the two poles of G(s)H(s) at s = —5 and —6. To find 
the breakaway point, we take the derivative on both sides of Eg. (9-65) 
with respect to s and set it to zero; the resulting equation is 


5° +13.5s* +66s° +1425? +123s+45 = 03 (9-79) 


Since there is only one breakaway expected, only one 
root of the last equation is the correct solution of the 
breakaway point. The five roots of Eq. (9-79) are 


6 =3.33+j1.204 = s =3.33—f1.204 
s=—0.656+ j0.468 s=—0.656— 0.468 
§=-5.53 


Clearly, the breakaway point is at —5.53. The other 
four solutions do not satisfy Eg. (9-73) and are not 
breakaway points. Based on the information obtained in 
the last 10 steps, the root loci of Eq. (9-73) are sketched 
as Shown in Fig. 9-20. 
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Figure 9-20 Root loci of s(s + 5)(s + 6)(s’ + 2s + 2) + K(s + 3) = 0. 


9-3 THE ROOT SENSITIVITY 


The condition on the breakaway points on the RL in Eq. (9-47) leads to the 
root sensitivity”” of the characteristic equation. The sensitivity of the roots 
of the characteristic equation when K varies is defined as the root sensitivity 
and is given by 


ds/s — K ds 


= —— (9-80) 
dK/K s dK 





— 


Thus, Eq. (9-47) shows that the root sensitivity at the breakaway points is 
infinite. From the root-sensitivity standpoint, we should avoid selecting the 
value of K to operate at the breakaway points, which correspond to multiple- 
order roots of the characteristic equation. In the design of control systems, 
not only it is important to arrive at a system that has the desired 
characteristics but also, just as important, the system should be insensitive to 
parameter variations. For instance, a system may perform satisfactorily at a 
certain K, but if it is very sensitive to the variation of K, it may get into the 
undesirable performance region or become unstable if K varies by only a 
small amount. In formal control-system terminology, a system that is 
insensitive to parameter variations is called a robust system. Thus, the root- 
locus study of control systems must involve not only the shape of the root 
loci with respect to the variable parameter K but also how the roots along the 
loci vary with the variation of K. 


EXAMPLE 9-3-1 Figure 9-21 shows the root-locus diagram of 
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Figure 9-21 RL of s(s + 1) + K = 0 showing the root sensitivity with 
respect to K. 


s(s+1)+K =0 (9-81) 


with K incremented uniformly over 100 values from —20 to 20. Each dot 
on the root-locus plot represents one root for a distinct value of K. Thus, we 
see that the root sensitivity is low when the magnitude of K is large. As the 
magnitude of K decreases, the movements of the roots become larger for the 


Same incremental change in K. At the breakaway point, s = —0.5, the root 


sensitivity is infinite. 
Figure 9-22 shows the RL of 
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Figure 9-22 RL of s(s + 1) + K(s + 2) = 0, showing the root sensitivity 


with respect to K. 


s(s+1)+K =0 


(9-81) 


with K incremented uniformly over 200 values from —40 to 50. Again, the 
loci show that the root sensitivity increases as the roots approach the 
breakaway points at s = 0, —0.543, -1.0, and —2.457. We can investigate the 
root sensitivity further by using the expression in Eq. (9-47). For the second- 


order equation in Eq. (9-81), 


aK _ 4.4 (9-83) 
ds 


Toolbox 9-3-1 
MATLAB statements for Eqs. (9-81) and (9-82). 
numi=[1] ; 
deni=conv({1 0], [1 1]); 
mysys1=tf (num, dent) ; 
subplot (2,1,1); 
rlocus (mysys1) ; 
[k,poles] = rlocfind(mysys1) ‘rlocfind command in MATLAB can choose the desired poles on the 
locus. 
num2=(1 2]; 
den2=conv({1 0 0], [1 1])}; 
den2=conv(den2, [1 1]): 
subplot (2,1, 2} 
mysys2=tt (num2,den2) ; 
rlocus (mysys2) ; 
[k,poles] = rlocfind(mysys2! 


From Eq. (9-81), K = —s(s + 1); the root sensitivity 





becomes 
Sx Ea (9-84) 
dK s 2s+1 


where s = 0 + jo, and s must take on the values of the 
roots of Eq. (9-84). For the roots on the real axis, @ = 0. 
Thus, Eq. (9-84) leads to 


O+1 


si | (9-85) 
o= 120+1 








Sx 





When the two roots are complex, s = —0.5 for all values of w ; Eq. (9-84) 
gives 


4 NZ 
4@ 

From Eq. (9-86), it is apparent that the sensitivities of the pair of complex- 
conjugate roots are the same, since @ appears only as w’ in the equation. 
Equation (9-85) indicates that the sensitivities of the two real roots are 
different for a given value of K. Table 9-2 gives the magnitudes of the 
sensitivities of the two roots of Eq. (9-81) for several values of K, where 

| S,, | denotes the root sensitivity of the first root, and | S,, {| denotes that of 
the second root. These values indicate that although the two real roots reach s 
= —0.5 for the same value of K = 0.25, and each root travels the same distance 
from @ = 0 and s = —1, respectively, the sensitivities of the two real roots are 
not the same. 








Table 9-2 Root Sensitivity 


K Root 1 IS... Root 2 |S... 
0) ( 1.000 —1,000 () 
0,04 —(),042 1,045 —0),958 ),454 
0.16 —().200 1.333 —().800 ),333 
0.24 —().400 3.000 —(),600 2.000 
0.25 —0.500 00 —0).500 00 
0.28 ~0.5 + 0.173 1.527 -05-j0.173 1.527 
0.40 ~0.5 + j0.387 0.817 ~0.5-j0.387 0.817 
1.20 ~0.5 + 0.975 0.562 -0.5-j0.975 0.562 
4.00 0.541.937 0.516 -05-j1.937 0.516 
00 -0.5 +] % 0.500 —0).5—| % 0.500 


¥ 


9-4 DESIGN ASPECTS OF THE ROOT LOCI 


One of the important aspects of the root-locus technique is that, for most 
control systems with moderate complexity, the analyst or designer can obtain 
vital information on the performance of the system by making a quick sketch 
of the RL using some or all of the properties of the root loci. It is of 
importance to understand all the properties of the RL even when the diagram 
is to be plotted with the help of a digital computer program. From the design 
standpoint, it is useful to learn the effects on the RL when poles and zeros of 
G(s)H(s) are added or moved around in the s-plane. Some of these properties 
are helpful in the construction of the root-locus diagram. The design of the 
PI, PID, phase-lead, phase-lag, and lead-lag controllers discussed in Chap. 11 
all have implications of adding poles and zeros to the loop transfer function 
in the s-plane. 


9-4-1 Effects of Adding Poles and Zeros to G(s)H(s) 


The general problem of controller design in control systems may be treated 
as an investigation of the effects to the root loci when poles and zeros are 


added to the loop transfer function G(s)H(s). 


9-4-2 Addition of Poles to G(s)H(s) 


Adding a pole to G(s)H(s) has the effect of pushing the root loci toward the 
right-half s-plane. The effect of adding a zero to G(s)H(s) can be illustrated 
with several examples. 


EXAMPLE 9-4-1 Consider the function 


K 
s(s+a) 


G(s)H(s) = a>0 (9-37) 





The RL of 1 + G(s)H(s) = 0 are shown in Fig. 9-23qa. These RL are 
constructed based on the poles of G(s)H(s), which are at s = 0 and —a. Now 
let us introduce a pole at s = —b, with b > a. The function G(s)H(s) now 
becomes 
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Figure 9-23 Root-locus diagrams that show the effects of adding poles to 
G(s)H(s). 


K 


—__ (9-88) 
s(sta)(s+b) 


G(s)H(s) 


Figure 9-23b shows that the pole at s = —b causes the complex part of the 
root loci to bend toward the right-half s-plane. The angles of the asymptotes 
for the complex roots are changed from +90° to +60°. The intersect of the 
asymptotes is also moved from —a/2 to -(a + b)/2 on the real axis. 

If G(s)H(s) represents the loop transfer function of a control system, the 
system with the root loci in Fig. 9-23b may become unstable if the value of K 
exceeds the critical value for stability, whereas the system represented by the 
root loci in Fig. 9-23a is always stable for K > 0. Figure 9-23c shows the root 
loci when another pole is added to G(s)H(s) at s = —c, c > b. The system is 
now of the fourth order, and the two complex root loci are bent farther to the 
right. The angles of asymptotes of these two complex loci are now +45°. The 
stability condition of the fourth-order system is even more acute than that of 
the third-order system. Figure 9-23d illustrates that the addition of a pair of 
complex-conjugate poles to the transfer function of Eq. (9-87) will result in a 
similar effect. Therefore, we may draw a general conclusion that the addition 
of poles to G(s)H(s) has the effect of moving the dominant portion of the root 
loci toward the right-half s-plane. 


Toolbox 9-4-1 
The results for Fig. 9-23 can be obtained by the following MATLAB 
code: 


a2; 

b=3 

eh; 

num4=[1] ; 

den4=-conv( [1 0], iL al); 

subplot (2,2, 1) 

mysys4=tf (num4,den4) ; 

rlocus (mysys4) ; 

axis([-3 0 -8 8]) 

num3=[1] ; 

den3=conv([1 0],conv([1 a], [1 a/2])); 
Subp lot (2, 2,2) 

mysys3=tf (num3,den3) ; 

rlocus (mysys3) ; 

axis([-3 0 -8 8]) 

num2= [1] ; 

den2=conv([1 0],conv([1 a],[1 bl])); 
subplot (2,2, 3) 

mysys2=tf (num2,den2) ; 

rlocus (mysys2) ; 

axis([-3 0 -8 8]) 

numl= [1] ; 

deni=conv([1 0],conv([1 a],{1 bl)); 
denl=conv(denl, [1 ¢c]); 

mysysl=tf (numl1,den1) ; 

subplot (2,2,4) ; 

rlocus(mysys1) ; 


9-4-3 Addition of Zeros to G(s)H(s) 


Adding left-half plane zeros to the function G(s)H(s) generally has the 
effect of moving and bending the root loci toward the left-half s-plane. 


The following example illustrates the effect of adding a zero and zeros to 
G(s)H(s) on the RL. 


EXAMPLE 9-4-2 Figure 9-24qa shows the RL of the G(s)H(s) in Eq. (9-87) 


with a zero added at s = —b(b > a). The complex- 
conjugate part of the RL of the original system is bent 
toward the left and forms a circle. Thus, if G(s)H(s) is 
the loop transfer function of a control system, the 
relative stability of the system is improved by the 
addition of the zero. Figure 9-24b shows that a similar 
effect will result if a pair of complex-conjugate zeros 
is added to the function of Eq. (9-87). Figure 9-24c 
shows the RL when a zero at s = —c is added to the 
transfer function of Eq. (9-88). 
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Figure 9-24 Root-locus diagrams that show the effects of adding zeros to 
G(s)H(s). 


Toolbox 9-4-2 

MATLAB code for Fig. 9-24. 
a=2: 
be3 
d=6 ; 
c=20 ; 
num4=[1 d]j; 
den4=conv([1 0], [1 a]); 
subplot (2,2, 1) 
mysys4=tf (num4,den4) ; 
rlocus (mysysé4) ; 
nums=(1 ec] 3 
den3=conv([1 0], [1 a]); 
subplot (2, 2,2) 
mysys3=tf (num3,den3) ; 
rlocus(mysys3) ; 
axis([-6 0 -8 8]) 
nums=(1 d] ; 
den2=conv([1 0] ,conv([1 a], [1 bl)); 
subplot (2,2 ,3) 
mysys2=tf (num2,den2) ; 
rlocus (mysys2) ; 
axis([-6 0 -8 8]) 


EXAMPLE 9-4-3 Consider the equation 
s*(sta)+K(s+b)=0 (9-89) 


Dividing both sides of Eq. (9-89) by the terms that do not contain K, we 
have the loop transfer function 


K(s+b) 
s°(s+a) 


G(s)H(s) = (9-90) 





It can be shown that the nonzero breakaway points depend on the value of 
a and are 


+3 
—_ t—Va' 2_10a+9 (9-91) 


Figure 9-25 shows the RL of Eq. (9-44) with b = 1 and several values of a. 
The results are summarized as follows: 

Figure 9-25a: a = 10. Breakaway points: s = —2.5 and —40. 

Figure 9-25b: a = 9. The two breakaway points given by Eq. (9-91) 
converge to one point at s = —3. Note the change in the RL when the pole at 
—a is moved from —10 to —9. 

For values of a less than 9, the values of s as given by Eq. (9-91) no longer 
satisfy Eq. (9-89), which means that there are no finite, nonzero, breakaway 
points. 

Figure 9-25c: a = 8. No breakaway point on RL. 

As the pole at s = —a is moved farther to the right along the real axis, the 
complex portion of se RL is pushed farther toward the right-half plane. 

Figure 9-25d: a = 

Figure 9-25e: a = “a 1. The pole at s = —a and the zero at —b cancel each 
other out, and the RL degenerate into a second-order case and lie entirely on 
the j@ -axis. 
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Figure 9-25 Root-locus diagrams that show the effects of moving a pole 


of G(s)H(s) - G(s)H(s) = K(s + 1)/[s(s + a)]. 


Toolbox 9-4-3 
MATLAB code for Fig. 9-25. 


ail=10;-a2=9 -a3—-8 -a4—3 > b=1; 
numi=(1 bl] ; 

deni=conyv( [1 0 Ol; [1 ailjy 
subplot (2,2, 1) 

mysysl=tf (numl1,den1) ; 
rlocus(mysys1) ; 

num2—|1 bp] z 

den2=conv([1. 0 0], [1 a2]),; 
subplot (2,2,2) 

mysys2=tf (num2,den2) ; 
rlocus (mysys2) ; 

num3=[1 b]-; 

den3=conv([1 0 0],[1 a3]); 
SubpLOE (2,2; 3) 

mysys3=tf (num3,den3) ; 
rlocus(mysys3) ; 

num4=[1 b] ; 

den4=conv([1 0 0], [1 a4]); 
subplot (2,2,4) 

mysys4=tf (num4,den4) ; 
rlocus (mysys4) ; 


EXAMPLE 9-4-4 Consider the equation 
s(s° +2s+a)+K(s+2)=0 (9-92) 
which leads to the equivalent G(s)H(s) as 


K(s+2) 


——__* (9-93) 
s(s° +2s+a) 


G(s)H(s)= 


The objective is to study the RL for various values of a(> 0). The 
breakaway point equation of the RL is determined as 


s +4s°+4s+a=0 (9-94) 


Figure 9-26 shows the RL of Eq. (9-92) under the following conditions. 

Figure 9-26a: a = 1. Breakaway points: s = —0.38, —1.0, and —2.618, with 
the last point being on the RL for K = 0. As the value of a is increased from 
unity, the two double poles of G(s)H(s) at s = —1 will move vertically up and 
down with the real parts equal to —1. The breakaway points at s = —0.38 and s 
= —2.618 will move to the left, whereas the breakaway point at s = —1 will 
move to the right. 

Figure 9-26b: a = 1.12. Breakaway points: s = —0.493, —0.857, and —2.65. 
Because the real parts of the poles and zeros of G(s)H(s) are not affected by 
the value of a, the intersect of the asymptotes is always at s = 0. 

Figure 9-26c: a = 1.185. Breakaway points: s = —0.667, —0.667, and — 
2.667. The two breakaway points of the RL that lie between s = 0 and —1 
converge to a point. 

Figure 9-26d: a = 3. Breakaway point: s = —3. When a is greater than 
1.185, Eq. (9-94) yields only one solution for the breakaway point. 

The reader may investigate the difference between the RL in Fig. 9-26c 
and d and fill in the evolution of the loci when the value of a is gradually 
changed from 1.185 to 3 and beyond. 
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Figure 9-26 Root-locus diagrams that show the effects of moving a pole 
of G(s)H(s) = K(s + 2)/[s(s’ + 2s + a)]. 


9-5 ROOT CONTOURS: MULTIPLE- 
PARAMETER VARIATION 


The root-locus technique discussed thus far is limited to only one variable 
parameter in K. In many control-systems problems, the effects of varying 
several parameters should be investigated. For example, when designing a 
controller that is represented by a transfer function with poles and zeros, it 


would be useful to investigate the effects on the characteristic equation roots 
when these poles and zeros take on various values. In Sec. 9-4, the root loci 
of equations with two variable parameters are studied by fixing one 
parameter and assigning different values to the other. In this section, the 
multiparameter problem is investigated through a more systematic method of 
embedding. When more than one parameter varies continuously from —°o to 
oo, the root loci are referred to as the root contours (RC). It will be shown 
that the root contours still possess the same properties as the single-parameter 
root loci, so that the methods of construction discussed thus far are all 
applicable. 


The principle of root contour can be described by considering the equation 
P(s)+ K,0.(s)+K,Q,(5)=0 (9-95) 


where K_ and K, are the variable parameters, and P(s), Q(s), and Q(s) are 
polynomials of s. The first step involves setting the value of one of the 
parameters to zero. Let us set K, to zero. Then, Eq. (9-95) becomes 


P(s)+K,Q (s)=0 (9-96) 


which now has only one variable parameter in K.. The root loci of Eq. (9- 
96) may be determined by dividing both sides of the equation by P(s). Thus, 


1A) _ 9 


P(s) (9-97) 


Equation (9-97) is of the form of 1 + K,G(s)H (s) = 0, so we can construct 
the RL of the equation based on the pole-zero configuration of G(s)H (s). 
Next, we restore the value of K,, while considering the value of K, fixed, and 
divide both sides of Eg. (9-95) by the terms that do not contain K,. We have 


K,Q,(s) 


—_———_= 0 (9-98) 
P(s)+K Q(s) 

which is of the form of 1 + K,G,(s)H,(s) = 0. The root contours of Eq. (9- 
95) when K, varies (while K_ is fixed) are constructed based on the pole-zero 
configuration of 


Q,{s) 


G,(s)H,(s) ~ P(s)+K,Q,(s) 


(9-99) 


It is important to note that the poles of G,(s)H_(s) are identical to the roots 
of Eq. (9-96). Thus, the root contours of Eg. (9-95) when K, varies must all 
Start (K, = 0) at the points that lie on the root loci of Eq. (9-96). This is the 
reason why one root-contour problem is considered to be embedded in 
another. The same procedure may be extended to more than two variable 
parameters. The following examples illustrate the construction of RCs when 
multiparameter-variation situations exist. 


EXAMPLE 9-5-1 Consider the equation 
s°+K,s°+K,s+K, =0 (9-100) 


where K, and K, are the variable parameters, which vary from 0 to ~. 
As the first step, we let K, = 0, and Eq. (9-100) becomes 


s'+K,s+K, =0 (9-101) 


Dividing both sides of the last equation by s’, which is the term that does 
not contain K,, we have 


L4+-———= 0 (9-102) 
$ 


K,(s+1) _ 


The root contours of Eg. (9-101) are drawn based on the pole-zero 
configuration of 


Gilei#t {s)=*— (9-103) 
: 


as shown in Fig. 9-27a. Next, we let K, vary between 0 and © while 
holding K, at a constant nonzero value. Dividing both sides of Eq. (9-100) by 
the terms that do not contain K,, we have 
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ps +K,s°+K,s+K, =0. (a) K,=0. (b) K, 


Ks 


: a (9-104) 
Ss +K,s+K, 


1+ 


Thus, the root contours of Eg. (9-100) when K, varies may be drawn from 
the pole-zero configuration of 


— 


G,(s)H,(s)=———— (9-105) 
: : s + Kot KK, 


The zeros of G,(s)H_(s) are at s = 0, 0; but the poles are at the zeros of 1 + 
K G(s)H(s), which are found on the RL of Fig. 9-27a. Thus, for fixed K, the 
RC when K, varies must all emanate from the root contours of Eq. 9-27a. 
Figure 9-27b shows the root contours of Eq. (9-100) when K, varies from 0 to 
oo, for K, = 0.0184, 0.25, and 2.56. 


Toolbox 9-5-1 

MATLAB code for Fig. 9-27. 
Figure (1) 
rim (1. 1] - 
den=[1 0 0 O]; 
mysys=t£ (num, den) ; 
rlocus (mysys) ; 
Figure (2) 
ror ki—10.0184,0.25; 2.56] & 
num= [1.60 0] 
den=[1. 0 Ki ki] ; 
mysys=t£ (num, den) ; 
rlocus (mysys) ; 
hold on; 
end; 


EXAMPLE 9-5-2 Consider the loop transfer function 


Gis \ie)—=—_—___*_ (9-106) 
s(1+Ts)(s° +2s+2) 


of a closed-loop control system. It is desired to construct the root contours 
of the characteristic equation with K and T as variable parameters. The 
characteristic equation of the system is 


s(1+Ts)(s* +2s+2)+K =0 (9-107) 
First, we set the value of T to zero. The characteristic equation becomes 
s(s’+2s+2)+K =0 (9-108) 


The root contours of this equation when K varies are drawn based on the 
pole-zero configuration of 


] 
GUSH) =< a4) (9-109) 


as shown in Fig. 9-28a. Next, we let K be fixed, and consider that T is the 
variable parameter. 
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Figure 9-28 (a) RL for s(s°+2s+2)+K =0. (b) Pole-zero configuration of 
G(s)H(s) = Ts(s’ + 2s + 2)/[s(s’ + 2s +2) + K]. 


Dividing both sides of Eq. (9-62) by the terms that do not contain T, we get 


Ts’ (s* +2s+2 
prentiq14— Ste og (9-110) 
: . s(s° +254+2)+K 


The root contours when T varies are constructed based on the pole-zero 
configuration of G,(s)H,(s). When T = 0, the points on the root contours are at 
the poles of G,(s)H,(s), which are on the root contours of Eg. (9-108). When T 
= 00, the roots of Eq. (9-107) are at the zeros of G,(s)H,(s), which are at s = 0, 
0, -1 +j, and —1 +j. Figure 9-28b shows the pole-zero configuration of 
G(s)H(s) for K = 10. Notice that G,(s)H,(s) has three finite poles and four 
finite zeros. The root contours for Eq. (9-107) when T varies are shown in 
Figs. 9-29, 9-30, and 9-31 for three different values of K. 
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Figure 9-29 Root contours for s(1+Ts)(s’*+2s+2)+K=0. K > 4. 
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Figure 9-30 Root contours for s(1+Ts)(s’+2s+2)+K=0. K = 0.5. 


s-plane he ¥f 





Figure 9-31 Root contours for s(1+Ts)(s’*+2s+2)+K=0. 0 < K < 0.5. 
The root contours in Fig. 9-30 show that when K = 0.5 and T = 0.5, the 
characteristic equation in Eq. (9-107) has a quadruple root at s = —1. 


Toolbox 9-5-2 
MATLAB code for Example 9-5-2. 


= 1=0 

nun [1] ;den=conv( (1. 8] ,conv( (0 1],11 2 2)])); 
mysys=tf (num, den) ; 

Figure (1) ;rlocus (mysys) ; 

6k>4 

k=10; 

numconvt( ll 8 Ol, [1 2&2 Blohgden=(T1 2 2 kl}: 
mysys=tf (num, den) ; 

Figure (2) ;rlocus (mysys) ; 

K=0 , 53 

num=conmy(( 0 0], GL 2 2])edem=([1L 2 2 kl); 
mysys=tf (num, den) ; 

figure (3) ;rlocus(mysys) ; 

60<k<0.5 

dd 

miimconv( (1 0 Gl], (1 2 2lisdenmeC Cli 2 2 El); 
mysys=tf (num, den) ; 

Figure (4) ;rlocus (mysys) ; 


EXAMPLE 9-5-3 As an example to illustrate the effect of the variation of a 
zero of G(s)H(s), consider the function 


K(i+Ts) 


G(s)H(s) =———_- (9-111) 
s(s+1)(s+2) 
The characteristic equation is 
$(s+1)(s+2)+K(14+Ts) =0 (9-112) 


Let us first set T to zero and consider the effect of varying K. Equation (9- 
112) becomes 


s(s+1)(s+2)+K =0 (9-113) 


This leads to 


] 


_ (9-114) 
s(s+1)(s+2) 


G,(s)H,(s) 


The root contours of Eg. (9-113) are drawn based on the pole-zero 
configuration of Eq. (9-114), and are shown in Fig. 9-32. 
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Figure 9-32 Root loci for s(s + 1)(s + 2)+K=0. 


When the K is fixed and nonzero, we divide both sides of Eq. (9-115) by 
the terms that do not contain T, and we get 


TKs 


—_ =) (9-115) 
s(st+1)(s+2)+K 


1+ TG, (s)H,(s)=1+ 


The points that correspond to T = 0 on the root contours are at the poles of 
G,(s)H(s) or the zeros of s(s + 1)(s + 2) + K, whose root contours are 
sketched as shown in Fig. 9-32, where K varies. If we choose K = 20 just as 
an illustration, the pole-zero configuration of G,(s)H,(s) is shown in Fig. 9-33. 
The root contours of Eg. (9-112) for 0 < T < © are shown in Fig. 9-34 for 


three different values of K. 
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Figure 9-33 Pole-zero configuration of G,(s)H,(s) = KS [s(s + 1)(s + 2) + 
K |. K= 20. 
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Figure 9-34 Root contours of s(s + 1)(s + 2)+K+KTs = 0. 


Because G,(s)H,(s) has three poles and one zero, the angles of the 
asymptotes of the root contours when T varies are at 90° and —90°. We can 
show that the intersection of the asymptotes is always at s = 1.5. This is 
because the sum of the poles of G,(s)H,(s), which is given by the negative of 
the coefficient of the s* term in the denominator polynomial of Eq. (9-70), is 
3; the sum of the zeros of G,(s)H(s) is 0; and n—m in Eq. (9-30) is 2. 


Toolbox 9-5-3 


MATLAB code for Fig. 9-25. 
for k= [3 6 20]; 


num=[k 0]; 

den=([1 3 2 k]); 
mysys=t£ (num, den) ; 
rlocus:(mysys) ; 
hold on 

end; 


The root contours in Fig. 9-17 show that adding a zero to the loop transfer 
function generally improves the relative stability of the closed-loop system 
by moving the characteristic equation roots toward the left in the s-plane. As 
shown in Fig. 9-17, for K = 20, the system is stabilized for all values of T 
sreater than 0.2333. However, the largest relative damping ratio that the 
system can have by increasing T is only approximately 30 percent. 


9-6 MATLAB TOOLS 


Apart from the MATLAB toolboxes appearing in this chapter, this chapter 
does not contain any software because of its focus on theoretical 
development. In Chap. 11, when we address control system design, we will 
introduce the MATLAB SISO design tool that can allow you solve root-locus 
problems with a great deal of ease. 


9-7 SUMMARY 


In this chapter, we introduced the root-locus technique for linear 
continuous data control systems. The technique represents a graphical 
method of investigating the roots of the characteristic equation of a linear 
time-invariant system when one or more parameters vary. In Chap. 11 the 
root-locus method will be used heavily for the design of control systems. 
However, keep in mind that, although the characteristic equation roots give 
exact indications on the absolute stability of linear SISO systems, they give 
only qualitative information on the relative stability, since the zeros of the 
closed-loop transfer function, if any, play an important role on the dynamic 
performance of the system. 


The root-locus technique can also be applied to discrete-data systems with 
the characteristic equation expressed in the z-transform. As shown in App. H, 
the properties and construction of the root loci in the z-plane are essentially 
the same as those of the continuous-data systems in the s-plane, except that 
the interpretation of the root location to system performance must be made 
with respect to the unit circle |z| = 1 and the significance of the regions in the 
z-plane. 

The majority of the material in this chapter is designed to provide the 
basics of constructing the root loci. Computer programs, such as the 
MATLAB toolboxes used throughout this chapter, can be used to plot the 
root loci and provide details of the plot. The final section of Chap. 11 deals 
with the root-locus tools of MATLAB. However, the authors believe that a 
computer program can be used only as a tool, and the intelligent investigator 
should have a thorough understanding of the fundamentals of the subject. 

The root-locus technique can also be applied to linear systems with pure 
time delay in the system loop. The subject is not treated here, since systems 
with pure time delays are more easily treated with the frequency-domain 
methods discussed in Chap. 10. 
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PROBLEMS 


9-1. Find the angles of the asymptotes and the intersect of the 
asymptotes of the root loci of the following equations when K varies 
from —oo to 00, 


s*+45°+45°+(K+8)s+K =0 


(b) s°+5s°+(K+1)s+K =0 


s°+K(s°+3s*+2s+8)=0 


(d) s°+2s*+3s+K(s*—1)(s+3)=0 


(f) 


s°+2s*+3s°+K(s*+3s+5)=0 
s*+2s*+10+ K(s+5)=0 
9-2. Use MATLAB to solve Prob. 9-1. 


9-3. Show that the asymptotes angles are 


— (2i+1) 








=) «180° K>0 

ia— tii 

0, 7 p80" K <0 
hl—mM 


9-4. Prove that the asymptotes center is 


by finite poles of G(s)H(s) -) finite zeros of G(s)H(s) 


i= 


] 


9-5. Plot the asymptotes for K > 0 and K < 0 for 


7 K 
s(s+2)(s* +2542) 


9-6. For the loop transfer functions that follow, find the angle of 
departure or arrival of the root loci at the designated pole or zero. 


Gs\i)—-—" 


(a) (s+1)(s* +1) 


Angle of arrival (K < 0) and angle of departure (K > 0) at s =j. 


gis\Fits)-——™ 


(a) (s—1)(s° +1) 

Angle of arrival (K < 0) and angle of departure (K > 0) at s = j. 
aajei—-—_—__* _ 

(a) s(s+2)(s° +2s+2) 


Angle of departure (K > 0) ats =—1 + j. 


K 
i ee ea 


Angle of departure (K > 0) ats =—1 + j. 


G(s)H(s) = K(s' +2s+2) 
(a) s“(s+2)(s+3) 


Angle of arrival (K > 0) ats =-1 + J. 
9-7. Prove that 


(a) The departure angle of the root locus from a complex pole is w, = 180° 
— argGH', where argGH' is the phase angle of GH at the complex pole, 
ignoring the effect of that pole. 


(b) The arrival angle of the root locus at the complex zero is @, = 180° — 
argGH", where argGH" is the phase angle of GH at the complex zero, 
ignoring the contribution of that particular zero. 


9-8. Find the angles of departure and arrival for all complex poles and 
zeros of the open-loop transfer function of 


K(s° +2s+2) KR 
s(s° +4) 


9-9. Mark the K = 0 and K = + points and the RL and complementary 


G(s)H(s)= 


root locus (CRL) on the real axis for the pole-zero configurations shown in 
Fig. 9P-9. Add arrows on the root loci on the real axis in the direction of 
increasing K. 


jo jo 


s-plane s-plane 





Figure 9P-9 


9-10. Prove that a breakaway w satisfies the following: 
x l - Mm t 


9-11. Find all the breakaway points of the root loci of the systems 
described by the pole—zero configurations shown in Fig. 9P-9. 








9-12. Construct the root-locus diagram for each of the following control 
systems for which the poles and zeros of G(s)H(s) are given. The 
characteristic equation is obtained by equating the numerator of 1 + G(s)H(s) 
to zero. 


(a) Poles at 0, —5, —6; zero at —8 

(b) Poles at 0, —1, —3, —4; no finite zeros 

(c) Poles at 0, 0, —2, —2; zero at —4 

(d) Poles at 0, —1 + j, -1-Jj; zero at —2 

(e) Poles at 0, —1 + j, -1-j; zero at —5 

(f) Poles at 0, —1 + j, —1 -J; no finite zeros 

(g) Poles at 0, 0, —8, —8; zeros at —4, —4 

(h) Poles at 0, 0, —8, —8; no finite zeros 

(i) Poles at 0, 0, —8, —8; zeros at -4 + j2, -4-j2 
(j) Poles at —2, 2; zeros at 0, 0 

(k) Poles at j, —j, j2, -j2; zeros at —2, 2 

(I) Poles at j, —j, j2, -j2; zeros at —1, 1 

(m) Poles at 0, 0, 0, 1; zeros at —1, —2, —3 

(n) Poles at 0, 0, 0, -100, —200; zeros at —5, —40 
(0) Poles at 0, —1, —2; zero at 1 

9-13. Use MATLAB to solve Prob. 9-12. 


9-14. The characteristic equations of linear control systems are given as 
follows. Construct the root loci for K = 0. 


(a) s°+3s*+(K+2)s+5K =0 

(b) s°+s°+(K+2)s+3K =0 

(c) s°+5Ks*+10=0 

(d) s*+(K+3)s°+(K+4+1)s* +(2K+5)+10=0 
(e) s°+2s?+2s+K(s*—1)(s+2)=0 

(f) s°—2s+K(s+4)(s+1)=0 

(g) s'+6s°+9s°+K(s°+4s+5)=0 

(h) s°+2s°+2s+ K(s*—2)(s+4)=0 

(i) s(s°—1)+K(s+2)(s+0.5)=0 

(j) s°+2s°+2s°+2Ks+5K =0 

(k) s°+2s*+3s°+2s°+s+K =0 

9-15. Use MATLAB to solve Prob. 9-14. 


9-16. The forward-path transfer functions of a unity-feedback control 
system are given in the following. 


G(s) = — KK (st3) 
(a) s(s° +4s+4)(s+5)(s+6) 


Gis)-—____™_ 
(b) s(s+2)(s+4)(s+10) 


An K(s* +2s+8) 
(c) s(s+5)(s+10) 


G(s) = K(s° +4) 
(d) (s+2)°(s+5)(s+6) 


G(s) = K(s+10) 


(ey) S° (S+2.5)(s?+2s+2) 
G(s)= —_+— 

(f) (s+1)(s° +4s+5) 
G(s)= K(s+2) 

(g) (s+1)(s°+6s+10) 
G(s) = K(s+2)(s+3) 

(h) s(s+1) 
G(s) = —____ 

(i) s(s° +4s5+5) 


Construct the root loci for K = 0. Find the value of K that makes the 
relative damping ratio of the closed-loop system (measured by the dominant 
complex characteristic equation roots) equal to 0.707, if such a solution 
exists. 


9-17. Use MATLAB to verify your answer to Prob. 9-16. 


9-18. A unity-feedback control system has the forward-path transfer 
functions given in the following. Construct the root-locus diagram for K = 0. 
Find the values of K at all the breakaway points. 


Xe) = K(s+3) 
(a) s(s° +4s+4)(s+5)(s+6) 


G(s) = KK Gst3) 
(b) s(s° +4s+4)(s+5)(s+6) 


G(s) = — KGst3) 
(c) s(s° +4s+4)(s+5)(s+6) 


K(s+3) 


j= —_—_—t _ 
(e) s(s° +4s+4)(s+5)(s+6) 
Hs) = K(s+3) 
(d) s(s° +4s+4)(s+5)(s+6) 
G(s) = — KK (st3) 
(f) s(s’ +4s+4)(s+5)(s+6) 


9-19. Use MATLAB to verify your answer to Prob. 9-18. 


9-20. The forward-path transfer function of a unity-feedback control 
system 1s 


K 


Rin ——— _ 
s) (s+4)" 


Construct the root loci of the characteristic equation of the closed-loop 
system for K > 0, with 

(a) n= 1, (b) n= 2, (c) n= 3, (d) n= 4, and (e)n=5. 

9-21. Use MATLAB to solve Prob. 9-20. 


9-22. The characteristic equation of the control system shown in Fig. 7P- 
16 when K = 100 is 


s°+25s° +(100K, +2)s+100 =0 
Construct the root loci of the equation for K, = 0. 
9-23. Use MATLAB to verify your answer to Prob. 9-22. 


9-24. The block diagram of a control system with tachometer feedback is 
shown in Fig. 9P-24. 


(a) Construct the root loci of the characteristic equation for K = 0 when K. 
> 0. 


(b) Set K = 10. Construct the root loci of the characteristic equation for K, 
> 0. 


R(s) E(s) 
Ss K & 
4 + 





Figure 9P-24 
9-25. Use MATLAB to solve Prob. 9-24. 


9-26. The characteristic equation of the dc-motor control system 
described in Probs. 4-49 and 5-40 can be approximated as 


2.05J,s° +(1+10.25], )s° +116.84s +1843 =0 


when K, = oo and the load inertia J, is considered as a variable parameter. 
Construct the root loci of the characteristic equation for K, = 0. 


9-27. Use MATLAB to verify your answer to Prob. 9-26. 


9-28. The forward-path transfer function of the control system shown in 
Fig. 9P-24 is 


Giy= anaes 
s(s° -1) 

(a) Construct the root loci for K > 0 with m = 5. 

(b) Construct the root loci for @ > 0 with K = 10. 


9-29. Use MATLAB to solve Prob. 9-28. 


9-30. The forward-path transfer function of a control system is 


G(s) = ares 
s°(s+3.6) 

(a) Construct the root loci for K = 0. 

(b) Use MATLAB to verify your answer to part (a). 


9-31. The characteristic equation of the liquid-level control system 
described in Prob. 5-42 is written 


0.06s(s+12.5)(As+K,)+250N =0 


(a) For A= K, = 50, construct the root loci of the characteristic equation as 
N varies from 0 to © 


(b) For N = 10 and K = 50, construct the root loci of the characteristic 
equation for A > 0. 


(c) For A = 50 and N = 20, construct the root loci for K, > 0. 

9-32. Use MATLAB to solve Prob. 9-31. 

9-33. Repeat Prob. 9-31 for the following cases. 

(a) A = K, = 100 (b) N = 20 and K, = 50 (c) A= 100 and N = 20. 

9-34. Use MATLAB to verify your answer to Prob. 9-33. 

9-35. The feedforward transfer function of a unity-feedback system is 


ijn eta 
(s°+4)(s+5) 


(a) Construct the root loci for K = 25. 


(b) Find the range of K value for which the system is stable. 


(c) Use MATLAB to verify your answer to part (a). 


9-36. The transfer functions of a single-feedback-loop control system are 


K 
AS) = aayessy 


(a) Construct the loci of the zeros of 1 + G(s) for K = 0. 
(b) Repeat part (a) when H(s) = 1 + 5s. 
9-37. Use MATLAB to solve Prob. 9-36. 


9-38. The forward-path transfer function of a unity-feedback system is 





(a) Construct the root loci for T= 1 sec and K > 1. 
(b) Find the values of K where the system is stable. 
(c) Use MATLAB to verify your answer to part (a). 


9-39. The transfer functions of a single-feedback-loop control system are 


G(s) oe —__ 
s~(s+1)(s+5) 


H(s)=14+ Es 
(a) Construct the root loci of the characteristic equation for T, > 0. 


(b) Use MATLAB to verify your answer to part (a). 


9-40. For the dc-motor control system described in Probs. 4-49 and 5-40, 
it is of interest to study the effects of the motor-shaft compliance K, on the 
system performance. 


(a) Let K = 1, with the other system parameters as given in Probs. 4-49 
and 5-40. Find an equivalent G(s)H(s) with K, as the gain factor. Construct 


the root loci of the characteristic equation for K, => 0. The system can be 
approximated as a fourth-order system by canceling the large negative pole 
and zero of G(s)H(s) that are very close to each other. 


(b) Repeat part (a) with K = 1000. 
9-41. Use MATLAB to verify your answer to Prob. 9-40. 


9-42. The characteristic equation of the dc-motor control system 
described in Probs. 4-49 and 5-40 is given in the following when the motor 


shaft is considered to be rigid (K, = ©). Let 
K =1,J,, =9.001, L, =0.001,n=0.1, R, =5, K; =9, K, =0.0636, B, =0, and K 


= 1. 


a 


L,UJ,, +n J, )s°+(RJ,, +0 RJ, +B,L,)s°+(R,B 


ce 77H 


a a + K,K,)s+nK.K,K =0 


(a) Construct the root loci for J. > 0 to show the effects of variation of the 
load inertia on system performance. 


(b) Use MATLAB to verify your answer to part (a). 


. . 8 24 ke _ 
9-43. Given the equation $ +Qs° +Ks+K =0, it is desired to investigate 
the root loci of this equation for —co< K <co and for various values of @ . 


(a) Construct the root loci for -co< K <co when w = 12. 
(b) Repeat part (a) when w = 4. 


(c) Determine the value of w so that there is only one nonzero breakaway 
point on the entire root loci for —oo < K < o, Construct the root loci. 


9-44, Use MATLAB to solve Prob. 9-43. 


9-45. The forward-path transfer function of a unity-feedback control 
system 1s 


_ K(s+a@) 
~ §(s+3) 


G(s) 


Determine the values of w so that the root loci (—oo < K < oo) will have 
zero, one, and two breakaway points, respectively, not including the one at s 
= Q. Construct the root loci for —oo < K < o for all three cases. 


9-46. Figure 9P-46 shows the block diagram of a unity-feedback control 
system. 


Design a proper controller H(s) for the system. 
39 : 
a 


Figure 9P-46 


9-47. The pole-zero configuration of G(s)H(s) of a single-feedback-loop 
control system is shown in Fig. 9P-47a. Without actually plotting, apply the 
angle-of-departure (and-arrival) property of the root loci to determine which 
root-locus diagram shown is the correct one. 


S-plane j@ §-plane 








5-pl 





Figure 9P-47 





Frequency-Domain Analysis 


Before starting this chapter, the reader is encouraged to refer to App. B to 
review the theoretical background related to complex variables and 
frequency-domain analysis and frequency plots (including asymptotic 
approximations—Bode plots). 


In practice, the performance of a control system is more realistically 
measured by its time-domain characteristics. The reason is that the 
performance of most control systems is judged based on the time responses 
due to certain test signals. This is in contrast to the analysis and design of 
communication systems for which the frequency response is of more 
importance, since most of the signals to be processed are either sinusoidal or 
composed of sinusoidal components. We learned in Chap. 7 that the time 
response of a control system is usually more difficult to determine 
analytically, especially for high-order systems. In design problems, there are 
no unified methods of arriving at a designed system that meets the time- 
domain performance specifications, such as maximum overshoot, rise time, 
delay time, settling time, and so on. On the other hand, in the frequency 
domain, there is a wealth of graphical methods available that are not limited 
to low-order systems. It is important to realize that there are correlating 
relations between the frequency-domain and the time-domain performances 
in a linear system, so the time-domain properties of the system can be 
predicted based on the frequency-domain characteristics. The frequency 
domain is also more convenient for measurements of system sensitivity to 
noise and parameter variations. With these concepts in mind, we consider the 
primary motivation for conducting control systems analysis and design in the 
frequency domain to be convenience and the availability of the existing 
analytical tools. Another reason is that it presents an alternative point of view 
to control-system problems, which often provides valuable or crucial 
information in the complex analysis and design of control systems. 
Therefore, to conduct a frequency-domain analysis of a linear control system 
does not imply that the system will only be subject to a sinusoidal input. It 
may never be. Rather, from the frequency-response studies, we will be able to 


project the time-domain performance of the system. 


Learning Outcomes 
After successful completion of this chapter, you will be able to 
1. Conduct a frequency response analysis of a system. 


2. Plot the frequency response of a system using polar, magnitude, and 
phase diagrams. 

3. Identify the resonant peak frequency and magnitude, bandwidth in a 
frequency response. 

4. For a prototype second-order system, relate the frequency-domain 
specifications to the time-response specifications. 

5. Plot the system Nyquist diagram. 

6. Perform system stability analysis using the Nyquist stability criterion. 
7. Use MATLAB to construct plot frequency response, Nyquist and 
Nichols plots. 


8. Use frequency-response techniques to design control systems. 


10-1 INTRODUCTION TO FREQUENCY 
RESPONSE 


The starting point for frequency-domain analysis of a linear system is its 
transfer function. Let us consider the following practical example. It is well 
known from linear system theory that when the input to a stable linear time- 
invariant system is sinusoidal with amplitude R and frequency o, 


r(t)= Rsinat (10-1) 


the steady-state output of the system, y(t), will be a sinusoid with the same 
frequency w but possibly with different amplitude and phase; that is, 


y(t)=Y sin(@t+¢) (10-2) 


where Y is the amplitude of the output sine wave and @ is the phase shift in 


degrees or radians. 
Let us examine this concept through a practical example. 


EXAMPLE 10-1-1 For the test vehicle suspension system, modeled in 
Example 6-5-2, as shown in Fig. 10-1a, a four post 
shaker is used to test the performance of the vehicle 
suspension system by applying various excitations to 
the vehicle. Using the 1-DOF quarter-car model, 
shown in Fig. 10-1b, we can study the performance of 
each wheel suspension and its response to various road 
inputs. In this case we apply a sinusoidal input to each 
wheel, and study the behavior of the system as the 
excitation frequency varies from zero to very high 
(depending on shaker frequency limitations). 





Figure 10-1 (a) A Cadillac SRX 2005 model on a four-post shaker test 
facility (from author’s research on active suspension system). (b) A 1° of 
freedom quarter-car model of one wheel suspension. 


The equation of motion of the quarter-car system, 
categorized as a base excitation system (see Chap. 2), is 


defined as follows: 
z(t)+2Co,,2(t)+ ow; z(t) =—(t) (10-3) 


where the system parameters are scaled for simpler 
treatment of the example. 


m Effective 44 car mass 10 kg 

k Effective stiffness 160 N/m 

c Effective damping 100 N-m/s"' 
x(t) Absolute displacement of the mass m m 

y(t) Absolute displacement of the base m 

a(t) Relative displacement z(t)=x(t)— y(t) M 


Equation (10-3) reflects the bounce of the vehicle 
subject to road excitations. The transfer function of the 
relative motion is shown as 


l | 


ee (10-4) 
(st+2)(s+8) s°+10s+16 s°+26@,s+@," 


G(s) 


where the system is overdamped ¢ = 1.25. and w = 4 
red/s. The time response of the system for 
—(t)=Asin(@t) can be obtained using the inverse 
Laplace transforms, see Chap. 3. From Eq. (10-3) and the 

Lisin wt|= 








Laplace transformation table in App. C, x +440" 
ido ——_* _. (10-5) 
s°+@° (s+2)(st+8) 
Hence, 
| | , loo 
z(t)= {Transients > 0} + A—————————— sin] wt + tan” ———-— (10-6) 
(@’ +4)(@’ +64) (16-@°) 


where, because the system is inherently stable, the 


transient response vanishes, and the steady-state response 
is z(t) = Z sin(@t + @), and can be represented in polar 
form as 
z(t)=Zsin(@t+¢) 

= A|G(j@)| ZG(jo) 


(10-7) 
=AMZ6 
=ZLO 
where G(j@) = |G(j@) is the frequency response 
function. We define 
M =|G(jo)|=_————_— (10-8a) 
\(@* +4)(@? +64) 
—10@ 
= SG 7 =. a (10-8b) 
ai Te. 


as the frequency response magnitude and phase, 
respectively, see App. B for review of complex variables. 
Note that care must be taken in calculating the phase 
because of the sign change in the denominator of Eq. (10- 
8a), as w varies. The polar representation of the 


G( jo) =——_— 
frequency response function (@j+2)(@j+8) for w 
= 1 is shown in Fig. 10-2. As shown the frequency 
response is defined by the vector G(j@) = |GJ@) <G(j@) 
= M<d@ of magnitude M and phase @. Considering the 
input and output time responses, shown in Fig. 10-3, the 
magnitude and phase values are identified in this case. 





M = 0.0555 


Figure 10-2 Polar representation of the frequency response function 


G( jo )=———_——_ 
(@j+2)(@j+8) for @ = 1 rad/s. 
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Figure 10-3 Graphical representation of input A sin(@t) and output z(t) = 
Z sin(@t + o) for A = 0.01 and w = 1 rad/s. 


Table 10-1 describes different M and @ values as w 
increases. As shown, the magnitude M decreases as the 
frequency increases, and the phase f changes from 0° to — 
180°. The polar representation of the frequency response 

G90)=——a 
function (@j+2)(@j+8) for w varying from 0.1 
to 100 rad/s is shown in Fig. 10-4, where the “x” values 
correspond to the excitation frequencies shown in Table 
10-1. Generally speaking, from Fig. 10-4, we can think of 
the polar frequency response plot as how a vector of 
magnitude M and phase f changes its magnitude and 
direction as w varies from zero to infinity. 


TABLE 10-1 Numerical Values of Sample Magnitude and Phase of 
the System in Example 10-1-1 


@ rad/s 


0.1 


100 


M @ Degrees 
0.0625 -3.58 
0.0555 -33.69 
0.0077 -130.03 
0.0001 -174.28 


w= 100 rad/s 








= 10 rad/s 





—0.01 0) 0.01 0.02 0.03 0.04 0.05 0.06 0.07 
ReG 


Figure 10-4 Polar representation of the frequency response function 


GYj@)=-_—— nh | 
(@j+2)(@j+8) for w varying from 0.1 to 100 rad/s. 


From App. B, we know that the polar plot in Fig. 10-4 
can be represented as separate magnitude and phase 
frequency response plots—also known as the Bode plot 
of the system. Figure 10-5 shows the frequency response 
plots. Note that, as discussed in App. B, in the Bode plot, 
it is customary to use log scale for the abscissa and dB = 
(20 log M) scale to represent the magnitude and degrees 
to represent the phase. 


Magnitude (dB) 


Phase (deg) 





10! 10” 10' 10° 10° 
Frequency (rad/s) 


Figure 10-5 Magnitude and phase frequency response plots for 


G(ja)=—_—______~ | 
(@j+2)(@j+8) for w varying from 0.1 to 100 rad/s. 


MATLAB Toolbox 10-1-1 was used to arrive at Figs. 
10-3 through 10-5. 
In general, for the transfer function of a linear SISO 


system M(s); the Laplace transforms of the input and the 
output, see Eqs. (10-1) and (10-2), are related through 


Y(s)= M(s)R(s) (10-9) 


For sinusoidal steady-state analysis, we replace s by 
j@, and the last equation becomes 


Y(j@)= M(j@)R( jo) (10-10) 
By writing the function Y(jq@) as 


Y(j@)=|Y(jw)| ZY( jo) (10-11) 


with similar definitions for M(j@) and R(§j@), Eg. (10- 
10) leads to the magnitude relation between the input and 
the output: 


LY(ja)|=|M(ja)||R(jo)| (10-12) 


and the phase relation: 


ZY (j@)=ZM(j@)+ ZR( jo) (10-13) 


Thus, for the input and output signals described by 
Eqs. (10-1) and (10-2), respectively, the amplitude of the 
output sinusoid is 


Y=R|M(ja,)| (10-14) 


and the phase of the output is 
g= ZM(ja,) (10-15) 


Thus, by knowing the transfer function M(s) of a linear 
system, the magnitude characteristic, |M(j@)|, and the 
phase characteristic, <M(j@), completely describe the 
steady-state performance when the input is a sinusoid. 
The crux of frequency-domain analysis is that the 
amplitude and phase characteristics of a closed-loop 
system can be used to predict both time-domain transient 
and steady-state system performances. 


Toolbox 10-1-1 
MATLAB code for Fig. 10-3 for the input and output time response 


plots. 


A=0.01; 

w=10; 

G=0% .001.:107 
M=1/sqrt ( (w~2+4) *(w72+64) ) ; 
phi= atan(-10%*w/(16-w2) ); 
if w > 4 

phi= pi-atan(-10*w/(16-w2)); 
end 

plot (t,A*sin(w*t) ) 

hold on 

plot (t,A*R*sin(w*t+ph1) ) 


MATLAB code for Fig. 10-4—polar plot. 


elt 

w=0 .01:0.01:100; 

num = [1] ; 

den = [1 210 16] : 

[re,im,w] = nyquist (num, den,w) ; 
plot (re,im) ; 

grid 

hold on 

w=.1; 

phi= atan(-10*w/(16-w2) ); 
M=1/sqrt ( (w°2+4) *(w*2+64) ) ; 
plot (R*cos (phi) ,R*sin(phi) ,’x’) 
w=1; 

phi= atan(-10*w/(16-w2)); 
M=1/sqrt ( (w°2+4) *(w*2+64) ); 
plot (M*cos (phi) ,M*sin(phi),’x’); 
w=10; 

phi= pi-atan(10*w/ (16-w*2) ) ; 
M=1/sqrt ( (w*2+4) *(w~2+64) ) ; 
plot (M*cos (phi) ,M*sin(phi) ,’x’) 
w=100; 

phi= pi-atan(10*w/ (16-w~2) ); 
R=1/sqrt ( (w~2+4) *(w*2+64) ); 
plot (M*cos (phi) ,M*sin(phi),’x’) 


num = [1] ; 

den = [1 10 16]; 
G = tf(num, den) ; 
bode (G) ; 

grid 


In the end, to put these results into perspective, by looking at Figs. 10- 
3 through 10-5, you can see that the suspension system works as a filter 
to significantly reduce the effect of road excitations. The performance of 
the suspension system, however, is frequency dependent where the 
magnitude of the suspension transfer function reduces with higher 
frequencies while its phase varies from 0° to —180°. 


EXAMPLE 10-1-2 In frequency-domain analyses of control systems, often 
we have to determine the basic properties of a polar 
plot. Consider the following transfer function (see also 
Example B-2-4): 


10 


Ga s(s+1)(s+2) 


(10-16) 


By substituting s = j@ in Eq. (10-16), the magnitude 
and phase of G(j@) at @ = 0 and @ = © are computed as 


follows: 
5 
lim|G(j@)| =lim— = (10-17) 
a0 a0 WM 
lim ZG(j@) =lim 25/j@ =—90° (10-18) 
@o-0 a-0 
. 10 
lim|G(jo)|= lim; =0 (10-19) 


Thus, the properties of the polar plot of Gj@) at wa = 0 
and @ = 00 are ascertained. 

To express G(j@) as the sum of its real and imaginary 
parts, we must rationalize Gj) by multiplying its 


numerator and denominator by the complex conjugate of 
its denominator. Therefore, G(jq@) is written to find the 
intersections of the G( j@) plot on the real and imaginary 
axes of the GUj@)-plane, we rationalize G(/j@) to give 


10(—j@)(— j@+1)(—j@+2) 


0 — he Cn (10-20) 
jo(jo+1)(jo+2)(—jo)(—jo+1)(—jo+2) 
After simplification, the last equation is written 
—30 10(2—w* 
G( jo) = Re[G( jo)]+ jlm[G( jo)] = = — te 


90° +(2-@°Y 90@?+@(2-@”) 


Next, we determine the intersections, if any, of the 
polar plot with the two axes of the G( jq@)-plane. If the 
polar plot of G( j@) intersects the real axis, at the point of 
intersection, the imaginary part of G( J@) is zero, that is, 


Im[G(ja@)]=0 (10-22) 


Similarly, the intersection of G( j@) with the imaginary 
axis is found by setting Re[G(Uj@)] of Eq. (10-21) to zero, 
that is, 


Re[G(j@)]=0 (10-23) 


Setting Re[G(j@)] to zero, we have wm = ©, and G(joo) = 
QO, which means that the G( j@) plot intersects the 
imaginary axis only at the origin. Setting [G(j@)] to zero, 
we have @=+ 2 rad/s. This gives the point of 
intersection on the real axis at 


G(+jV¥2)=-5/3 (10-24) 


The result, @=+2 rad/s, has no physical meaning 
because the frequency is negative; it simply represents a 
mapping point on the negative jw-axis of the s-plane. In 
general, if G(s) is a rational function of s (a quotient of 
two polynomials of s), the polar plot of G( j@) for 


negative values of @ is the mirror image of that for 
positive @, with the mirror placed on the real axis of the 
G( j@)-plane. From Eq. (B-58), we also see that 
Re[G(j0)] = 9% and Im[G(j0)] = «©. With this information, 
it is now possible to make a sketch of the polar plot for 
the transfer function in Eq. (10-16), as shown in Fig. 10- 
6. 





3 
= 2 rad/sec 






10 
G(s) =_—__——— 
Figure 10-6 Polar plot of s(s+1)(s+2), 


You should also be able to sketch the asymptotic 
magnitude or phase plots of the system. Please refer to 
App. B for further discussions on the subject. 

MATLAB Toolbox 10-1-2 can be used to arrive at Fig. 
10-6 and the Bode plots of the system. 


Toolbox 10-1-2 
MATLAB code for Fig. 10-6—polar plot. 


de (dB) 


gnitu 


Ma 
; ff 
os Ses&p 


Phase (deg) 


Lt 

w=0 .01:0.01:100 
num = [10]; 

den = [1 3 2 0] 


[re,im,w] = nyquist (num,den,w) ; 


plot (re,im); 
grid 


—45 


™e 


“=e 
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Figure 10-7 Bode diagrams for 


ELT 

num = [10]; 

den = [1. 3 2 0] 
G = tf (num, den) 
bode (G) ; 

grid 


™e 


™'@ 





10-1-1 Frequency Response of Closed-Loop Systems 


For the single-loop control-system configuration studied in the preceding 
chapters, the closed-loop transfer function is 


Mi gim — SF _ (10-25) 
R(s) 14+G(s)H(s) 
Under the sinusoidal steady state, s = ja , Eq. (10-25) becomes 
YQ G(j 
M(jo)="™ Jo) (10-26) 


~ R(j@) 1+G(j@)H(jo) 


The sinusoidal steady-state transfer function M( ja) may be expressed in 
terms of its magnitude and phase, that is, 


M(ja@)=|M(jo)| ZM(jo) (10-27) 
Or M( j@) can be expressed in terms of its real and imaginary parts: 
M( ja) = Re[ M(ja)] + jlm[ M(jo)) (10-28) 


The magnitude of M( ja) is 








| GG@) |  — |GGa)| 
AAC joa) = 1+G(jo)H(jo)|_ |1+GGa@)HGa) 10-29) 
and the phase of M( ja) is 
ZM (jo) =, (jo) = ZG(j@)— 411+ G(j@)H(jo)] (10-30) 


If M(s) represents the input-output transfer function of an electric filter, 
then the magnitude and phase of M( jq@) indicate the filtering characteristics 
on the input signal. Figure 10-8 shows the gain and phase characteristics of 
an ideal low-pass filter that has a sharp cutoff frequency at we. It is well 
known that an ideal filter characteristic is physically unrealizable. In many 
ways, the design of control systems is quite similar to filter design, and the 
control system is regarded as a signal processor. In fact, if the ideal low-pass- 


filter characteristics shown in Fig. 10-8 were physically realizable, they 
would be highly desirable for a control system, since all signals would be 
passed without distortion below the frequency wc, and completely eliminated 
at frequencies above wc where noise may lie. 
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Figure 10-8 Gain-phase characteristics of an ideal low-pass filter. 


If wc is increased indefinitely, the output Y( j@) would be identical to the 
input R( j@) for all frequencies. Such a system would follow a step-function 
input in the time domain exactly. From Eq. (10-29), we see that, for |M(j@)| 
to be unity at all frequencies, the magnitude of G(j@) must be infinite. An 
infinite magnitude of G( j@) is, of course, impossible to achieve in practice, 
nor would it be desirable, since most control systems may become unstable 
when their loop gains become very high. Furthermore, all control systems are 
subject to noise during operation. Thus, in addition to responding to the input 
signal, the system should be able to reject and suppress noise and unwanted 
signals. For control systems with high-frequency noise, such as air-frame 
vibration of an aircraft, the frequency response should have a finite cutoff 
frequency Wc. 


M_ indicates the relative stability of a stable closed-loop system. 


The phase characteristics of the frequency response of a control system are 
also of importance, as we shall see that they affect the stability of the system. 
Figure 10-9 illustrates typical gain and phase characteristics of a control 

system. As shown by Eas. (10-29) and (10-30), the gain and phase of a 
closed-loop system can be determined from the forward-path and loop 
transfer functions. In practice, the frequency responses of G(s) and H(s) can 
often be determined by applying sine-wave inputs to the system and 
sweeping the frequency from 0 to a value beyond the frequency range of the 
system. 
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Figure 10-9 Typical gain-phase characteristics of a feedback control 
system. 


10-1-2 Frequency-Domain Specifications 


In the design of linear control systems using the frequency-domain 
methods, it is necessary to define a set of specifications so that the 
performance of the system can be identified. Specifications such as the 
maximum overshoot, damping ratio, and the like used in the time domain can 
no longer be used directly in the frequency domain. The following frequency- 


domain specifications are often used in practice. 
Resonant Peak M. 
The resonant peak Mr is the maximum value of |M(j@)|. 


In general, the magnitude of Mr gives indication on the relative stability of 
a stable closed-loop system. Normally, a large Mr corresponds to a large 
maximum overshoot of the step response. For most control systems, it is 
generally accepted in practice that the desirable value of Mr should be 
between 1.1 and 1.5. 


Resonant Frequency © 
The resonant frequency @ is the frequency at which the peak resonance M 
occurs. 


Bandwidth BW 


The bandwidth BW is the frequency at which |M(jw)| drops to 70.7% of, or 
3 dB down from, its zero-frequency value. 


In general, the bandwidth of a control system gives indication on the 
transient-response properties in the time domain. A large bandwidth 
corresponds to a faster rise time, since higher-frequency signals are more 
easily passed through the system. Conversely, if the bandwidth is small, only 
signals of relatively low frequencies are passed, and the time response will be 
slow and sluggish. Bandwidth also indicates the noise-filtering characteristics 
and the robustness of the system. The robustness represents a measure of the 
sensitivity of a system to parameter variations. A robust system is one that is 
insensitive to parameter variations. 


¢ BW gives an indication of the transient response properties of a 
control system. 

¢ BW gives an indication of the noise-filtering characteristics and 
robustness of the system. 


Cutoff Rate 

Often, bandwidth alone is inadequate to indicate the ability of a system in 
distinguishing signals from noise. Sometimes it may be necessary to look at 
the slope of |M(jq@)|, which is called the cutoff rate of the frequency response, 


at high frequencies. Apparently, two systems can have the same bandwidth, 
but the cutoff rates may be different. 

The performance criteria for the frequency-domain defined above are 
illustrated in Fig. 10-9. Other important criteria for the frequency domain will 
be defined in later sections of this chapter. 


10-2 Mp, Op , AND BANDWIDTH OF THE 
PROTOTYPE SECOND-ORDER SYSTEM 


10-2-1 Resonant Peak and Resonant Frequency 


For the prototype second-order system, the resonant peak Mr, the resonant 
frequency or, and the bandwidth BW are all uniquely related to the damping 
ratio ¢ and the natural undamped frequency wn of the system. 

Consider the closed-loop transfer function of the prototype second-order 
system 


¥ - 
M(s)= 20) =__@2 (10-31) 
R(s) s°+260,s+@; 
At sinusoidal steady state, s = ja, Eg. (10-31) becomes 
| Y(j@) @- 
a = 7 (jm) +26@, (jw)+ o- 
J J n\J n (10-32) 


] 
- 1+ j2(@/@, )€ —(@/@,) 


We can simplify Eq. (10-32) by letting u = w/w. Then, Eq. (10-32) 
becomes 


it 
M( ju) = ———————_ LO-33 
(ju) 1+ j2u€ —u° 


The magnitude and phase of M( ju) are 


l 
M(ju)| = —————————— 10-34 
| ( ju)| [((l—u’*)? +(2¢u)?]}” ( ) 


and 


ZM(ju)=,,(ju)=—tan™ ot (10-35) 


2 


respectively. The resonant frequency is determined by setting the 
derivative of |M(ju) | with respect to u to zero. Thus, 


d| M( ju 
qMtio| —[(l-u’)’ +(26u)’}° (4u° — 4u+ 8ul*)=0 (10-36) 
u 
from which we get 
4u° — 4u+ 8u* =4u(u* —1+2¢°)=0 (10-37) 


In normalized frequency, the roots of Eq. (10-37) are u 0 and 


1-27 (10-38) 


¢ For the prototype second-order system, M is a function of ¢ only. 


¢ For the prototype second-order system, M = 1 and w = 0 when ¢ = 
0.707. 


The solution of u = 0 merely indicates that the slope of the |M(ju)|-versus- 
~@ Curve is zero at w = 0; it is not a true maximum if ¢ is less than 0.707. 


Equation (10-38) gives the resonant frequency 
@,=@,.J1—2° (10-39) 
Because frequency is a real quantity, Eq. (10-39) is meaningful only for 2¢ 


<1, or ¢ <0.707. This means simply that, for all values of ¢ greater than 0.707, 
the resonant frequency is Q =0 and M = 1. 


Substituting Eq. (10-38) into Eq. (10-35) for u and simplifying, we get 
l 


———— __ ¢ <0.707 10-40 
2 fi-2 


It is important to note that, for the prototype second-order system, Mr is a 
function of the damping ratio ¢ only, and or is a function of both ¢ and on. 
Furthermore, although taking the derivative of |M(ju) | with respect to u is a 
valid method of determining Mr and or, for higher-order systems, this 
analytical method is quite tedious and is not recommended. Graphical 
methods to be discussed and computer methods are much more efficient for 
high-order systems. 


M, = 


BW/q@. decreases monotonically as the damping ratio ¢ decreases. 


Toolbox 10-2-1 
MATLAB code for Fig. 10-10. 


iL » 
mena = [0 0.4 06.2 0.4 0.6 O.¥O¥ 12 1.5 2.60) % 
for u=0:0.001:3 


Z—1; 

M(z,i)= abs (1/ (1+(j5*2*zeta(z) *u) -(u*2))) ; z=z+1; 
M(z,i)= abs (1/ (1+(j*2*zeta(z) *u) -(u*2))) ;z=z41; 
M(z,i)= abs (1/ (1+(j#*2*zeta(z) *u) -(u°2))) ;z=z4+1; 
M(z,i)= abs (1/ (1+(j*2*zeta(z) *u) -(u*2))) ;z=z+1; 
M(z,i)= abs (1/ (1+(j*2*zeta(z) *u)-(u°2))) ;z=z4+1; 
M(z,i)= abs (1/ (1+(j#*2*zeta(z) *u)-(u*2))) ; z=z4+1; 
M(z,i)= abs (1/ (1+(j5*2*zeta(z) *u) -(u%*2))) ;z=z+1; 
M(z,i)= abs (1/ (1+(j*2*zeta(z) *u) -(u%2))) ;z=z4+1; 
M(z,i)= abs (1/ (1+(j*2*zeta(z) *u) -(u*2))) ;z=z+1; 
1=1+1 ; 

end 

u=0:0.001:3; 

for 1 = 1:length(zeta) 

plot (u,M(1i,%:)); 

hold on; 

end 

xlabel(*‘\mu = \omega/\omega_n’) ; 
ylabel(*|M(j\omega) | ‘); 

axis([0 3 0 6]); 

grid 


Figure 10-10 illustrates the plots of |M(ju) | of Eq. (10-34) versus u for 
various values of ¢. Notice that, if the frequency scale were unnormalized, the 
value of @ = uq@ would increase when ¢ decreases, as indicated by Eq. (10- 
39). When ¢ = 0, ® wo. Figures 10-11 and 10-12 illustrate the relationship 


between Mr and ¢, and u(=o/@_) and ¢, respectively. 
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Figure 10-10 Magnification versus normalized frequency of the 
prototype second-order control system. 
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Figure 10-11 M versus damping ratio for the prototype second-order 


system. 
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Figure 10-12 Normalized resonant frequency versus damping ratio for 
the prototype second-order system. 4 =¥!- 20° 


10-2-2 Bandwidth 
In accordance with the definition of bandwidth, we set the value of |M(ju) | 
to 1/ V2 =0.707. 


|= ! —s 
|M(ju)| = (i —n?+(20ny |" a Jo (10 41) 
Thus, 
(1—u?)* +(2¢u)"]'? = V2 (10-42) 


¢ BW is directly proportional to w. 
¢ When a system is unstable, M no longer has any meaning. 
¢ Bandwidth and rise time are inversely proportional to each other. 


which leads to 


we ={1 06") + J40* - 42" 4.2 (10-43) 


The plus sign should be chosen in the last equation, since u must be a 
positive real quantity for any ¢. Therefore, the bandwidth of the prototype 
second-order system is determined from Eq. (10-43) as 


BW=o,| (1-267) + f40*— 407 +2 | (10-44) 


Figure 10-13 shows a plot of BW/an as a function of ¢. Notice that, as ¢ 
increases, BW/qwn decreases monotonically. Even more important, Eq. (10- 
44) shows that BW is directly proportional to wn. 
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Figure 10-13 Bandwidth/@ versus damping ratio for the prototype 
second-order system. 
We have established some simple relationships between the time-domain 


response and the frequency-domain characteristics of the prototype second- 
order system. The summary of these relationships is as follows. 


1. The resonant peak Mr of the closed-loop frequency response 


depends on ¢ only [Eq. (10-40)]. When ¢ is zero, Mr is infinite. When ¢ 
is negative, the system is unstable, and the value of Mr ceases to have 


any meaning. As ¢ increases, Mr decreases. 

2. For ¢20.707, M = 1 (see Fig. 10-11), and w = 0 (see Fig. 10-12). In 
comparison with the unit-step time response, the maximum overshoot in 
Eq. (7-40) also depends only on ¢. However, the maximum overshoot is 


zero when ¢€ > 1. 


3. Bandwidth is directly proportional to @n [Eq. (10-44)]; that is, BW 
increases and decreases linearly with @n. BW also decreases with an 
increase in ¢ for a fixed wn (see Fig. 10-13). For the unit-step response, 
rise time increases as wn decreases, as demonstrated in Eq. (7-46) and 
Fig. 7-15. Therefore, BW and rise time are inversely proportional to 
each other. 


4. Bandwidth and Mr are proportional to each other for 0 ¢ < 0.707. 


The correlations among pole locations, unit-step response, and the 
magnitude of the frequency response for the prototype second-order system 
are Summarized in Fig. 10-14. 
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As @, gets larger, BW gets larger. 


Bandwidth and rise time are inversely proportional. 


As ©, gets larger, t, gets smaller and the system 





Therefore, the larger the bandwidth is, the faster the system will respond. 


Increasing ©, increases BW and decreases f,. 


Increasing ¢ decreases BW and increases f,. 





Figure 10-14 Correlation among pole locations, unit-step response, and 
the magnitude of frequency response of the prototype second-order system. 


10-3 EFFECTS OF ADDING POLES AND 
ZEROS TO THE FORWARD-PATH TRANSFER 
FUNCTION 


The relationships between the time-domain and the frequency-domain 
responses atrived at in the preceding section apply only to the prototype 
second-order system described by Eq. (10-31). When other second-order or 
higher-order systems are involved, the relationships are different and may be 
more complex. It is of interest to consider the effects on the frequency- 
domain response when poles and zeros are added to the prototype second- 
order transfer function. It is simpler to study the effects of adding poles and 
zeros to the closed-loop transfer function; however, it is more realistic from a 
design standpoint to modify the forward-path transfer function. 

The objective of the next two sections is to demonstrate the simple 
relationships between BW, Mr, and the time-domain response of the 
prototype second-order forward-path transfer function. Typical effects on 
BW of adding a pole and a zero to the forward-path transfer function are 
investigated. 


10-3-1 Effects of Adding a Zero to the Forward-Path 
Transfer Function 
The closed-loop transfer function of Eq. (10-31) may be considered as that 


of a unity-feedback control system with the prototype second-order forward- 
path transfer function 


G(s) _ O, (10-45) 


 s(st+ 2¢a, ) 
Let us add a zero at s = —1/T to the transfer function so that Eq. (10-45) 


becomes 


The general effect of adding a zero to the forward-path transfer 
function is to increase the BW of the closed-loop system. 


— @,(1+Ts) 


G(s)= 10-46 
‘s) s(s+2CQ, ) \ 
The closed-loop transfer function is 
wo. (1+T 
M(s) = “TL! (10-47) 


s’° +(26@, + Tw*)s+@? 


In principle, Mr, wr, and BW of the system can all be derived using the 
Same steps used in the previous section. However, because there are now 
three parameters in ¢, wn, and T, the exact expression for Mr, wr, and BW are 
difficult to obtain analytically even though the system is still second order. 
After a length derivation, the bandwidth of the system is found to be 


1/2 
BW = (b+ +4@° (10-48) 


where 
b=40°w" + 4¢@-T -2@° -—w7T° (10-49) 


While it is difficult to see how each of the parameters in Eq. (10-48) 
affects the bandwidth, Fig. 10-15 shows the relationship between BW and T 
for ¢ = 0.707 and@ = 1. 


bho 


Figure 10-15 Bandwidth of a second-order system with open-loop 
transfer function G(s) = (1 + Ts)/[s(s + 1.414)]. 


Notice that the general effect of adding a zero to the forward-path 
transfer function is to increase the bandwidth of the closed-loop system. 
However, as shown in Fig. 10-15, over a range of small values of T, the 

bandwidth is actually decreased. Figure 10-16a and b gives the plots of 
[M(jq@) | of the closed-loop system that has the G(s) of Eq. (10-46) as its 
forward-path transfer function: w = 1; ¢ = 0.707 and 0.2, respectively; and T 
takes on various values. These curves verify that the bandwidth generally 
increases with the increase of T by the addition of a zero to G(s), except for a 
range of small values of T, for which BW is actually decreased. 
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Figure 10-16 Magnification curves for the second-order system with the 
forward-path transfer function G(s) in Eq. (10-46). (a) @n = 1, ¢ = 0.707 (b) 
on = 1, C= 0.2. 


Toolbox 10-3-1 
MATLAB code for Fig. 10-16a. 


clear all 

id TS 1.414 1 6.31. 6] «weta=O. 707; 
for w=0:0.01:4 

t=1; s=)*w; 


M(t,i) = abs((1+(T(t)*s))/(s*°2+(2*zeta+T(t) )*s+1)) ;t=t+1; 
M(t,i) = abs((1+(T(t) *s))/(s*2+(2*zeta+T(t) )*s+1)) ;t=t41; 
M(t,i) abs ( (1+ (T(t) *s) )/(s*2+(2*zetat+T(t))*s+1)) ;t=t+1; 
M(t,i) = abs((1+(T(t)*s))/(s*2+(2*zeta+T(t))*s+1)) ;t=t41; 
M(t,i) = abs((1+(T(t)*s))/(s°2+(2*zeta+T(t) )*s+1)) ;t=t41; 
i1=1+1; 

end 


w=0:0.01:4; 

for i: = Li Length (T) 

plot (w,M(i,:)),; 

hold on; 

end 

xlabel(‘\omega (rad/sec)’) ;ylabel(*|M(j\omega) |’) ; 
axis ([0: 4 0: 1.2]): 
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MATLAB code for Fig. 10-16b. 


clear all 


EL 2 

T=(0 0.2 5 2 & 0:5] 3 

zeta=0.2; 

for w=0:0.001:4 

t=1; 

S=] *w; 

M(t,i) = abs((1+(T(t)*s) )/(s*2+(2*zeta+T(t))*s4+1)) ;t=t+ 
M(t,i) = abs((1+(T(t)#*s))/(s*2+(2*zeta+T(t) )*s+1)) ;t=t+ 
M(t,i) = abs((1+(T(t)*s))/(s*2+(2*zeta+T(t))*s+1)) ;t=t+ 
M(t,i) = abs((1+(T(t)*s))/(s*2+(2*zeta+T(t))*s+1)) ;t=t+ 
M(t,i) = abs((1+(T(t)*s) )/(s*2+(2*zeta+T(t) )*s+1)) ;t=t+ 
M(t,i) = abs((1+(T(t) *s) )/(s*2+(2*zetatT(t) )*s+1)) ;t=t+1; 
1=1+1 ; 

end 

w=0:0.001:4; TMP COLOR = 1; 

for i. = 1: length (T) 

plot(w,M(i,:)); 

hold on; 

end 

xlabel(‘\omega (rad/sec) ’) ; 

ylabel (*|M(j\omega) |’) ; 


axise([0' 4 0: 2.8]): 
grid 


Figures 10-17 and 10-18 show the corresponding unit-step responses of the 
closed-loop system. These curves show that a high bandwidth corresponds to 
a faster rise time. However, as T become very large, the zero of the closed- 
loop transfer function, which is at s = —1/T, moves very close to the origin, 
causing the system to have a large time constant. Thus, Fig. 10-17 illustrates 
the situation that the rise time is fast, but the large time constant of the zero 
near the origin of the s-plane causes the time response to drag out in reaching 
the final steady state (i.e., the settling time will be longer). 
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Figure 10-17 Uhnit-step responses of a second-order system with a 
forward-path transfer function G(s). 
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Figure 10-18 Uhnit-step responses of a second-order system with a 
forward-path transfer function G(s). 


Toolbox 10-3-2 


MATLAB code for Fig. 10-17—use clear all, close all, and clc if 
necessary. 


GLt 

T [5 1.414 6.1 0.01 6] » 
t=0:0.01:2'9% 

for i=1:length(T) 

nine (Tek Tie 

den = [1 1.414+T(i) 1]; 
step (num,den,t) ; 

hold on; 

end 

xlabel (‘Time’) ; 

ylabel (‘y(t)’); 

grid 


Toolbox 10-3-3 


MATLAB code for Fig. 10-18—use clear all, close all, and clc if 
necessary. 


ELF 

T=[1. 5 D.2] » 
t=0:0.01:9; 

for 1=1:length(T) 
num=[T(i) 1]; 

den = [1 0.4+T(i) 1]; 
step (num,den,t) ; 
hold on; 

end 

xlabel(‘Time (seconds) ’); 
Vlabel (*y(t)"), 

grid 


10-3-2 Effects of Adding a Pole to the Forward-Path 
Transfer Function 


Adding a pole at s = —1/T to the forward-path transfer function of Eq. (10- 
45) leads to 


Gis)= Oy (10-50) 
s(s+2¢@, )(1+Ts) 


Adding a pole to the forward-path transfer function makes the closed- 
loop system less stable, and decreases the bandwidth. 


The derivation of the bandwidth of the closed-loop system with G(s) given 
in Eq. (10-50) is quite tedious. We can obtain a qualitative indication on the 
bandwidth properties by referring to Fig. 10-19, which shows the plots of 
IMUjo)| @ for @ = 1,¢ = 0.707, and versus values of T. Because the system is 
now of the third order, it can be unstable for a certain set of system 
parameters. It can be shown that, for @ = 1 and G, the system is stable for all 
positive values of T. The |M(jw)|-versus-@ curves of Fig. 10-19 show that, for 
small values of T, the bandwidth of the system is slightly increased by the 
addition of the pole, but Mr is also increased. When T becomes large, the 
pole added to G(s) has the effect of decreasing the bandwidth but increasing 
Mr. Thus, we can conclude that, in general, the effect of adding a pole to 
the forward-path transfer function is to make the closed-loop system less 
stable while decreasing the bandwidth. 
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Figure 10-19 Magnification curves for a third-order system with a 
forward-path transfer function G(s). 


The unit-step responses of Fig. 10-20 show that, for larger values of T, T = 
1 and T = 5, the following relations are observed: 
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Figure 10-20 Uhnit-step responses of a third-order system with a forward- 
path transfer function G(s). 


1. The rise time increases with the decrease of the bandwidth. 


2. The larger values of Mr also correspond to a larger maximum 
overshoot in the unit-step responses. 


The correlation between Mr and the maximum overshoot of the step 
response is meaningful only when the system is stable. When G(jq@) = 
-1|M(o)| is infinite, and the closed-loop system is marginally stable. On the 
other hand, when the system is unstable, the value of |M(jq@) | is analytically 
finite, but it no longer has any significance. 


Toolbox 10-4-1 


MATLAB code for Fig. 10-12—use clear all, close all, and clc if 
necessary. 


elt 

T[0 0.5 1 ST; 

t=0:0.1:18 

for 1=1: length (T) 

num= [1] ; 

den=conv([1 1.1414 0], [T(1) 1]); 
G=tf(num,den) ; 
Cloop=feedback(G,1); 
y=step(Cloop,t); step response for basic system 
DLOC (t,o » 

hold on 

end 

xlabel (‘Time (rad/s) ’) ; 

Vlabel (yt) *), 

title(‘Step Response’ ) ; 


When M =, the closed-loop system is marginally stable. When the 
system is unstable, M no longer has any meaning. 


10-4 NYQUIST STABILITY CRITERION: 
FUNDAMENTALS 


¢ The Nyquist plot of L( j@) is done in polar coordinates as w varies 
from 0 to %, 


¢ The Nyquist criterion also gives indication on relative stability 


Thus far we have presented two methods of determining the stability of 
linear SISO systems: the Routh-Hurwitz criterion and the root-locus method 
of determining stability by locating the roots of the characteristic equation in 
the s-plane. Of course, if the coefficients of the characteristic equation are all 
known, we can solve for the roots of the equation by use of MATLAB. 


The Nyquist criterion is a semigraphical method that determines the 
stability of a closed-loop system by investigating the properties of the 
frequency-domain plot, the Nyquist plot, of the loop transfer function 
G(s)H(s), or L(s). Specifically, the Nyquist plot of L(s) is a plot of L( ja@) in 
the polar coordinates of Im[L( j@)] versus Re[L( j@)] as @ varies from 0 to ©. 
This is another example of using the properties of the loop transfer function 
to find the performance of the closed-loop system. The Nyquist criterion has 
the following features that make it an alternative method that is attractive for 
the analysis and design of control systems. 


1. In addition to providing the absolute stability, like the Routh- 
Hurwitz criterion, the Nyquist criterion also gives information on the 
relative stability of a stable system and the degree of instability of an 
unstable system. It also gives an indication of how the system stability 
may be improved, if needed. 

2. The Nyquist plot of G(s)H(s) or of L(s) is very easy to obtain, 
especially with the aid of a computer. 

3. The Nyquist plot of G(s)H(s) gives information on the frequency- 
domain characteristics such as Mr, wr, BW, and others with ease. 

4. The Nyquist plot is useful for systems with pure time delay that 
cannot be treated with the Routh-Hurwitz criterion and are difficult to 
analyze with the root-locus method. 


This subject is also treated in App. G for the general case where the loop 
transfer function is of nonminimum-phase type. 


10-4-1 Stability Problem 


The Nyquist criterion represents a method of determining the location of 
the characteristic equation roots with respect to the left half and the right half 
of the s-plane. Unlike the root-locus method, the Nyquist criterion does not 
give the exact location of the characteristic equation roots. 


Let us consider that the closed-loop transfer function of a SISO system is 


G(s) 


M(s) =——————— 
1+ G(s)H(s) 


(10-51) 


where G(s)H(s) can assume the following form 


(sys) KORN TS) A+ Ty) 1p 


(10=52) 
s’(1+T s)1+T,s):--d+Ts) 


where the T’s are real or complex-conjugate coefficients, and Td is a real 
time delay.1 


K(1+Ts)(1+Ts)::-d1+T_s) 
s(1+T.s)(1+7,8)-(1+ Es) 

Because the characteristic equation is obtained by setting the denominator 
polynomial of M(s) to zero, the roots of the characteristic equation are also 
the zeros of 1 + G()H(s). Or, the characteristic equation roots must satisfy 


G(s)H(s)= 


A(s)=1+ G(s)H(s)=0 (10-53) 


In general, for a system with multiple number of loops, the denominator of 
M(s) can be written as 


A(s)=1+L(s)=0 (10-54) 


where L(s) is the loop transfer function and is of the form of Eq. (10-52). 

Before embarking on the details of the Nyquist criterion, it is useful to 
Summarize the pole-zero relationships of the various system transfer 
functions. 


Identification of Poles and Zeros 


° Loop transfer function zeros: zeros of L(s). 
° Loop transfer function poles: poles of L(s). 


° Closed-loop transfer function poles: zeros of 1 + L(s) = roots of the 
characteristic equation poles of 1 + L(s) = poles of L(s). 


Stability Conditions 
We define two types of stability with respect to the system configuration. 


° Open-loop stability. A system is said to be open-loop stable if the 
poles of the loop transfer function L(s) are all in the left-half s-plane. For 
a single-loop system, this is equivalent to the system being stable when 
the loop is opened at any point. 


° Closed-loop stability. A system is said to be closed-loop stable, or 
simply stable, if the poles of the closed-loop transfer function or the 
zeros of 1 + L(s) are all in the left-half s-plane. Exceptions to the above 
definitions are systems with poles or zeros intentionally placed at s = 0. 


10-4-2 Definitions of Encircled and Enclosed 


Because the Nyquist criterion is a graphical method, we need to establish 
the concepts of encircled and enclosed, which are used for the interpretation 
of the Nyquist plots for stability. 


Encircled 

A point or region in a complex function plane is said to be encircled by a 
closed path if it is found inside the path. 

For example, point A in Fig. 10-21 is encircled by the closed path I 
because A is inside the closed path. Point B is not encircled by the closed path 
I’ because it is outside the path. Furthermore, when the closed path I’ has a 
direction assigned to it, the encirclement, if made, can be in the clockwise 
(CW) or the counterclockwise (CCW) direction. As shown in Fig. 10-21, 
point A is encircled by [' in the CCW direction. We can say that the region 
inside the path is encircled in the prescribed direction, and the region outside 
the path is not encircled. 


®B 


Figure 10-21 Definition of encirclement. 


Enclosed 

A point or region is said to be enclosed by a closed path if it is encircled in 
the CCW direction or the point or region lies to the left of the path when the 
path is traversed in the prescribed direction. 

The concept of enclosure is particularly useful if only a portion of the 
closed path is shown. For example, the shaded regions in Fig. 10-22a and b 
are considered to be enclosed by the closed path I’. In other words, point A in 
Fig. 10-22a is enclosed by I’, but point A in Fig. 10-22b is not. However, 
point B and all the points in the shaded region outside I’ in Fig. 10-22b are 
enclosed. 





(a) (b) 


Figure 10-22 Definition of enclosed points and regions. (a) Point A is 
enclosed by G. (b) Point A is not enclosed, but B is enclosed by the locus G. 


10-4-3. Number of Encirclements and Enclosures 


When a point is encircled by a closed path I’, a number N can be assigned 
to the number of times it is encircled. The magnitude of N can be determined 
by drawing an arrow from the point to any arbitrary point son the closed 
path T° and then letting s_ follow the path in the prescribed direction until it 
returns to the starting point. The total net number of revolutions traversed by 
this arrow is N, or the net angle is 27tN radians. For example, point A in Fig. 
10-234 is encircled once or 27 radians by I’, and point B is encircled twice or 
An radians, all in the CW direction. In Fig. 10-23b, point A is enclosed once, 


and point B is enclosed twice by I. By definition, N is positive for CCW 
encirclement and negative for CW encirclement. 





Figure 10-23 Definition of the number of encirclements and enclosures. 


10-4-4 Principles of the Argument 


The Nyquist criterion was originated as an engineering application of the 
well-known “principle of the argument” concept in complex-variable theory. 
The principle is stated in the following in a heuristic manner. 

Let A(s) be a single-valued function of the form of the right-hand side of 
Eg. (10-52), which has a finite number of poles in the s-plane. Single valued 
means that, for each point in the s-plane, there is one and only one 
corresponding point, including infinity, in the complex A(s)-plane. As 
defined in Chap. 9, infinity in the complex plane is interpreted as a point. 


Do not attempt to relate A(s) with L(s). They are not the same. 


Suppose that a continuous closed path [’ is arbitrarily chosen in the s- 
plane, as shown in Fig. 10-24a. If [. does not go through any poles of A(s), 
then the trajectory [A mapped by A(s) into the A(s)-plane is also a closed 
one, as shown in Fig. 10-24b. Starting from a point s , the I’. locus is traversed 
in the arbitrarily chosen direction (CW in the illustrated case), through the 


points s, and s,, and then returning to s, after going through all the points on 
the I’ locus, as shown in Fig. 10-24a, the corresponding I’, locus will start 
from the point A(s_) and go through points A(s,) and A(s,), corresponding tos, 
s,, and s., respectively, and finally return to the starting point, A(s ). The 
direction of traverse of I’. can be either CW or CCW, that is, in the same 
direction or the opposite direction as that of I., depending on the function 
A(s). In Fig. 10-24b, the direction of I’, is arbitrarily assigned, for illustration 
purposes, to be CCW. 
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Figure 10-24 (a) Arbitrarily chosen closed path in the s-plane. (b) 
Corresponding locus I’ in the A(s)-plane. 


Although the mapping from the s-plane to the A(s)-plane is single-valued, 
the reverse process is not a single-valued mapping. For example, consider the 
function 


K 


A(s) = -——— 
s(s+1)(s+2) 


(10-55) 


which has poles s = 0, —1, and —2 in the s-plane. For each point in the s- 
plane, there is only one corresponding point in the A(s)-plane. However, for 
each point in the A(s)-plane, the function maps into three corresponding 


points in the s-plane. The simplest way to illustrate this is to write Eq. (10- 
55) as 
K 


alah ti (10-56) 


If A(s) is a real constant, which represents a point on the real axis in the 
A(s)-plane, the third-order equation in Eq. (10-56) gives three roots in the s- 
plane. The reader should recognize the parallel of this situation to the root- 
locus diagram that essentially represents the mapping of A(s) = —1 + jO onto 
the loci of roots of the characteristic equation in the s-plane, for a given value 
of K. Thus, the root loci of Eq. (10-55) have three individual branches in the 
s-plane. 

The principle of the argument can be stated: 

Let A(s) be a single-valued function that has a finite number of poles in 
the s-plane. Suppose that an arbitrary closed path I 1s chosen in the s- 
plane so that the path does not go through any one of the poles or zeros 
of I'(s); the corresponding I'p locus mapped in the A(s)-plane will encircle 
the origin as many times as the difference between the number of zeros 
and poles of A(s) that are encircled by the s-plane locus I’. 


In equation form, the principle of the argument is stated as 
N=Z-P (10-57) 


where N = number of encirclements of the origin made by the A(s)-plane locus I’, 
Z = number of zeros of A(s) encircled by the s-plane locus I" in the s-plane 
P=number of poles of A(s) encircled by the s-plane locus r in the s-plane 
In general, N can be positive (Z > P), zero (Z = P), or negative (Z < P). 
These three situations are described in more detail as follows: 


1. N>0O(Z>P). If the s-plane locus encircles more zeros than poles of 
A(s) in a certain prescribed direction (CW or CCW), N is a positive 
integer. In this case, the A(s)-plane locus I’, will encircle the origin of 
the A(s)-plane N times in the same direction as that of T’. 

2. N=0(Z= P). If the s-plane locus encircles as many poles as zeros, 
or no poles and zeros, of A(s), the A(s)-plane locus I’, will not encircle 
the origin of the A(s)-plane. 


3. N<(Z <P). If the s-plane locus encircles more poles than zeros of 
A(s) in a certain direction, N is a negative integer. In this case, the A(s)- 
plane locus I’, will encircle the origin N times in the opposite direction 
as that of [’. 


A convenient way of determining N with respect to the origin (or any 
point) of the A(s)-plane is to draw a line from the point in any direction to a 
point as far as necessary; the number of net intersections of this line with the 
A(s) locus gives the magnitude of N. Figure 10-25 gives several examples of 
this method of determining N. In these illustrated cases, it is assumed that the 
I’ locus has a CCW sense. 





Figure 10-25 Examples of the determination of N in the A(s)-plane. 


Critical Point 


For convenience, we shall designate the origin of the A(s)-plane as the 
critical point from which the value of N is determined. Later, we shall 
designate other points in the complex-function plane as critical points, 
dependent on the way the Nyquist criterion is applied. 

A rigorous proof of the principle of the argument is not given here. The 
following illustrative example may be considered a heuristic explanation of 
the principle. 


Let us consider the function A(s) is of the form 


A(s)= K(s+z,) 


= (10-58) 
(s+ p,)(s+ Py) 


where K is a positive real number. The poles and zeros of A(s) are assumed 
to be as shown in Fig. 10-19a. The function A(s) can be written as 
A(s) =|A(s)| ZA(s) 
K | s+ z,| 


= —_ —— [Z(s+z,)—Z(st+ p,)— Z(s+ p,)] (10-59) 
Is+ p,||s+ p, 


Figure 10-26 a shows an arbitrarily chosen trajectory I’ in the s-plane, with 
the arbitrary point s on the path, and T° does not pass through any of the 
poles and the zeros of A(s). The function A(s) evaluated at s = s_ is 


jo s-plane 
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Figure 10-26 (a) Pole-zero configuration of A(s) in Eg. (10-59) and the s- 
plane trajectory I’. (b) A(s)-plane locus I’,, which corresponds to the I’ locus 


of (a) through the mapping of Eq. (10-59). 


Z and P refer to only the zeros and poles, respectively, of A(s) that are 
encircled by T°. 


The term (s, + z,) can be represented graphically by the vector drawn from 
-z, to s.. Similar vectors can be drawn for (s, + P.) and (s + P,). Thus, A(s ) is 
represented by the vectors drawn from the finite poles and zeros of A(s) to the 
point s, as shown in Fig. 10-26a. Now, if the point s, is moved along the 
locus I’ in the prescribed CCW direction until it returns to the starting point, 
the angles generated by the vectors drawn from the two poles that are not 
encircled by I. when s_ completes one roundtrip are zero, whereas the vector 
(s +z) drawn from the zero at —z, which is encircled by I, generates a 
positive angle (CCW) of 27 radians, which means that the corresponding A(s) 
plot must go around the origin 27 radians, or one revolution, in the CCW 
direction, as shown in Fig. 10-26b. This is why only the poles and zeros of 
A(s) that are inside the I’ trajectory in the s-plane will contribute to the value 
of N of Eq. (10-57). Because the poles of A(s) contribute to a negative phase, 
and zeros contribute to a positive phase, the value of N depends only on the 
difference between Z and P. For the case illustrated in Fig. 10-26a, Z = 1 and 
P=0. 

Thus, 


N=Z-P=1] (10-61) 


which means that the A(s)-plane locus I’, should encircle the origin once in 
the same direction as that of the s-plane locus [" . It should be kept in mind 
that Z and P refer only to the zeros and poles, respectively, of A(s) that are 
encircled by I’ and not the total number of zeros and poles of A(s). 


In general, the net angle traversed by the A(s)-plane locus, as the s-plane 
locus is traversed once in any direction, is equal to 


27(Z—P)=27N radians (10-62) 


This equation implies that if there are N more zeros than poles of A(s), 


which are encircled by the s-plane locus I’, in a prescribed direction, the 
A(s)-plane locus will encircle the origin N times in the same direction as that 
of I’. Conversely, if N more poles than zeros are encircled by [° in a given 
direction, N in Eq. (10-62) will be negative, and the A(s)-plane locus must 
encircle the origin N times in the opposite direction to that of T’. 

A summary of all the possible outcomes of the principle of the argument is 
given in Table 10-2. 


TABLE 10-2 Summary of All Possible Outcomes of the Principle of 
the Argument 


A(s)-Plane Locus 


DirectionofN=Z-P Sense of the s-Plane Number of Encirclements Direction of 
Encirclement Locus of the Origin Encirclement 
N>0 CW N CW 
CCW N CCW 
N<0 CW N CCW 
CCW N CW 
N=0 CW 0) No encirclement 
CCW 0 No encirclement 


10-4-5 Nyquist Path 


Years ago when Nyquist was faced with solving the stability problem, 
which involves determining if the function A(s) = 1 + (s) has zeros in the 
right-half s-plane, he apparently discovered that the principle of the argument 
could be applied to solve the stability problem if the s-plane locus I" is taken 
to be one that encircles the entire right half of the s-plane. Of course, as an 
alternative, G. can be chosen to encircle the entire left-half s-plane, as the 
solution is a relative one. Figure 10-27 illustrates a G_ locus with a CCW 
sense that encircles the entire right half of the s-plane. This path is chosen to 
be the s-plane trajectory G. for the Nyquist criterion, since in mathematics, 
CCW is traditionally defined to be the positive sense. The path G. shown in 
Fig. 10-27 is defined to be the Nyquist path. Because the Nyquist path must 


not pass through any poles and zeros of A(s), the small semicircles shown 
along the j@-axis in Fig. 10-27 are used to indicate that the path should go 
around these poles and zeros if they fall on the jw-axis. It is apparent that, if 
any pole or zero of A(s) lies inside the right-half s-plane, it will be encircled 
by the Nyquist path G.. 
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Figure 10-27 Nyquist path. 


10-4-6 Nyquist Criterion and the L(s) or the G(s)H(s) Plot 


The Nyquist path is defined to encircle the entire right-half s-plane. 


The Nyquist criterion is a direct application of the principle of the 
argument when the s-plane locus is the Nyquist path of Fig. 10-27. In 
principle, once the Nyquist path is specified, the stability of a closed-loop 
system can be determined by plotting the A(s) = 1 + L(s) locus when s takes 
on values along the Nyquist path and investigating the behavior of the A(s) 


plot with respect to the critical point, which in this case is the origin of the 
A(s)-plane. 

Because the function L(s) is generally known, it would be simpler to 
construct the L(s) plot that corresponds to the Nyquist path, and the 
Same conclusion on the stability of the closed-loop system can be 
obtained by observing the behavior of the L(s) plot with respect to the 
(—1, j0) point in the L(s)-plane. 

This is because the origin of the A(s) = 1 + L(s) plane corresponds to the 
(—1,j0) point in the L(s)-plane. Thus the (—1, j0) point in the L(s)-plane 
becomes the critical point for the determination of closed-loop stability. 

For single-loop systems, L(s) = G(s)H(s), the previous development leads 
to the determination of the closed-loop stability by investigating the behavior 
of the G(s)H(s) plot with respect to the (—1, j0) point of the G(s)H(s)-plane. 
Thus, the Nyquist stability criterion is another example of using the loop 
transfer function properties to find the behavior of closed-loop systems. 

Thus, given a control system that has the characteristic equation given by 
equating the numerator polynomial of 1 + L(s) to zero, where L(s) is the loop 
transfer function, the application of the Nyquist criterion to the stability 
problem involves the following steps. 


1. The Nyquist path G. is defined in the s-plane, as shown in Fig. 10- 


27. 
2. The L(s) plot corresponding to the Nyquist path is constructed in the 
L(s)-plane. 


3. The value of N, the number of encirclement of the (—1, j0) point 
made by the L(s) plot, is observed. 


4. The Nyquist criterion follows from Eg. (10-57), 
N=Z-P (10-63) 


where N = number of encirclements of the (—1, j0) point made by the L(s) plot 
Z= number of zeros of 1+ L(s) that are inside the Nyquist path, that is, the right-half 
s-plane 
P=number of poles of 1+ L(s) that are inside the Nyquist path, that is, the right-half 
s-plane. Notice that the poles of 1+ L(s) are the same as that of L(s) 
The stability requirements for the two types of stability defined earlier are 


interpreted in terms of Z and P. 

For closed-loop stability, Z must equal zero. For open-loop stability, P 
must equal zero. 

Thus, the condition of stability according to the Nyquist criterion is stated 
as 


N=-P (10-64) 


That is, for a closed-loop system to be stable, the L(s) plot must encircle 
the (—1, j 0) point as many times as the number of poles of L (s) that are 
in the right-half s-plane, and the encirclement, if any, must be made in 
the clockwise direction (if [" is defined in the CCW sense). 


10-5 NYQUIST CRITERION FOR SYSTEMS 
WITH MINIMUM-PHASE TRANSFER 
FUNCTIONS 


We shall first apply the Nyquist criterion to systems with L(s) that are 
minimum-phase transfer functions. The properties of the minimum-phase 
transfer functions are described in App. G and are summarized as follows: 


1. A minimum-phase transfer function does not have poles or zeros in 
the right-half s-plane or on the j@-axis, excluding the origin. 


2. For aminimum-phase transfer function L(s) with m zeros and n 
poles, excluding the poles at s = 0, when s = j @ and as @ varies from © 
to O, the total phase variation of L( j@) is (n — m)n/2 rad. 

3. The value of a minimum-phase transfer function cannot become 
zero or infinity at any finite nonzero frequency. 

4. A nonminimum-phase transfer function will always have a more 
positive phase shift as @ varies from © to Q. Or, equally true, it will 
always have a more negative phase shift as w varies from 0 to ~. 


¢ A minimum-phase transfer function does not have poles or zeros in 
the right-half s-plane or on the j@-axis, except at s = 0. 


¢ For L(s) that is minimum-phase type, Nyquist criterion can be 
checked by plotting the segment of L( j@) from w = © to 0. 


Because a majority of the loop transfer functions encountered in the real 
world satisfy condition 1 and are of the minimum-phase type, it would be 
prudent to investigate the application of the Nyquist criterion to this class of 
systems. As if turns out, this is quite simple. 

Because a minimum-phase L(s) does not have any poles or zeros in the 
right-half s-plane or on the j@-axis (except at s = 0) P = 0, and the poles of 
A(s) = 1+ L(s) also have the same properties. Thus, the Nyquist criterion for a 
system with L(s) being a minimum-phase transfer function is simplified to 


N=0 (10-65) 


Thus, the Nyquist criterion can be stated: For a closed-loop system with 
loop transfer function L(s) that is of minimum-phase type, the system is 
closed-loop stable if the plot of L(s) that corresponds to the Nyquist path 
does not encircle the critical point (—1, j0) in the L(s)-plane. 

Furthermore, if the system is unstable, Z # 0; N in Eq. (10-65) would be a 
positive integer, which means that the critical point (— j0) is enclosed N times 
(corresponding to the direction of the Nyquist path defined here). Thus, the 
Nyquist criterion of stability for systems with minimum-phase loop transfer 
functions can be further simplified:For a closed-loop system with loop 
transfer function L(s)that is of minimum-phase type, the system Is 
closed-loop stable if the L(s)plot that corresponds to the Nyquist path 
does not enclose the (—1, j0) point. If the (—1, j0) point is enclosed by the 
Nyquist plot, the system is unstable. 

Because the region that is enclosed by a trajectory is defined as the region 
that lies to the left when the trajectory is traversed in the prescribed direction, 
the Nyquist criterion can be checked simply by plotting the segment of L( j@) 
from @ = © to 0, or, points on the positive jw-axis. This simplifies the 
procedure considerably, since the plot can be made easily on a computer. The 
only drawback to this method is that the Nyquist plot that corresponds to the 
ja@-axis tells only whether the critical point is enclosed or not and, if it is, not 
how many times. Thus, if the system is found to be unstable, the enclosure 
property does not give information on how many roots of the characteristic 


equation are in the right-half s-plane. However, in practice, this information 
is not vital. From this point on, we shall define the L( j@) plot that 
corresponds to the positive j@-axis of the s-plane as the Nyquist plot of L(s). 


10-5-1 Application of the Nyquist Criterion to Minimum- 
Phase Transfer Functions That Are Not Strictly Proper 


Just as in the case of the root locus, it is often necessary in design to create 
an equivalent loop transfer function Leq(s) so that a variable parameter K will 
appear as a multiplying factor in Leq(s), that is, L(s) = KL,(s). Because the 
equivalent loop transfer function does not correspond to any physical entity, 
it may not have more poles than zeros, and the transfer function is not strictly 
proper, as defined in App. G. In principle, there is no difficulty in 
constructing the Nyquist plot of a transfer function that is not strictly proper, 
and the Nyquist criterion can be applied for stability studies without any 
complications. However, some computer programs may not be prepared for 
handling improper transfer functions, and it may be necessary to reformulate 
the equation for compatibility with the computer program. To examine this 
case, consider that the characteristic equation of a system with a variable 
parameter K is conditioned to 





L+KL,, (s)=0 (10-66) 
If Leq(s) does not have more poles than zeros, we can rewrite Eq. (10-51) 
as 
It 
L-+ ='() (10-67) 
KL,, (s) 


by dividing both sides of the equation by KLeq(s). Now we can plot the 
Nyquist plot of 1/Leq(s), and the critical point is still (—1, jO0) for K > 0. The 
variable parameter on the Nyquist plot is now 1/K. Thus, with this minor 
adjustment, the Nyquist criterion can still be applied. 

The Nyquist criterion presented here is cumbersome when the loop transfer 
function is of the nonminimum-phase type, for example, when L(s) has poles 
or/and zeros in the right-half s-plane. A generalized Nyquist criterion that 
will take care of transfer functions of all types is presented in App. G. 


10-6 RELATION BETWEEN THE ROOT LOCI 
AND THE NYQUIST PLOT 


Because both the root locus analysis and the Nyquist criterion deal with the 
location of the roots of the characteristic equation of a linear SISO system, 
the two analyses are closely related. Exploring the relationship between the 
two methods will enhance the understanding of both methods. Given the 
characteristic equation 


1+ L(s)=1+ KG, (s)H,(s) =0 (10-68) 


the Nyquist plot of L(s) in the L(s)-plane is the mapping of the Nyquist 
path in the s-plane. Because the root loci of Eq. (10-53) must satisfy the 
conditions 


ZKG,(s)H,(s)=(2j+I)a K>0 (10-69) 
ZKG(s)H,(s)=2jn K<0 (10-70) 


for j = 0, +1,+2, ..., the root loci simply represent a mapping of the real axis 
of the L(s)-plane or the G(s)H(s)-plane onto the s-plane. In fact, for the RL K 
> 0, the mapping points are on the negative real axis of the L(s)-plane, and, 
for the RL K < 0, the mapping points are on the positive real axis of the L(s)- 
plane. It was pointed out earlier that the mapping from the s-plane to the 
function plane for a rational function is single valued, but the reverse process 
is multivalued. As a simple illustration, the Nyquist plot of a type-1 third- 
order transfer function G(s)H(s) that corresponds to points on the j@-axis of 
the s-plane is shown in Fig. 10-28. The root loci for the same system are 
shown in Fig. 10-29 as a mapping of the real axis of the G(s)H(s)-plane onto 
the s-plane. Note that, in this case, each point of the G(s)H(s)-plane 
corresponds to three points in the s-plane. The (—1,j0) point of the G(s)H(s)- 
plane corresponds to the two points where the root loci intersect the jw-axis 
and a point on the real axis. 
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Figure 10-28 Polar plot of G(s)H(s) = K/[s(s + a)(s + b)] interpreted as a 
mapping of the jw-axis of the s-plane onto the G(s)H(s)-plane. 
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Figure 10-29 Root-locus diagram of G(s)H(s) = K/[(s)(s+ a)(s + b)] 
interpreted as a mapping of the real axis of the G(s)H(s)-plane onto the s- 
plane. 


The Nyquist plot and the root loci each represents the mapping of only a 
very limited portion of one domain to the other. In general, it would be useful 
to consider the mapping of points other than those on the jw-axis of the s- 
plane and on the real axis of the G(s)H(s)-plane. For instance, we may use the 
mapping of the constant-damping-ratio lines in the s-plane onto the G(s)H(s)- 
plane for the purpose of determining relative stability of the closed-loop 
system. Figure 10-30 illustrates the G(s)H(s) plots that correspond to 
different constant-damping-ratio lines in the s-plane. As shown by curve (3) 
in Fig. 10-30, when the G(s)H(s) curve passes through the (—1, j0) point, it 
means that Eq. (10-67) is satisfied, and the corresponding trajectory in the s- 
plane passes through the root of the characteristic equation. Similarly, we can 
construct the root loci that correspond to the straight lines rotated at various 
angles from the real axis in the G(s)H(s)-plane, as shown in Fig. 10-31. 
Notice that these root loci now satisfy the condition of 


ZKG(s)H,(s)=(2j+)a-@ K2>0 (10-71) 
j lm GH jO 
G(s)H(s)-plane s-plane 
(3) 
(4) 
A root of the 
aie ~ characteristic equation 
KN 
-] 0} ReGH 0 O 


Figure 10-30 G(s)H(s) plots that correspond to constant-damping-ratio 


lines in the s-plane. 
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Figure 10-31 Root loci that correspond to different phase-angle loci in 
the G(s)H(s)-plane. 


Or the root loci of Fig. 10-24 must satisfy the equation 
1+ G(s)H(s)e” =0 (10-72) 


for the various values of @ indicated. 


10-7 ILLUSTRATIVE EXAMPLES: NYQUIST 
CRITERION FOR MINIMUM-PHASE 
TRANSFER FUNCTIONS 


The following examples serve to illustrate the application of the Nyquist 


criterion to systems with minimum-phase loop transfer functions. 


EXAMPLE 10-7-1 Consider that a single-loop feedback control system has 
the loop transfer function 


K 
Rad EL aa lh (10-73) 


which is of minimum-phase type. The stability of the 
closed-loop system can be conducted by investigating 
whether the Nyquist plot of LG@)/K for @ = © to 0 
encloses the (—1, j0) point. The Nyquist plot of L(jj@)/K 
may be plotted using freqtool. Figure 10-32 shows the 
Nyquist plot of Ljjw)/K for m = ~ to 0. However, 
because we are interested only in whether the critical 
point is enclosed, in general, it is not necessary to 
produce an accurate Nyquist plot. Because the area that is 
enclosed by the Nyquist plot is to the left of the curve, 
traversed in the direction that corresponds to @ = © to 0 
on the Nyquist path, all that is necessary to determine 
Stability is to find the point or points at which the Nyquist 
plot crosses the real axis in the Ljj@)/K-plane. In many 
cases, information on the intersection on the real axis and 
the properties of L(j@)/K at @ = © and w = 0 would allow 
the sketching of the Nyquist plot without actual plotting. 
We can use the following steps to obtain a sketch of the 
Nyquist plot of LG@)/K. 
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L(s)/K =———————- for @= & to w= 0. 
Figure 10-32 Nyquist plot of s(s+2)(s+10) 


1. Substitute s = j@ in L(s). Setting s = jw in Eg. (10-73), we get 


ee a . 
EO ar Si jareill iti 


2. Substituting @ = 0 in the last equation, we get the zero-frequency 
property of L( ja), 
L(j0)/K =Z—90 (10-75) 


3. Substituting @ = oo in Eg. (10-74), the property of the Nyquist plot at 
infinite frequency is established. 


L( joe)/K =0Z—270° (10-76) 


These results are verified by the plot shown in Fig. 10-32—also check 
App. G for more information on polar plots. 
4. To find the intersect(s) of the Nyquist plot with the real axis, if any, 


we rationalize L(j@)/K by multiplying the numerator and the 
denominator of the equation by the complex conjugate of the 
denominator. Thus, Eq. (10-74) becomes 


[-12@° — j@(20-@*)| 
[-12@* + j@(20—@* )|[-12@* — ja(20- a’ )] 
— [-12@— j(20-@*)] 
~ @[144@7 +(20-@7)] 


L( j@)/K = 
(10-77) 


5. To find the possible intersects on the real axis, we set the imaginary 
part of L(j@)/K to zero. The result is 


—(20-@’) 


Im|L(j0 R= am? +(20-@)| 


(10-78) 


Toolbox 10-7-1 


MATLAB code for Fig. 10-32. 
w=0.1:0.1:1000; 

num = [1]; 

den: = conv (conv ([i. 10], 11,21), [i 0]); 
[re,im,w] = nyquist(num,den,w) ; 

plot (re,im) ; 

grid 


The solutions of the last equation are @ = 0%, which is known to be a 
solution at Lj@)/K = 0, and 


@ =+,/20 rad/s (10-79) 


Because @ is positive, the correct answer is ®=~20 rad/s. Substituting this 
frequency into Eq. (10-77), we have the intersect on the real axis of the L( 
ja@))-plane at 


12 
L( j-/20)/K =-——=-0.004167 (10-80) 
2880 


The last five steps should lead to an adequate sketch of the Nyquist plot of 
L(j@)/K short of plotting it. Thus, we see that, if K is less than 240, the 
intersect of the L( ja) locus on the real axis would be to the right of the 
critical point (—1, j0); the latter is not enclosed, and the system is stable. If K 
= 240, the Nyquist plot of L( j@) would intersect the real axis at the —1 point, 
and the system would be marginally stable. In this case, the characteristic 


equation would have two roots on the ja-axis in the s-plane at $=+/J 20. If 
the gain is increased to a value beyond 240, the intersect would be to the left 
of the —1 point on the real axis, and the system would be unstable. When K is 
negative, we can use the (+1, j0) point in the L( jw)-plane as the critical point. 
Figure 10-32 shows that, under this condition, the +1 point on the real axis 
would be enclosed for all negative values of K, and the system would always 
be unstable. Thus, the Nyquist criterion leads to the conclusion that the 
system is stable in the range of 0 < K < 2400. Note that application of the 
Routh-Hurwitz stability criterion leads to this same result. 


Figure 10-33 shows the root loci of the characteristic equation of the 
system described by the loop transfer function in Eq. (10-73). The correlation 
between the Nyquist criterion and the root loci is easily observed. 
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Figure 10-33 RL of s(s+2)(s+10)_ 


Toolbox 10-7-2 


MATLAB code for Fig. 10-33. 


den=conv([1 2 0], [1 10]); 
mysys=tf(.0001,den) ; 
rlocus (mysys) ; 


EXAMPLE 10-7-2 Consider the characteristic equation 
Ks° +(2K +1)s*+(2K +5)s+1=0 (10-81) 


Dividing both sides of the last equation by the terms that do not contain K, 
we have 


Ks(s°+2s+2 
14+-Rt (8) 14 (10-82) 
S° +38-+1 
Thus, 
2 
tape oe tet (10-83) 


s°+5s+]1 


which is an improper function. We can obtain the information to manually 
sketch the Nyquist plot of L,(s) to determine the stability of the system. 


Setting s = jo in Eq. (10-83), we get 


L,,(j@) @[-2@+ j(2-@’)] 


(10-84) 
K (l-@*)+5jo@ 


From the last equation, we obtain the two end points of the Nyquist plot: 


L,,(j0)=0290 and L,,(joo)=-0Z90° (10-85) 


Rationalizing Eq. (10-84) by multiplying its numerator and denominator 
by the complex conjugate of the denominator, we get 


L,,(j@) _ w*[5(2—@*)—2(1—@* )]+ jo[10@* +(2—@*)(1-@* )] (10-86) 
K | (l—@’)°+25@7 


To find the possible intersects of the L,(j@) plot on the real axis, we set the 
imaginary part of Eq. (10-86) to zero. We get w = O and 


wo +7@7 +2=0 (10-87) 


Toolbox 10-7-3 


MATLAB code for Fig. 10-34. 
w=0.1:0.1:1000; 

num =[1 2 2 O]; 

den = [1 5 1]; 

[re,im,w] = nyquist (num, den,w) ; 
plot (re,im) ; 

axis([-2 1 -1 5]); 

grid 


Using the MATLAB command “roots([{1 0 7 0 2])” we can show that all 
four roots of Eq. (10-87) are imaginary ((+j2.589, +j0.546), which indicates 
that the L, (j@)/K locus intersects the real axis only at @ = 0. Using the 
information given by Eg. (10-70) and the fact that there are no other 
intersections on the real axis than at w = 0, the Nyquist plot of L,(j@)/K is 
sketched as shown in Fig. 10-34. Notice that this plot is sketched without any 
detailed data computed on L,(j@)/K and, in fact, could be grossly inaccurate. 
However, the sketch is adequate to determine the stability of the system. 
Because the Nyquist plot in Fig. 10-34 does not enclose the (—1, j0) point as 
@ varies from © to 0, the system is stable for all finite positive values of K. 
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Figure 10-35 shows the Nyquist plot of Eq. (10-81), based on the poles and 
zeros Of Leq(s)/K in Eq. (10-83). Notice that the RL stays in the left-half s- 
plane for all positive values of K, and the results confirm the Nyquist 
criterion results on system stability. 
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Figure 10-35 Nyquist plot of K/L, for K s+5st+1 forw=%tow 
= 0. 





y) - 

= _ ee, (10-88) 

L,,(j@) [-2@° + jo(2-a°)] 
for @ = © to 0. The plot again does not enclose the (-—1, j0) point, and the 
system is again stable for all positive values of K by interpreting the Nyquist 
plot of K/L_G@). 

Figure 10-36 shows the RL of Eq. (10-82) for K > 0, using the pole-zero 
configuration of L,(s) of Eq. (10-83). Because the RL stays in the left-half s- 
plane for all positive values of K, the system is stable for 0 < K < %, which 
agrees with the conclusion obtained with the Nyquist criterion. 
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10-8 EFFECTS OF ADDING POLES AND 
ZEROS TO L(S) ON THE SHAPE OF THE 


NYQUIST PLOT 


Because the performance of a control system is often affected by adding 
and moving poles and zeros of the loop transfer function, it is important to 


investigate how the Nyquist plot is affected when poles and zeros are added 
to L(s). 


Let us begin with a first-order transfer function 


_ «K 
1+ 25 





L(s) (10-89) 


where T’ is a positive real constant. The Nyquist plot of L( jm) for0 < w < 


oo is a semicircle, as shown in Fig. 10-37. The figure also shows the 
interpretation of the closed-loop stability with respect to the critical point for 
all values of K between -oo and ©o, 
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Figure 10-37 Nyquist plot of s(1+T,s)_ 


10-8-1 ADDITION OF POLES AT s = 0 
Consider that a pole at s = 0 is added to the transfer function of Eq. (10- 
74), then 
K 


Ls)= s(1+T,s) 


(10-90) 


Because adding a pole at s = 0 is equivalent to dividing L(s) by ja, the 
phase of L( j@) is reduced by 90° at both zero and infinite frequencies. In 
addition, the magnitude of L( ja) at @ = 0 becomes infinite. Figure 10-38 
illustrates the Nyquist plot of L( j@) in Eg. (10-90) and the closed-loop 
stability interpretations with respect to the critical points for —0 < K oo, In 


general, adding a pole of multiplicity p at s = 0 to the transfer function of Eg. 


(10-89) will give the following properties to the Nyquist plot of L( ja): 
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lim ZL(j@) =—(p +1)90° (10-91) 
lim ZL(j@) =—p x 90° (10-92) 
@—0 
lim|L(ja)|=0 (10-93) 


Moo 


Limn| L( j@)| = (10-94) 


The following example illustrates the effects of adding multiple-order 
poles to L(s). 


EXAMPLE 10-8-1 Figure 10-39 shows the Nyquist plot of 
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L(s) (10-95) 


7 K 
s*(1+T,s) 


and the critical points, with stability interpretations. Figure 10-40 
illustrates the same for 
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Figure 10-40 Nyquist plot of s(1+Ts)_ 


L(s) (10-96) 


s°(1+Ts) 


The conclusion from these illustrations is that the addition of poles at s = 0 
to a loop transfer function will affect the stability of the closed-loop system 
adversely. A system that has a loop transfer function with more than one pole 
at s = 0 (type 2 or higher) is likely to be unstable or difficult to stabilize. 


10-8-2 Addition of Finite Nonzero Poles 


When a pole at s = —1/T,T, > 0) is added to the function L(s) of Eq. (10-89), 
we have 


K 


L(s) = ————————_ 
(1+T,s)d1+T5s) 


(10-97) 
The Nyquist plot of L( j@) at @ = 0 is not affected by the addition of the 
pole, since 


lim L( j@)=K (10-98) 


@—->0 


Adding poles at s = 0 to a loop transfer function will reduce stability 
of the closed-loop system. 


The value of L( j@) at @ = © is 


—K 
lim LU@) = lim ——; = 02 -180° (10-99) 
(0 —>0o @— oo dB 


Thus, the effect of adding a pole at s = —1/T, to the transfer function of Eq. 
(10-75) is to shift the phase of the Nyquist plot by -90° at w = ©, as shown in 
Fig. 10-41. The figure also shows the Nyquist plot of 
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Adding nonzero poles to the loop transfer function also reduces 
stability of the closed-loop system. 


L{s)= ee (10-100) 


(1+5)(1+ Lh s)t-+ Gs) 


where two nonzero poles have been added to the transfer function of Eq. 
(10-89) (T, T., T,, > 0). In this case, the Nyquist plot at @ = © is rotated 
clockwise by another 90° from that of Eq. (10-97). These examples show the 
adverse effects on closed-loop stability when poles are added to the loop 
transfer function. The closed-loop systems with the loop transfer functions of 
Eqs. (10-89) and (10-97) are all stable as long as K is positive. The system 
represented by Eq. (10-100) is unstable if the intersect of the Nyquist plot on 
the negative real axis is to the left of the (—1, j0) point when K is positive. 


10-8-3 Addition of Zeros 


Adding zeros to the loop transfer function has the effect of stabilizing 
the closed-loop system. 


It was demonstrated in Chap. 7 that adding zeros to the loop transfer 
function has the effect of reducing the overshoot and the general effect of 
stabilization. In terms of the Nyquist criterion, this stabilization effect is 
easily demonstrated, since the multiplication of the term (1 + Ts) to the loop 
transfer function increases the phase of L(s) by 90° at w = ~. The following 
example illustrates the effect on stability of adding a zero at —1/T to a loop 


transfer function. 


EXAMPLE 10-8-2 Consider that the loop transfer function of a closed-loop 
control system is 


K 


2 (10-101) 
s(l+ 7, 5)04-58) 


L(s) 


It can be shown that the closed-loop system is stable for 





T+ 
0<K< i (10-102) 


12 


Suppose that a zero at s = —1/T (T, > 0) is added to the transfer function of 


Fg. (10-101); then, 


L(s) 


—  KO+T;s) 
7 s(l+T7,s)(1+T,s) 


(10-103) 


The Nyquist plots of the two transfer functions of Eqs. (10-101) and (10- 
103) are shown in Fig. 10-42. The effect of the zero in Eq. (10-103) is to add 
90° to the phase of the L( j@) in Eq. (10-101) at @ = oo while not affecting the 
value at @ = 0. The intersect on the negative real axis of the L( jw)-plane is 
moved from —KT T/(T, + T,) to -K(T.T, — T,T, — T,T.)/(T, + T.). Thus, the 
system with the loop transfer function in Eq. (10-103) is stable for 
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(10-104) 


which, for positive T, and K, has a higher upper bound than that of Eq. (10- 
102). 


10-9 RELATIVE STABILITY: GAIN MARGIN 
AND PHASE MARGIN 


We have demonstrated in Sec. 10-2 the general relationship between the 
resonance peak Mp of the frequency response and the maximum overshoot of 
the time response. Comparisons and correlations between frequency-domain 
and time-domain parameters such as these are useful in the prediction of the 
performance of control systems. In general, we are interested not only in the 
absolute stability of a system but also how stable it is. The latter is often 
called relative stability. In the time domain, relative stability is measured by 
parameters such as the maximum overshoot and the damping ratio. In the 
frequency domain, the resonance peak Mp can be used to indicate relative 
stability. Another way of measuring relative stability in the frequency domain 
is by how close the Nyquist plot of L( j@) is to the (—1, j0) point. 


Relative stability is used to indicate how stable a system is. 


To demonstrate the concept of relative stability in the frequency domain, 
the Nyquist plots and the corresponding step responses and frequency 
responses of a typical third-order system are shown in Fig. 10-43 for four 
different values of loop gain K. It is assumed that the function L( j@) is of 
minimum-phase type, so that the enclosure of the (—1, j0) point is sufficient 
for stability analysis. The four cases are evaluated as follows: 


1. Figure 10-43a; the loop gain K is low The Nyquist plot of L( ja) 
intersects the negative real axis at a point that is quite far to the right of 
the (-1, jO) point. The corresponding step response is quite well 
damped, and the value of Mr of the frequency response is low. 


2. Figure 10-43b; K is increased. The intersect is moved closer to the 
(—1, j0) point; the system is still stable because the critical point is not 
enclosed, but the step response has a larger maximum overshoot, and Mr 
is also larger. 


3. Figure 10-43c; K ts increased further. The Nyquist plot now 
passes through the (—1, j0) point, and the system is marginally stable. 
The step response becomes oscillatory with constant amplitude, and Mr 
becomes infinite. 


4. Figure 10-43d; K ts relatively very large. ‘The Nyquist plot now 
encloses the (—1, j0) point, and the system is unstable. The step response 
becomes unbounded. The magnitude curve of |M(j@)|-versus-@ ceases to 
have any significance. In fact, for the unstable system, the value of Mr is 
still finite! In all the above analysis, the phase curve 7(j@) of the closed- 
loop frequency response also gives qualitative information about 
stability. Notice that the negative slope of the phase curve becomes 
steeper as the relative stability decreases. When the system is unstable, 
the slope beyond the resonant frequency becomes positive. In practice, 
the phase characteristics of the closed-loop system are seldom used for 
analysis and design purposes. 
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Figure 10-43 Correlation among Nyquist plots, step responses, and 
frequency responses. 


10-9-1 Gain Margin 


Gain margin (GM) is one of the most frequently used criteria for 
measuring relative stability of control systems. In the frequency domain, gain 
margin is used to indicate the closeness of the intersection of the negative real 
axis made by the Nyquist plot of L( j@) to the (—1, jO) point. Before giving 
the definition of gain margin, let us first define the phase crossover on the 
Nyquist plot and the phase-crossover frequency. 


Gain margin is measured at the phase crossover. 


Phase crossover. A phase-crossover on the L( j@) plot is a point at which 
the plot intersects the negative real axis. 

Phase-crossover frequency. The phase-crossover frequency «is the 
frequency at the phase crossover, or where 


ZL(j@,) = 180° (10-105) 


M ceases to have any meaning when the closed-loop system is 
unstable. 


The Nyquist plot of a loop transfer function L( j@) that is of minimum- 
phase type is shown in Fig. 10-44. The phase-crossover frequency is denoted 
as @, and the magnitude of L( j@) at @ = w is designated as |LY@,)|. Then, 
the gain margin of the closed-loop system that has L(s) as its loop transfer 
function is defined as 
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Figure 10-44 Definition of the gain margin in the polar coordinates. 


1 
Gain margin = GM = 20log,, ———— 
LG@,) (10-106) 


L(ja,)|aB 








=-20log,, 


On the basis of this definition, we can draw the following conclusions 
about the gain margin of the system shown in Fig. 10-44, depending on the 
properties of the Nyquist plot. 


1. The L( j@) plot does not intersect the negative real axis (no finite 
nonzero phase crossover). 


0<|L(jo,)|<1 GM>04dB (10-108) 


2. The L( j@) plot intersects the negative real axis between (phase 
crossover lies between) 0 and the —1 point. 


L(jo,)/=1 GM=04dB (10-109) 


3. The L( j@) plot passes through (phase crossover is at) the (—1, j0) 
point. 


L(jo,)|>1GM <0 dB (10-110) 


Gain margin is the amount of gain in dB that can be added to the loop 
before the closed-loop system becomes unstable. 


4. The L( j@) plot encloses (phase crossover is to the left of) the (-1, 
jO) point. 


0<|L(jo,)|<1 GM>04dB (10-108) 


Based on the foregoing discussions, the physical significance of gain 
margin can be summarized as: Gain margin is the amount of gain in 
decibels (dB) that can be added to the loop before the closed-loop system 
becomes unstable. 


° When the Nyquist plot does not intersect the negative real axis at any 
finite nonzero frequency, the gain margin is infinite in dB; this means 
that, theoretically, the value of the loop gain can be increased to infinity 
before instability occurs. 


° When the Nyquist plot of L( j@) passes through the L(j@) point, the 
gain margin is 0 dB, which implies that the loop gain can no longer be 
increased, as the system is at the margin of instability. 


° When the phase-crossover is to the left of the (-1, j0) point, the phase 
margin is negative in dB, and the loop gain must be reduced by the gain 
margin to achieve stability. 


10-9-2 Gain Margin of Nonminimum-Phase Systems 


Care must be taken when attempting to extend gain margin as a measure of 
relative stability to systems with nonminimum-phase loop transfer functions. 
For such systems, a system may be stable even when the phase-crossover 
point is to the left of (—1, jO) and thus a negative gain margin may still 
correspond to a stable system. Nevertheless, the closeness of the phase- 


crossover to the (—1, j0) point still gives an indication of relative stability. 


10-9-3 Phase Margin 


¢ Phase margin is measured at the gain crossover. 
¢ Phase margin is the amount of pure phase delay that can be added 
before the system becomes unstable. 


The gain margin is only a one-dimensional representation of the relative 
stability of a closed-loop system. As the name implies, gain margin indicates 
system stability with respect to the variation in loop gain only. In principle, 
one would believe a system with a large gain margin should always be 
relatively more stable than one with a smaller gain margin. Unfortunately, 
gain margin alone is inadequate to indicate relative stability when system 
parameters other than the loop gain are subject to variation. For instance, the 
two systems represented by the L( j@) plots in Fig. 10-45 apparently have the 
Same gain margin. However, locus A actually corresponds to a more stable 
system than locus B because with any change in the system parameters that 
affect the phase of L( j@), locus B may easily be altered to enclose the (-1, 
jO) point. Furthermore, we can show that the system B actually has a larger 
Mr than system A. 
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Figure 10-45 Nyquist plots showing systems with the same gain margin 
but different degrees of relative stability. 


The definition of phase margin given here is for a system with a 
minimum-phase loop transfer function. 


To include the effect of phase shift on stability, we introduce the phase 
margin, which requires that we first make the following definitions: 


Gain crossover. The gain crossover is a point on the L( j@) plot at 
which the magnitude of L( j@) is equal to 1. 


Gain-crossover frequency. The gain-crossover frequency, @, is the 
frequency of L(j@) at the gain crossover. Or where 


L(jo,)|=1 (10-111) 


The definition of phase margin is stated as: Phase margin (PM) is defined 
as the angle in degrees through which the L(y) plot must be rotated about 
the origin so that the gain crossover passes through the (—1,j0) point. 


Figure 10-46 shows the Nyquist plot of a typical minimum-phase L( j@) 
plot, and the phase margin is shown as the angle between the line that passes 
through the gain crossover and the origin. In contrast to the gain margin, 
which is determined by loop gain, phase margin indicates the effect on 
system stability due to changes in system parameter, which theoretically alter 
the phase of L( jw) by an equal amount at all frequencies. Phase margin is the 
amount of pure phase delay that can be added to the loop before the closed- 
loop system becomes unstable. 
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Figure 10-46 Phase margin defined in the L( j@)-plane. 


When the system is of the minimum-phase type, the analytical expression 
of the phase margin, as seen from Fig. 10-46, can be expressed as 


phase margin (PM) = ZL(j@, )—180° (10-112) 


where w, is the gain-crossover frequency. 
Care should be taken when interpreting the phase margin from the Nyquist 


plot of a nonminimum-phase transfer function. When the loop transfer 
function is of the nonminimum-phase type, the gain crossover can occur in 
any quadrant of the L( jw)-plane, and the definition of phase margin given in 


Fg. (10-112) is no longer valid. 


EXAMPLE 10-9-1 As an illustrative example on gain and phase margins, 
consider that the loop transfer function of a control 
system 1s 


2500 
L(s)= 


= (10-113) 
s(s+5)(s+50) 


The Nyquist plot of L( j@) is shown in Fig. 10-47. The following results 
are obtained from the Nyquist plot: 
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Figure 10-47 Nyquist plot of s(s+5)(s+50) | 


Gain cross over oO, = 6.22 rad/s 
Phase cross over @ >= 15.88 rad/s 


The gain margin is measured at the phase crossover. The magnitude of 
LGjq@,) is 0.182. Thus, the gain margin is obtained from Eq. (10-105): 


GM = 20log,, ———+ 


1 
= 20log,. ——=14.80 dB (10-114 
iO, | $10 9 189 





The phase margin is measured at the gain crossover. The phase of LUj@,) is 
211.72°. Thus, the phase margin is obtained from Eg. (10-112): 


PM= ZL(j@,)—180°= 211.72°—180°= 31.72° (10-115) 


Before embarking on the Bode plot technique of stability study, it would 
be beneficial to summarize advantages and disadvantages of the Nyquist plot. 


Advantages of the Nyquist plot 


1. The Nyquist plot can be used for the study of stability of systems 
with nonminimum-phase transfer functions. 

2. The stability analysis of a closed-loop system can be easily 
investigated by examining the Nyquist plot of the loop transfer function 
with reference to the (— 1, j0) point once the plot is made. 


Disadvantage of the Nyquist plot 


1. Itis not so easy to carry out the design of the controller by referring 
to the Nyquist plot. 


10-10 STABILITY ANALYSIS WITH THE 
BODE PLOT 


The Bode plot of a transfer function described in App. G is a very useful 
graphical tool for the analysis and design of linear control systems in the 
frequency domain. Before the inception of computers, Bode plots were often 
called the “asymptotic plots” because the magnitude and phase curves can be 


sketched from their asymptotic properties without detailed plotting. Modern 
applications of the Bode plot for control systems should be identified with the 
following advantages and disadvantages: 


Advantages of the Bode plot 


1. Inthe absence of a computer, a Bode diagram can be sketched by 
approximating the magnitude and phase with straight line segments. 


2. Gain crossover, phase crossover, gain margin, and phase margin are 
more easily determined on the Bode plot than from the Nyquist plot. 

3. For design purposes, the effects of adding controllers and their 
parameters are more easily visualized on the Bode plot than on the 
Nyquist plot. 


Disadvantage of the Bode plot 


1. Absolute and relative stability of only minimum-phase systems can 
be determined from the Bode plot. For instance, there is no way of 
telling what the stability criterion is on the Bode plot. 


Bode plots are useful only for stability studies of systems with 
minimum-phase loop transfer functions. 


With reference to the definitions of gain margin and phase margin given in 
Figs. 10-44 and 10-46, respectively, the interpretation of these parameters 
from the Bode diagram is illustrated in Fig. 10-48 for a typical minimum- 
phase loop transfer function. The following observations can be made on 
system stability with respect to the properties of the Bode plot: 
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Figure 10-48 Determination of gain margin and phase margin on the 
Bode plot. 


1. The gain margin is positive and the system is stable if the magnitude 
of L(j@) at the phase crossover is negative in dB. That is, the gain 
margin is measured below the O-dB axis. If the gain margin is measured 
above the O-dB axis, the gain margin is negative, and the system is 
unstable. 


2. The phase margin is positive and the system is stable if the phase of 
L(jq@) is greater than —180° at the gain crossover. That is, the phase 


margin is measured above the —180° axis. If the phase margin is 
measured below the —180° axis, the phase margin is negative, and the 
system is unstable. 


EXAMPLE 10-10-1 Consider the loop transfer function given in Eq. (10- 
113); the Bode plot of the function is drawn as 
shown in Fig. 10-49. The following results are 
observed easily from the magnitude and phase plots. 
The gain crossover is the point where the magnitude 
curve intersects the 0-dB axis. 
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Figure 10-49 Bode plot of s(s+5)(s+50) 


The gain-crossover frequency @, is 6.22 rad/s. The 
phase margin is measured at the gain crossover. The 


phase margin is measured from the —180° axis and is 
31.72°. Because the phase margin is measured above the 
-180° axis, the phase margin is positive, and the system 
is stable. 

The phase crossover is the point where the phase curve 
intersects the —180° axis. The phase-crossover frequency 
is @ = 15.88 rad/s. The gain margin is measured at the 
phase crossover and is 14.8 dB. Because the gain margin 
is measured below the O0-dB axis, the gain margin is 
positive, and the system is stable. 

The reader should compare the Nyquist plot of Fig. 10- 
47 with the Bode plot of Fig. 10-49, and the 
interpretation of w, w, GM, and PM on these plots. 


Toolbox 10-10-1 


MATLAB code for Fig. 10-49. 


G = zpk([],[0 -1 -1],2500) 
margin (G) 
grid 


10-10-1 Bode Plots of Systems with Pure Time Delays 


The stability analysis of a closed-loop system with a pure time delay in the 
loop was discussed in Sec. 10-4. This topic can also be conducted easily with 
the Bode plot. The next example illustrates the standard procedure. 


EXAMPLE 10-10-2 Consider that the loop transfer function of a closed- 
loop system is 


Ke Ts 


= —_________ (10-116) 
s(s+1)(s+2) 


L(s) 


Figure 10-50 shows the Bode plot of L( j@) with K = 1 
and T, = 0. The following results are obtained: 
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Figure 10-50 Bode plot of s(s+1)(s+2) 


Gain-cross over frequency = 0.446 rad/sec 
Phase margin = 53.4° 

Phase-cross over frequency = 1.416 rad/sec 
Gain margin = 15.57 dB 


Thus, the system with the present parameters is stable. 

The effect of the pure time delay is to add a phase of 
-T, o radians to the phase curve while not affecting the 
magnitude curve. The adverse effect of the time delay on 
Stability is apparent because the negative phase shift 
caused by the time delay increases rapidly with the 
increase in @. To find the critical value of the time delay 
for stability, we set 

T,0, = 34° =0.932 radians (10-117) 

Solving for T, from the last equation, we get the critical 
value of T to be 2.09 s. 

Continuing with the example, we set T arbitrarily at 1 
s and find the critical value of K for stability. Figure 10- 
50 shows the Bode plot of L(j@) with this new time 
delay. With K still equal to 1, the magnitude curve is 
unchanged. The phase curve droops with the increase in 
q@, and the following results are obtained: 


Phase-crossover frequency = 0.66 rad/s 


Gain margin = 4.5 dB 


Thus, using the definition of gain margin of Eq. (10- 
106), the critical value of K for stability is 10*°° = 1.68. 


10-11 RELATIVE STABILITY RELATED TO 
THE SLOPE OF THE MAGNITUDE CURVE OF 
THE BODE PLOT 


In addition to GM, PM, and Mas relative stability measures, the slope of 
the magnitude curve of the Bode plot of the loop transfer function at the gain 
crossover also gives a qualitative indication on the relative stability of a 
closed-loop system. For example, in Fig. 10-49, if the loop gain of the system 
is decreased from the nominal value, the magnitude curve is shifted 
downward, while the phase curve is unchanged. This causes the gain- 
crossover frequency to be lower, and the slope of the magnitude curve at this 
frequency is less negative; the corresponding phase margin is increased. On 
the other hand, if the loop gain is increased, the gain-crossover frequency is 
increased, and the slope of the magnitude curve is more negative. This 
corresponds to a smaller phase margin, and the system is less stable. The 
reason behind these stability evaluations is quite simple. For a minimum- 
phase transfer function, the relation between its magnitude and phase is 
unique. Because the negative slope of the magnitude curve is a result of 
having more poles than zeros in the transfer function, the corresponding 
phase is also negative. In general, the steeper the slope of the magnitude 
curve, the more negative the phase. Thus, if the gain crossover is at a point 
where the slope of the magnitude curve is steep, it is likely that the phase 
margin will be small or negative. 


10-11-1 Conditionally Stable System 


The illustrative examples given thus far are uncomplicated in the sense that 
the slopes of the magnitude and phase curves are monotonically decreasing as 
@ increases. The following example illustrates a conditionally stable system 
that is capable of going through stable/unstable conditions as the loop gain 
varies. 


EXAMPLE 10-11-1 Consider that the loop transfer function of a closed- 
loop system is 


_ 100K(s+5)(s+40) 


(10-118) 
s°(s+100)(s+200) 


L(s) 


The Bode plot of L( j@) is shown in Fig. 10-51 for K = 
1. The following results on the system stability are 
obtained: 
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Figure 10-51 Bode plot of s*(s+100)(s+ 200) 
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Phase margin =—78° 


There are two phase crossovers: one at 25.8 rad/s and 
the other at 77.7 rad/s. The phase characteristics between 
these two frequencies indicate that, if the gain crossover 
lies in this range, the system would be stable. From the 
magnitude curve, the range of K for stable operation is 
found to be between 69 and 85.5 dB. For values of K 
above and below this range, the phase of L( ja@) is less 
than —180°, and the system is unstable. This example 
serves as a good example of the relation between relative 
stability and the slope of the magnitude curve at the gain 
crossover. As observed from Fig. 10-51, at both very low 
and very high frequencies, the slope of the magnitude 
curve is —60 dB/decade; if the gain crossover falls in 
either one of these two regions, the phase margin is 
negative, and the system is unstable. In the two sections 
of the magnitude curve that have a slope of —40 
dB/decade, the system is stable only if the gain crossover 
falls in about half of these regions, but even then the 
phase margin is small. If the gain crossover falls in the 
region in which the magnitude curve has a slope of —20 
dB/decade, the system is stable. 


Figure 10-52 shows the Nyquist plot of L( j@). It is of 
interest to compare the results on stability derived from 
the Bode plot and the Nyquist plot. The root-locus 
diagram of the system is shown in Fig. 10-53. The root 
loci give a clear picture on the stability condition of the 
system with respect to K. The number of crossings of the 
root loci on the jw-axis of the s-plane equals the number 
of crossings of the phase curve of L( j@) of the -180° 
axis of the Bode plot, and the number of crossings of the 
Nyquist plot of L( j@) with the negative real axis. The 
reader should check the gain margins obtained from the 
Bode plot and the coordinates of the crossover points on 
the negative real axis of the Nyquist plot with the values 


of K at the jw-axis crossings on the root loci. 






L(j@)-plane 


3 55 < id 
® = 25.8 


5)= 100K(s+5)(s+40) KK 
Figure 10-52 Nyquist plot of s*(s+100)(s+200) 
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Figure 10-53 Root loci of s*(s+100)(s+200) 


10-12 STABILITY ANALYSIS WITH THE 
MAGNITUDE-PHASE PLOT 


The magnitude-phase plot described in App. G is another form of the 
frequency-domain plot that has certain advantages for analysis and design in 
the frequency domain. The magnitude-phase plot of a transfer function LJ@) 
is done in |L(jw)|(dB) versus Z L(j@) (degrees). The magnitude-phase plot of 
the transfer function in Eq. (10-113) is constructed in Fig. 10-54 by use of the 
data from the Bode plot of Fig. 10-49. The gain and phase crossovers and the 
gain and phase margins are clearly indicated on the magnitude-phase plot of 


L(j@). 
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Figure 10-54 Gain-phase plot of s(1+0.2s)(1+0.02s) 


° The critical point is the intersect of the 0-dB-axis and the —180°-axis. 


° The phase crossover is where the locus intersects the —180°-axis. 
° The gain crossover is where the locus intersects the 0-dB axis. 


° The gain margin is the vertical distance in dB measured from the 
phase crossover to the critical point. 


° The phase margin is the horizontal distance measured in degrees from 
the gain crossover to the critical point. 


The regions in which the gain and phase crossovers should be located for 
stability are also indicated. Because the vertical axis for |L(j@)| is in dB, when 
the loop gain of L( jm) changes, the locus is simply shifted up and down 
along the vertical axis. Similarly, when a constant phase is added to L( ja), 
the locus is shifted horizontally without distortion to the curve. If L( j@) 
contains a pure time delay T., the effect of the time delay is to add a phase 
equal to -—wT x 180°/7 along the curve. 


Another advantage of using the magnitude-phase plot is that, for unity- 
feedback systems, closed-loop system parameters such as M, w, and BW can 
all be determined from the plot with the help of the constant-M loci. These 
closed-loop performance parameters are not represented on the Bode plot of 
the forward-path transfer function of a unity-feedback system. 


10-13 CONSTANT-M LOCI IN THE 
MAGNITUDE-PHASE PLANE: THE NICHOLS 
CHART 


It was pointed out earlier that, analytically, the resonant peak M and 
bandwidth BW are difficult to obtain for high-order systems, and the Bode 
plot provides information on the closed-loop system only in the form of gain 
margin and phase margin. It is necessary to develop a graphical method for 
the determination of M, wm, and BW using the forward-path transfer function 
G( j@). As we shall see in the following development, the method is directly 
applicable only to unity-feedback systems, although with some modification 
it can also be applied to nonunity-feedback systems. 

Consider that G(s) is the forward-path transfer function of a unity-feedback 
system. The closed-loop transfer function is 


G(s) 





M(s)= 10-119 
s) 1+G(s) 
For sinusoidal steady state, we replace s with j@ ; G(s) becomes 
G(j@) = ReG(j@)+ jlmG(j@ 
(jo) (jo@)+ jlmG(jo) 10-120) 


= IY 


where, for simplicity, x denotes ReG( j@) and y denotes ImG( j@). The 
magnitude of the closed-loop transfer function is written 








| M(jo)| = _GGO) | _ ve ty (10-121) 
1+G(Gj@)| J(lt+x)+y? 


For simplicity of notation, let M denote |M(Uj@)|; then Eq. (10-121) leads to 


Mi(l+xY ty? = x2 4+ y’ (10-122) 


Squaring both sides of Eq. (10-122) gives 


M*|(l+x) + y*]=x°+y° (10-123) 
Rearranging Eq. (10-108) yields 
(1—M*)x°+(1—M*) y* -2M*x = M° (10-124) 


This equation is conditioned by dividing through by (1 — M’) and adding 
the term [M’/(1 — M’)} on both sides. We have 


2M? M? )_ M M? ) 
fap ae as) alae) — 








which is finally simplified to 


mM \y MY 
2-4] +y¥=(— | M#1 (10-126) 








For a given value of M, Eq. (10-126) represents a circle with the center at 


2 


x = ReG( j@) =———— =) 10-127 
jn=— OF ( ) 
The radius of the circle is 
M 
r= |—__—_ 10-128 
rare ( ) 





¢ When the system is unstable, the constant-M loci and M_no longer 
have any meaning. 


¢ BW is the frequency where the G( j@) curve intersects the M = —-3 dB 
locus of the Nichols chart. 


When M takes on different values, Eg. (10-126) describes in the G(jw)- 
plane a family of circles that are called the constant-M loci, or the constant- 
M circles. Figure 10-55 illustrates a typical set of constant-M circles in the 
G(Uq@)-plane. These circles are symmetrical with respect to the M = 1 line and 
the real axis. The circles to the left of the M = 1 locus correspond to values of 
M greater than 1, and those to the right of the M = 1 line are for M less than 1. 
Equations (10-126) and (10-127) show that, when M becomes infinite, the 
circle degenerates to a point at (—1, j0). Graphically, the intersection of the 
G(U@) curve and the constant-M circle gives the value of M at the 
corresponding frequency on the G(j@) curve. If we want to keep the value of 
M less than a certain value, the G(/j@) curve must not intersect the 
corresponding M circle at any point and at the same time must not enclose the 
(—1, j0) point. The constant-M circle with the smallest radius that is tangent to 
the GJq@) curve gives the value of M, and the resonant frequency w is read 
off at the tangent point on the G(/j@) curve. 
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Figure 10-55 Constant-M circles in polar coordinates. 


Figure 10-56a illustrates the Nyquist plot of G( j@) for a unity-feedback 
control system together with several constant-M loci. For a given loop gain K 
= K,, the intersects between the G( j@) curve and the constant-M loci give the 
points on the |M(j@)|-versus-@ curve. The resonant peak M is found by 
locating the smallest circle that is tangent to the G( jw) curve. The resonant 
frequency is found at the point of tangency and is designated as w.. If the 
loop gain is increased to K,, and if the system is still stable, a constant-M 
circle with a smaller radius that corresponds to a larger M is found tangent to 
the G( j@) curve, and thus the resonant peak will be larger. The resonant 
frequency is shown to be w.,, which is closer to the phase-crossover 


frequency @, than w,. When K is increased to K,, so that the G( j@) curve 
now passes through the (—1, j0) point, the system is marginally stable, and M 
is infinite; w , is now the same as the resonant frequency w.. 
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Figure 10-56 (a) Polar plots of G(s) and constant-M loci. (b) 
Corresponding magnification curves. 


When enough points of intersection between the G(/j@) curve and the 
constant-M loci are obtained, the magnification curves of |M(j@)|-versus-@ 
are plotted, as shown in Fig. 10-56b. 

The bandwidth of the closed-loop system is found at the intersect of the 
G(j@) curve and the M = 0.707 locus. For values of K beyond K., the system 
is unstable, and the constant-M loci and M_ no longer have any meaning. 


A major disadvantage in working in the polar coordinates of the Nyquist 
plot of GGq@) is that the curve no longer retains its original shape when a 
simple modification such as the change of the loop gain is made to the 
system. Frequently, in design situations, not only must the loop gain be 
altered, but a series controller may have to be added to the system. This 
requires the complete reconstruction of the Nyquist plot of the modified 
G(j@). For design work involving M and BW as specifications, it is more 
convenient to work with the magnitude-phase plot of Gj@), because when 
the loop gain is altered, the entire G(j@) curve is shifted up or down vertically 
without distortion. When the phase properties of G(/j@) are changed 
independently, without affecting the gain, the magnitude-phase plot is 
affected only in the horizontal direction. 

For that reason, the constant-M loci in the polar coordinates are plotted in 
magnitude-phase coordinates, and the resulting loci are called the Nichols 
chart. A typical Nichols chart of selected constant-M loci is shown in Fig. 
10-57. Once the G(j@) curve of the system is constructed in the Nichols 
chart, the intersects between the constant-M loci and the G(/jq@) trajectory give 
the value of M at the corresponding frequencies of G(j@). The resonant peak 
M is found by locating the smallest of the constant-M locus (M = 1) that is 
tangent to the Gj@) curve from above. The resonant frequency is the 
frequency of G(j@) at the point of tangency. The bandwidth of the closed- 
loop system is the frequency at which the G( j@) curve intersects the M = 
0.707 or M = -3dB locus. 
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Figure 10-57 Nichols chart. 


The following example illustrates the relationship among the analysis 
methods using the Bode plot and the Nichols chart. 


EXAMPLE 10-13-1 Consider the position-control system of the control 
surfaces of the airplane analyzed in Sec. 7-9. The 
forward-path transfer function of the unity-feedback 
system is given by Eg. (7-169), and is repeated here: 


15x10’ K 


G(s) =—————cux~ 
s(s+400.26)(s + 3008) 


(10-129) 


The Bode plots for Gq) are shown in Fig. 10-58 for 
K = 7,248, 14.5, 181.2, and 273.57. The gain and phase 
margins of the closed-loop system for these values of K 
are determined and shown on the Bode plots. The 


magnitude-phase plots of G(jj@) corresponding to the 
Bode plots are shown in Fig. 10-59. These magnitude- 
phase plots, together with the Nichols chart, give 
information on the resonant peak M, resonant frequency 
q@, and the bandwidth BW. The gain and phase margins 
are also clearly marked on the magnitude-phase plots. 
Figure 10-60 shows the closed-loop frequency responses. 
Table 10-3 summarizes the results of the frequency- 
domain analysis for the four different values of K 
together with the time-domain maximum overshoot Sec. 
7-9. 
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Figure 10-58 Bode diagrams of the system in Example 10-13-1. 
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Figure 10-59 Gain-phase plots and Nichols chart of the system in 
Example 10-13-1. 
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Figure 10-60 Closed-loop frequency response of the system in Example 
10-13-1. 


TABLE 10-3 Summary of Frequency-Domain Analysis 


Maximum Gain Margin Phase Margin 
K Overshoot (%) M @ (rad/s) (dB) (deg) BW (rad/s) 
1.9 0) 1.0 1.0 31.57 79.9 119.0 
14.5 43 1.0 43,33 5.99 64.25 270.5 
18].2 15.2 7.6 900.00 3,6] 1.78 1402.0 


273.57 100.0 00 1000.00 () () 1661.5 


10-14 NICHOLS CHART APPLIED TO 


NONUNITY-FEEDBACK SYSTEMS 


The constant-M loci and the Nichols chart presented in the preceding 
sections are limited to closed-loop systems with unity feedback whose 
transfer function is given by Eq. (10-119). When a system has nonunity 
feedback, the closed-loop transfer function of the system is expressed as 


G(s) 


M(s) =——————— 
1+ G(s)H(s) 


(10-130) 


where H(s) # 1. The constant-M loci and the Nichols chart cannot be 
applied directly to obtain the closed-loop frequency response by plotting G( 
j@)H(j@), since the numerator of M(s) does not contain H( j@). 

By proper modification, the constant-M loci and Nichols chart can still be 
applied to a nonunity-feedback system. Let us consider the function 


7 _ G(s)H(s) 
PIS)= HIS) = 7 HIS) (10-131) 


Apparently, Eq. (10-131) is of the same form as Eq. (10-119). The 
frequency response of P( j@) can be determined by plotting the function G( 


j@))H( j@) in the amplitude-phase coordinates along with the Nichols chart. 
Once this is done, the frequency-response information for M( j@) is obtained 
as follows: 





|M(jo)| = | an (10-132) 

or, in terms of dB, 
| M(j@)| (dB) =| P(j@)| (4B) —| H(j@)| (4B) (10-133) 
bd (j@)= ZM(j@)= ZP( j@)—- ZH (jo) (10-134) 


10-15 SENSITIVITY STUDIES IN THE 
FREQUENCY DOMAIN 


Sensitivity study is easily carried out in the frequency domain. 


The advantage of using the frequency domain in linear control systems is 
that higher-order systems can be handled more easily than in the time 
domain. Furthermore, the sensitivity of the system with respect to parameter 
variations can be easily interpreted using frequency-domain plots. We shall 
show how the Nyquist plot and the Nichols chart can be utilized for the 
analysis and design of control systems based on sensitivity considerations. 

Consider a linear control system with unity feedback described by the 
transfer function 





G 
M(s) =~ (10-135) 
1+ G(s) 
The sensitivity of M(s) with respect to the loop gain K, which is a 
multiplying factor in G(s), is defined as 
dM(s) 
dM(s) G 
gM (5) = -M(s) _ aM ls) GOs) (10-136) 











dG(s) dG(s) M(s) 


G(s) 


Taking the derivative of M(s) with respect to G(s) and substituting the 
result into Eg. (10-136) and simplifying, we have 


1 —— WG(s) 
1+G(s) 1+1/G(s) 





Soe (10-137) 
Clearly, the sensitivity function S" (s) is a function of the complex variable 
s. Figure 10-61 shows the magnitude plot of S".(s) when G(s) is the transfer 


function given in Eq. (10-98). 
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|M(jo) and|S2 (jo)| versus @ for G(s) = 
Figure 10-61 


It is interesting to note that the sensitivity of the closed-loop system is 
inferior at frequencies greater than 4.8 rad/s to the open-loop system whose 
sensitivity to the variation of K is always unity. In general, it is desirable to 
formulate a design criterion on sensitivity in the following manner: 


1 WGjo)|_ 


Se 50)= Gan —|1+1/G(jo)|~ 


(10-138) 


where k is a positive real number. This sensitivity criterion is in addition to 
the regular performance criteria on the steady-state error and the relative 
Stability. 

Equation (10-138) is analogous to the magnitude of the closed-loop 
transfer function, |M(jq@)|, given in Eq. (10-121), with G( j@) replaced by 
1/G( j@). Thus, the sensitivity function of Eq. (10-138) can be determined by 
plotting 1/G( j@) in the magnitude-phase coordinates with the Nichols chart. 
Figure 10-62 shows the magnitude-phase plots of G( j@) and 1/G( ja@) of Eq. 


(10-113). Notice that G( j@) is tangent to the M = 1.8 locus from below, 
which means that M of the closed-loop system is 1.8. The 1/G( j@) curve is 
tangent to the M = 2.2 curve from above and, according to Fig. 10-61, is the 
maximum value of |S" (s)|. Equation (10-138) shows that, for low sensitivity, 
the loop gain of G( j@) must be high, but it is known that, in general, high 
gain could cause instability. Thus, the designer is again challenged by the 
task of designing a system with both a high degree of stability and low 
Sensitivity. 
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Figure 10-62 Magnitude-phase plots of G( j@) and 1/G( j@) for 
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The design of robust control systems (low sensitivity) with the frequency- 
domain methods is discussed in Chap. 11. 


10-16 MATLAB TOOLS AND CASE STUDIES 


Apart from the MATLAB toolboxes in this chapter, this chapter does not 
contain any software. In Chap. 11, we will introduce the MATLAB SISO 
design tool, which provides a GUI (graphical user interface) approach for the 
analysis of control engineering transfer functions. 


10-17 SUMMARY 


The chapter began by describing typical relationships between the open- 
loop and closed-loop frequency responses of linear systems. Performance 
specifications such as the resonance peak M, resonant frequency w, and 
bandwidth BW were defined in the frequency domain. The relationships 
among these parameters of a second-order prototype system were derived 
analytically. The effects of adding simple poles and zeros to the loop transfer 
function on M and BW were discussed. 


The Nyquist criterion for stability analysis of linear control systems was 
developed. The stability of a single-loop control system can be investigated 
by studying the behavior of the Nyquist plot of the loop transfer function 
G(s)H(s) for @ = 0 to @ = © with respect to the critical point. If G(s)H(s) is a 
minimum-phase transfer function, the condition of stability is simplified so 
that the Nyquist plot will not enclose the critical point. 

The relationship between the root loci and the Nyquist plot was described 
in Sec. 10-6. The discussion should add more perspective to the 
understanding of both subjects. 

Relative stability was defined in terms of gain margin and phase margin. 
These quantities were defined in the polar coordinates as well as on the Bode 
diagram. The gain-phase plot allows the Nichols chart to be constructed for 
closed-loop analysis. The values of M and BW can be easily found by 


plotting the GYJq@) locus on the Nichols chart. 

The stability of systems with pure time delay is analyzed by use of the 
Bode plot. 

Sensitivity function S” (j@) was defined as a measure of the variation of M( 
ja) due to variations in G( j@). It was shown that the frequency-response 
plots of G( j@) and 1/G( jq@) can be readily used for sensitivity studies. 

Finally, using the MATLAB toolboxes developed in this chapter, the 
reader may practice all the concepts discussed here. 
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PROBLEMS 


10-1. The forward-path transfer function of a unity-feedback control 
system 1s 


K 


Su)= s(s + 6.54) 


Analytically, find the resonance peak M,, resonant frequency w, and 
bandwidth BW of the closed-loop system for the following values of K: 

(a) K=5 

(b) K = 21.38 

(c) K= 100 

Use the formulas for the second-order prototype system given in the text. 

10-2. Use MATLAB to verify your answer to Prob. 10-1. 


10-3. The transfer function of a system is 


1 
A 
G(s)= 7 
s+— 
2 





Determine when the system is a lead-network or lag-network. 


10-4. Use MATLAB to solve the following problems. Do not attempt to 
obtain the solutions analytically. The forward-path transfer functions of 
unity-feedback control systems are given in the following equations. Find the 
resonance peak M, resonant frequency w, and bandwidth BW of the closed- 
loop systems. (Reminder: Make certain that the system is stable.) 


5 0.5 


(@)  @(s}=—__>___ HM eti-———— 
s(1+0.5s)(14+0.1s) s(s° +s4+1) 

b) G(s)=___? ___ OY ie o_o _ 
s(1+0.5s)(14+0.1s) s(s° +10s+50) 

(c) coj—-——_ = (g) a __ 
(s+1.2)(s+4)(s+10) s(s~ +10s+100) 

(d) 66) -— ed _ (h) G(s)=—1st9) 
s(s+2)(s+10) s(s° +5s+5) 


10-5. The specifications on a second-order unity-feedback control system 
with the closed-loop transfer function 


Y(s) ww? 


i 


M(s)=——=——__"— 
8) R(s) s°+26@,s+@* 


are that the maximum overshoot must not exceed 10 percent and the rise 
time must be less than 0.1 s. Find the corresponding limiting values of M and 
BW analytically. 


10-6. Repeat Prob. 10-5 for maximum overshoot less than or equal to 20 
percent andt <0.2s. 


10-7. Repeat Prob. 10-5 for maximum overshoot less than or equal to 30 
percent and K = 10. 


10-8. Consider the forward-path of a unity-feedback control system given 
by 


0.5K 


G(s) = —_.—_———- 
s(0.25s” +0.375s +1) 


(a) Analytically find K such that the closed-loop bandwidth is about 1.5 
rad/s (0.24 Hz). 


(b) Use MATLAB to verify your answer to part (a). 
10-9. Repeat Prob. 10-8 with a resonance peak of 2.2. 


10-10. The closed-loop frequency response |M(jq@)|-versus-frequency of a 


second-order prototype system is shown in Fig 10P-10. Sketch the 
corresponding unit-step response of the system; indicate the values of the 
maximum overshoot, peak time, and the steady-state error due to a unit-step 
input. 
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Figure 10P-10 


10-11. The forward-path transfer function of a system with an integral 


A( 
control s is 


] 
G(s) =——— 
‘s) 10s+1 
(a) Find K when the closed-loop resonance peak is 1.4. 
(b) Determine the frequency at resonance, overshoot for step input, phase 
margin, and closed-loop BW according to the result of part (a). 
10-12. The forward-path transfer function of a unity-feedback control 
system 1s 


1+ Ts 
G(s)=—.—_ 
2s(s° +s+1) 


Use MATLAB to find the values of BW and M of the closed-loop system 
for T = 0.05, 1, 2, 3, 4, and 5. 

10-13. The forward-path transfer function of a unity-feedback control 
system 1s 


I 


G(s)=—,—__ 
2s(s° +s+1)(1+Ts) 


Use MATLAB to find the values of BW and M of the closed-loop system 
for T = 0, 0.5, 1, 2, 3, 4, and 5. Use MATLAB to find the solutions. 


10-14. Ifa loop transfer function of a system is given by 


0.5K 
G(s)H(s)=————__ 
ea) 0.25s° +0.375s* +5+0.5k 


(a) Use the second-order approximation to find the BW and the damping 
ratio. 

(b) If BW = 1.5 rad/s, find K and the damping ratio. 

(c) Use MATLAB to verify your answer to part (b). 


10-15. The loop transfer functions L(s) of single-feedback-loop systems 
are given below. Sketch the Nyquist plot of Ljj@) for m = 0 to w = ~, 
Determine the stability of the closed-loop system. If the system is unstable, 
find the number of poles of the closed-loop transfer function that are in the 
right-half s-plane. Solve for the intersect of L(j@) on the negative real axis of 
the LGq@)-plane analytically. You may construct the Nyquist plot of Lj@) 
using MATLAB. 


(by Ui) an © We=rap 
6) Le) = (g) Ls)= a 
@) L)= sao 08 ea 


10-16. The loop transfer functions of single-feedback-loop control 
systems are given in the following equations. Apply the Nyquist criterion and 
determine the values of K for the system to be stable. Sketch the Nyquist plot 


of L(j@) with K = 1 for m = 0 to m = ©, You may use a computer program to 
plot the Nyquist plots. 


K K 
(a) Ms) = TT 2\s410) id) MS) = 5 )(s42) 
(b) isye Ser (e) te reel 
s(s+2)(s+5)(s+15) (s+50)(s+2) 
K 
io) MS) = 554 2)(6410) 


10-17. The forward-path transfer function of a unity-feedback control 
system 1s 


O)= 5" 


Determine by means of the Nyquist criterion, the range of K(—~% < K < 0) 
for the closed-loop system to be stable. Sketch the Nyquist plot of Gq) for 
@=0tow =, 


(a) n=2 

(b) n=3 

(c) n=4 

10-18. Sketch the Nyquist plot for the controlled system shown in Fig. 
10P-18. 





Figure 10P-18 


Determine by means of the Nyquist criterion, the range of K(—% < K < 0) 


for the closed-loop system to be stable. 


10-19. The characteristic equation of a linear control system is given in 
the following equation. 


5(5" +25" +54+1)4+-K(s"4+541)=0 
(a) Apply the Nyquist criterion to determine the values of K for system 
Stability. 
(b) Check the answers by means of the Routh-Hurwitz criterion. 
10-20. Repeat Prob. 10-19 for s’+ 3s°+ 3s+1+K=0. 


10-21. The forward-path transfer function of a unity-feedback control 
system with a PD (proportional-derivative) controller is 


lOo(K,+K 
G(s) =e Ae 


Select the value of K, so that the parabolic-error constant K, is 100. Find 
the equivalent forward-path transfer function G,(s) for @ = 0 to w = ~, 
Determine the range of K, for stability by the Nyquist criterion. 


10-22. The block diagram of a feedback control system is shown in Fig. 
10P-22. 


R(s) | Y(s) 
® e 
+ + 
+ 


+ =— 


K 


G(s) = ———~__ 
(s+4)(s+5) 


Figure 10P-22 


(a) Apply the Nyquist criterion to determine the range of K for stability. 
(b) Check the answer obtained in part (a) with the Routh-Hurwitz 
criterion. 


10-23. The forward-path transfer function of the liquid-level control 


system shown in Prob. 2-36 is 


K K.nK,N 


Se 
s(R_Js+ K,K,)(As+ K,) 


The following system parameters are given: K = 50, K = 10, K =50, J= 
0.006, K, = 0.0706, n = 0.01, and R = 10. The values of A, N, and K, are 
variable. 

(a) For A= 50 and K, = 100, sketch the Nyquist plot of Gj@) for o = 0 to 
00 to co with N as a variable parameter. Find the maximum integer value of N 
so that the closed-loop system is stable. 

(b) Let N = 10 and K, = 100. Sketch the Nyquist plot of an equivalent 
transfer function G,, (j@) that has A as a multiplying factor. Find the critical 
value of K_ for stability. 

(c) For A= 50 and N = 10, sketch the Nyquist plot of an equivalent 
transfer function G,, (j@) that has K, as a multiplying factor. Find the critical 
value of K_ for stability. 


10-24. The block diagram of a dc-motor control system is shown in Fig. 
10P-24. Determine the range of K for stability using the Nyquist criterion 
when K_ has the following values: 


(8 10 | | Y(s) 
» K ( \\}—> | oe ; 
if 1+0.1s 0.0157 


Ks 








Figure 10P-24 


(a) K =0 
(b) K =0.01 
(c) K =0.1 


10-25. For the system shown in Fig. 10P-24, let K = 10. Find the range of 


K for stability with the Nyquist criterion. 
10-26. Figure 10P-26 shows the block diagram of a servomotor. 





Figure 10P-26 


Assume J = 1 kg-m’ and B = 1 N-m/rad/s. Determine the range of K for 
stability using the Nyquist criterion when K, has the following values: 

(a) K,=0 

(b) K,=0.1 

(c) K.=0.2 

10-27. For the system shown in Fig. 10P-26, let K = 10. Find the range of 
K. for stability with the Nyquist criterion. 


10-28. For the controlled system shown in Fig. 10P-28, draw the Nyquist 
plot and apply the Nyquist criterion to determine the range of K for stability 
and determine the number of roots in the right-half s-plane for the values of 
K, where the system is unstable. 





Figure 10P-28 
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G(s)= s—] 
(b) (s+1)° 
10-29. The steel-rolling control system shown in Fig. 4P-18 has the 
forward-path transfer function 


Ts 


100 Ke 


G(s) =———-—_ 
s(s° +10s+100) 


(a) When K = 1, determine the maximum time delay T, in seconds for the 
closed-loop system to be stable. 

(b) When the time delay Tis 1 s, find the maximum value of K for system 
Stability. 

10-30. Repeat Prob. 10-29 with the following conditions. 


(a) When K = 0.1, determine the maximum time delay T, in seconds for 
the closed-loop system to be stable. 

(b) When the time delay Tis 0.1 s, find the maximum value of K for 
system stability. 


10-31. The open-loop transfer function of a system is given by 


K 


Gre = 5(7,5-+1)(¢,5+1) 


Study the stability of the system for the following: 

(a) Kis small. 

(b) Kis large. 

10-32. The system schematic shown in Fig. 10P-32 is devised to control 
the concentration of a chemical solution by mixing water and concentrated 
solution in appropriate proportions. The transfer function of the system 
components between the amplifier output e (V) and the valve position x (in) 
is 


——_______—__ p ——_» 
D 


Water 


Output tube 
ob 







Concentrated 
solution 


/\ 
Valve Sensor 
7 position x 
ee 2 
Solenoid Amplifier 


Figure 10P-32 


X(s) _ K 
E (s) s*+10s+100 





When the sensor is viewing pure water, the amplifier output voltage e_ is 
zero; when it is viewing concentrated solution, e = 10 V; and 0.1 in of the 
valve motion changes the output concentration from zero to maximum. The 
valve ports can be assumed to be shaped so that the output concentration 
varies linearly with the valve position. The output tube has a cross-sectional 
area of 0.1 in’, and the rate of flow is 10° in/s regardless of the valve position. 
To make sure the sensor views a homogeneous solution, it is desirable to 
place it at some distance D in from the valve. 

(a) Derive the loop transfer function of the system. 

(b) When K = 10, find the maximum distance D (in) so that the system is 
stable. Use the Nyquist stability criterion. 

(c) Let D = 10 in. Find the maximum value of K for system stability. 


10-33. For the mixing system described in Prob. 10-32, the following 
system parameters are given: 

When the sensor is viewing pure water, the amplifier output voltage e = 0 
V; when it is viewing concentrated solution, e = 1 V; and 0.1 in of the valve 
motion changes the output concentration from zero to maximum. The rest of 


the system characteristics are the same as in Prob. 10-32. Repeat the three 
parts of Prob. 10-32. 


10-34. Figure 10P-34 shows the block diagram of a controlled system. 





Figure 10P-34 


(a) Draw the Nyquist plot and apply the Nyquist criterion to determine the 
range of K for stability. 

(b) Determine the number of roots in the right-half s-plane for the values 
of K, where the system is unstable. 

(c) Use Routh’s criterion to determine the range of K for stability. 

10-35. The forward-path transfer function of a unity-feedback control 
system 1s 


1000 


G(s) = 4... eee 
s(s° + 105s+ 600) 


(a) Find the values of M, wm, and BW of the closed-loop system. 


(b) Find the parameters of the second-order system with the open-loop 
transfer function 


w@” 


GiIs)= s(s+ bo, ) 


that will give the same values for M and w as the third-order system. 
Compare the values of BW of the two systems. 

10-36. Sketch or plot the Bode diagrams of the forward-path transfer 
functions given in Prob. 10-4. Find the gain margin, gain-crossover 
frequency, phase margin, and the phase-crossover frequency for each system. 


10-37. The transfer function of a system is given by 


25(s+1) 


B= ati-2n ie) 


Use MATLAB to plot the Bode diagrams of the system and find the phase 
margin and gain margin of the system. 


10-38. Use MATLAB to plot the Bode diagrams of the system shown in 
Fig. 10P-34, where K = 1, and determine the stable range of K by using phase 
margin and gain margin. 

10-39. The forward-path transfer functions of unity-feedback control 
systems are given in the following equations. Plot the Bode diagram of 
G(@)/K, and do the following: (1) Find the value of K so that the gain margin 
of the system is 20 dB. (2) Find the value of K so that the phase margin of the 
system is 45°. 


K 
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s(1+0.1s)(1+0.2s)(1+0.5s) s(1+0.1s+0.01s* ) 
(c) G(s)= : (f) G(s)= le 
(s+3) s(s° +s+1) 


10-40. The forward-path transfer functions of unity-feedback control 
systems are given in the following equations. Plot Gj@)/K in the gain-phase 
coordinates of the Nichols chart, and do the following: (1) Find the value of 
K so that the gain margin of the system is 10 dB. (2) Find the value of K so 
that the phase margin of the system is 45°. (3) Find the value of K so that M 


de. 
10K Es 
(a) GS) = Ty oasy(1405s) (c) CS) =F y0.1s+001s") 
5K(s+1) 10Ke™ 
_ G(s) = 
(b) Gs) s(1+0.1s)(1+0.2s)(1+0.5s) @) + Gls +015") 


10-41. The forward-path of a unity-feedback system is given by 


K(s+1)(s+2) 


G(S)H(8) = Fr ayls? 428425) 


(a) Plot the Bode diagram. 

(b) Plot the root locus. 

(c) Find the gain and frequency where instability occurs. 

(d) Find the gain at the phase margin of 20°. 

(e) Find the gain margin when the phase margin is 20°. 

10-42. The Bode diagram of the forward-path transfer function of a unity- 


feedback control system is obtained experimentally (as shown in Fig. 10P-42 
when the forward gain K is set at its nominal value. 
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Figure 10P-42 


(a) Find the gain and phase margins of the system from the diagram as 
best you can read them. Find the gain- and phase-crossover frequencies. 


(b) Repeat part (a) if the gain is doubled from its nominal value. 

(c) Repeat part (a) if the gain is 10 times its nominal value. 

(d) Find out how much the gain must be changed from its nominal value if 
the gain margin is 40 dB. 

(e) Find out how much the loop gain must be changed from its nominal 
value if the phase margin is 45°. 

(f) Find the steady-state error of the system if the reference input to the 
system is a unit-step function. 

(g) The forward path now has a pure time delay of T's, so that the forward- 
path transfer function is multiplied by e. Find the gain margin and the 
phase margin for T, = 0.1 s. The gain is set at nominal. 

(h) With the gain set at nominal, find the maximum time delay T, the 
system can tolerate without going into instability. 

10-43. Repeat Prob. 10-42 using Fig. 10P-42 for the following parts. 

(a) Find the gain and phase margins if the gain is four times its nominal 
value. Find the gain- and phase-crossover frequencies. 

(b) Find out how much the gain must be changed from its nominal value if 
the gain margin is 20 dB. 

(c) Find the marginal value of the forward-path gain for system stability. 

(d) Find out how much the gain must be changed from its nominal value if 
the phase margin is 60°. 

(e) Find the steady-state error of the system if the reference input is a unit- 
step function and the gain is twice its nominal value. 

(f) Find the steady-state error of the system if the reference input is a unit- 
step function and the gain is 20 times its nominal value. 

(g) The system now has a pure time delay so that the forward-path transfer 
function is multiplied by e’. Find the gain and phase margins when T= 0.1 
s. The gain is set at its nominal value. 

(h) With the gain set at 10 times its nominal, find the maximum time 
delay T, the system can tolerate without going into instability. 


10-44. The forward-path transfer function of a unity-feedback control 
system 1s 


80e 7! 


eam ES TEST 


(a) Draw the Nyquist plot of the system. 
(b) Plot the Bode diagram of the system. 
(c) Find the phase margin and gain margin of the system. 


10-45. The forward-path transfer function of a unity-feedback control 
system 1s 


— K(.+0.2s)(1+0.1s) 


G(s)= 2 2 
s°(1+s)1+0.01s) 


(a) Construct the Bode and Nyquist plots of GJq@)/K and determine the 
range of K for system stability. 

(b) Construct the root loci of the system for K = 0. Determine the values 
of K and at the points, where the root loci cross the j@-axis, using the 
information found from the Bode plot. 


10-46. Repeat Prob. 10-45 for the following transfer function: 


_KG+1,5)54-2) 


al= s*(s* +2s+2) 


10-47. Repeat Prob. 10-45 for the following transfer function: 


16000(s+1)(s+5) 


G(s)H(s) = _——@@—_——_——— 
s(s+0.1)(s+8)(s+20)(s+50) 


10-48. The forward-path transfer function of the dc-motor control system 
described in Fig. 4P-11 is 


6.087 X10°K 


ae a 
s(s? + 423.428” + 2.6667 X10°s + 4.2342 x10°) 


Plot the Bode diagram of G(j@) with K = 1, and determine the gain margin 
and phase margin of the system. Find the critical value of K for stability. 

10-49. The transfer function between the output position © (s) and the 
motor current I (s) of the robot arm modeled in Fig. 6P-20 is 


O,(s)_ K,(Bs+K) 


G,(s)= 1 (s) A 


where 
A (s)=s{J,J,,s° +U,(B,, + B)+J,,(B, + B)]s° 
+(B,B. +(B, +B, )B+(U, +J,)K\s+K(B, +B, )} 
The arm is controlled by a closed-loop system. The system parameters are 


K,_=65, K=100, K, =0.4, B=0.2, J 


m 


=0.2, B, =0.01, J, =0.6, and B, =0.25. 


(a) Derive the forward-path transfer function G(s) = © (s)/E(s). 
(b) Draw the Bode diagram of G(j@). Find the gain and phase margins of 


the system. 


(c) Draw |M(j@)| versus @, where M(s) is the closed-loop transfer 
function. Find M, w, and BW. 


10-50. For the ball-and-beam system described in Prob. 4-11 and shown 
in Fig. 1OP-50, assume the following: 







Beam 


Lever Arm 


Figure 10P-50 


m=0.11 kg mass of the ball T=9.99x10°kg-m* _ ball’s moment of inertia 


r=0.015 radius of the ball P ball position coordinate 
d=0.03 m lever arm offset OL beam angle coordinate 
g=9.8 m/s” gravitational acceleration 0 servo gear angle 
L=1.0m length of the beam 


If the system is controlled by a proportional controller in a unity-feedback 
control system, 

(a) Find the transfer function from the gear angle (@) to the ball position 
(P). 

(b) Find the closed-loop transfer function. 

(c) Find the range of K for stability. 

(d) Plot the Bode diagram for the system for K = 1, and find the gain and 
phase margins of the system. 

(e) Draw |M(j@)| versus @, where M(s) is the closed-loop transfer 
function. Find M, w, and BW. 


10-51. The gain-phase plot of the forward-path transfer function of 
G(q@)/K of a unity-feedback control system is shown in Fig. 10P-51. Find the 
following performance characteristics of the system. 


Magnitude (dB) 





Phase (deg) 


Figure 10P-51 


(a) Gain-crossover frequency (rad/s), when K = 1. 


(b) Phase-crossover frequency (rad/s) when K = 1. 
(c) Gain margin (dB) when K = 1. 

(d) Phase margin (deg) when K = 1. 

(e) Resonance peak Mr when K = 1. 

(f) Resonant frequency w (rad/s) when K = 1. 

(g) BW of the closed-loop system when K = 1. 

(h) The value of K so that the gain margin is 20 cB. 


(i) The value of K so that the system is marginally stable. Find the 
frequency of sustained oscillation in rad/s. 

(j) Steady-state error when the reference input is a unit-step function. 

10-52. Repeat parts (a) through (g) of Prob. 10-51, when K = 10. Repeat 
part (h) for gain margin = 40 dB. 

10-53. For the system in Prob. 10-44, plot the Nichols chart and find 
magnitudes and phase angles of the closed-loop frequency response. Then 
plot the Bode diagram of the closed-loop system. 

10-54. Use ACSYS or MATLAB to analyze the frequency response of 
the following unity-feedback control systems. Plot the Bode diagrams, polar 
plots, and gain-phase plots, and compute the phase margin, gain margin, M , 
and BW. 


1+0.1s 50 
a) G(s)= s(s+1)(1+0.01s) te) G(s)= s(s+1)(1+0.5s7) 
(b) enj=_——_aere _ (f) G(s)= tose 
s(1+0.2s)(1+s+0.5s" ) s(s+1)(1+0.01s) 
- (s+1) a _ 100° 
) OS) = 0.251 40.55) i) Ne s°+2s+2 
] 
(d) G(s)=————_ 
s(1+s)(1+0.5s) 


10-55. For the gain-phase plot of Gj@)/K shown in Fig. 10P-51, the 
system now has a pure time delay of T, in the forward path, so that the 
forward-path transfer function becomes G(s)e™. 


(a) With K = 1, find Td so that the phase margin is 40°. 


(b) With K = 1, find the maximum value of Td so that the system will 
remain stable. 


10-56. Repeat Prob. 10-55 with K = 10. 
10-57. Repeat Prob. 10-55 so that the gain margin is 5 dB when K = 1. 


10-58. The block diagram of a furnace-control system is shown in Fig. 
10P-58. The transfer function of the process is 


Burner Furnace 










Figure 10P-58 


1 
~ (1410s)(1+ 25s) 


G,(s) 


The time delay Tis 2 s. 


There are many ways of approximating e”* by a rational function. One way 
is to approximate the exponential function by a Maclaurin series; that is, 


ee | 

mish £6 15 
e *1=T,st+— 

ps 





Or 


etd sj | 
—14+T,)s+Tjs?/2 


where only three terms of the series are used. Apparently, the 
approximations are not valid when the magnitude of T,, is large. 


A better approximation is to use the Pade approximation, which is given in 
the following for a two-term approximation: 


ola’ _ l=Tsi2 


~ -14+T,s/2 





This approximation of the transfer function contains a zero in the right-half 
s-plane so that the step response of the approximating system may exhibit a 
small negative undershoot near t = 0. 


(a) Plot the Bode diagram of G(s) = Y(s)/E(s), and find the gain-crossover 
and phase-crossover frequencies. Find the gain margin and the phase margin. 
(b) Approximate the time delay by 


a dé l 


1+T,s+T,s° /2 


and repeat part (a). Comment on the accuracy of the approximation. What 
is the maximum frequency below which the polynomial approximation is 
accurate? 


(c) Repeat part (b) for approximating the time delay term by 


-T 3s l= Ti s/2 
EE * =— 
1+ T,s/2 


10-59. Repeat Prob. 10-58 with T,=1s. 


10-60. Plot the SY (j@)|-versus-q@ plot for the system described in Prob. 
10-49 for K = 1. Find the frequency at which the sensitivity is maximum and 
the value of the maximum sensitivity. 


10-61. Figure 10P-61 shows the pitch controller system for an aircraft, as 
described in Sec. 7-9. 





Lift 





f z',Weight 
Figure 10P-61 


If the system is controlled by a proportional controller in a unity-feedback 
control system, 

(a) Find the transfer function between pitch angle and elevator deflection 
angle. 

(b) Find the closed-loop transfer function. 

(c) Find the range of K for stability. 

(d) Plot the Bode diagram for the system for K = 1, and find the gain and 
phase margins of the system. 

(e) Draw |M(j@)| versus @, where M(s) is the closed-loop transfer 
function. Find M, w, and BW. 


“In the absence of delay, i.e., T, = 0, Eg. (10-52) takes the form: 





Design of Control Systems 


11-1 INTRODUCTION 


We now utilize all the foundations and analyses that we have provided in 
the preceding chapters in the ultimate goal of design of control systems. 
Starting with the controlled process such as that shown by the block diagram 
in Fig. 11-1, control system design involves the following three steps: 


u(t) CONTROLLED yd) 
Control PROCESS Gp |Controlled variables 


vector (output vector) 


Figure 11-1 Controlled process. 


1. Use design specifications to determine what the system should do 
and how to do. 

2. Determine the controller or compensator configuration, relative to 
how it is connected to the controlled process. 

3. Determine the parameter values of the controller to achieve the 
design goals. 


These design tasks are explored further in the following sections. 


Learning Outcomes 


After successful completion of this chapter, you will be able to 
1. Design simple control systems using time-domain and frequency- 
domain approaches. 
2. Incorporate various controllers, including proportional, derivative, 
integral, lead, and lag, into your control system for simple processes. 


3. Use MATLAB to investigate the time- and frequency-domain 
performance of the control systems. 


4. Use the MATLAB SISO design tool to expedite the design process. 


11-1-1 Design Specifications 


As discussed in Chap. 7, we use design specifications to describe the 
expected performance of a system for a given input. These specifications are 
unique to individual applications and often include specifications about 
relative stability, steady-state accuracy (error), transient-response 
characteristics, and frequency-response characteristics. In some 
applications, there may be additional specifications on sensitivity to 
parameter variations, that is, robustness, or disturbance rejection. 


The design of linear control systems can be carried out in either the time 
domain or the frequency domain. For instance, steady-state accuracy is 
often specified with respect to a step input, a ramp input, or a parabolic input, 
and the design to meet a certain requirement is more conveniently carried out 
in the time domain. Other specifications, such as maximum overshoot, rise 
time, and settling time, are all defined for a unit-step input and, therefore, 
are used specifically for time-domain design. We have leamed that relative 
stability is also measured in terms of gain margin, phase margin, and M . 
These are typical frequency-domain specifications, which should be used in 
conjunction with such tools as the Bode plot, polar plot, gain-phase plot, and 
Nichols chart. 

We have shown that, for a second-order prototype system, there are simple 
analytical relationships between some of these time-domain and frequency- 
domain specifications. However, for higher-order systems, correlations 
between time-domain and frequency-domain specifications are difficult to 
establish. As pointed out earlier, the analysis and design of control systems is 
pretty much an exercise of selecting from several alternative methods for 
solving the same problem. 

Thus, the choice of whether the design should be conducted in the time 
domain or the frequency domain depends often on the preference of the 
designer. We should be quick to point out, however, that in most cases, time- 
domain specifications such as maximum overshoot, rise time, and settling 


time are usually used as the final measure of system performance. To an 
inexperienced designer, it is difficult to comprehend the physical connection 
between frequency-domain specifications such as gain and phase margins and 
resonance peak to actual system performance. For instance, does a gain 
margin of 20 dB guarantee a maximum overshoot of less than 10 percent? To 
a designer it makes more sense to specify, for example, that the maximum 
overshoot should be less than 5 percent and a settling time less than 0.01 s. It 
is less obvious what, for example, a phase margin of 60° and an M of less 
than 1.1 may bring in system performance. The following outline will 
hopefully clarify and explain the choices and reasons for using time-domain 
versus frequency-domain specifications. 


1. Historically, the design of linear control systems was developed 
with a wealth of graphical tools such as the Bode plot, Nyquist plot, 
gain-phase plot, and Nichols chart, which are all carried out in the 
frequency domain. The advantage of these tools is that they can all be 
sketched by following approximation methods without detailed plotting. 
Therefore, the designer can carry out designs using frequency-domain 
specifications such as gain margin, phase margin, M, and the like. 
High-order systems do not generally pose any particular problem. For 
certain types of controllers, design procedures in the frequency domain 
are available to reduce the trial-and-error effort to a minimum. 


2. Design in the time domain using such performance specifications as 
rise time, delay time, settling time, maximum overshoot, and the like 
is possible analytically only for second-order systems or for systems that 
can be approximated by second-order systems. General design 
procedures using time-domain specifications are difficult to establish for 
systems with an order higher than the second. 


The development and availability of high-powered and user-friendly 
computer software, such as MATLAB, is rapidly changing the practice of 
control system design, which until recently had been dictated by historical 
development. Now with MATLAB, the designer can go through a large 
number of design runs using the time-domain specifications within a matter 
of minutes. This diminishes considerably the historical edge of the frequency- 
domain design, which is based on the convenience of performing graphical 
design manually. 


Throughout this chapter, we have incorporated small MATLAB toolboxes 
to help your understanding of the examples, and, at the end of the chapter, we 
introduce the MATLAB SISO design tool that would enhance your ability to 
design controllers using the root-locus and frequency-domain approaches. 


Finally, it is generally difficult (except for an experienced designer) to 
select a meaningful set of frequency-domain specifications that will 
correspond to the desired time-domain performance requirements. For 
example, specifying a phase margin of 60° would be meaningless unless we 
know that it corresponds to a certain maximum overshoot. As it turns out, to 
control maximum overshoot, usually one has to specify at least phase margin 
and M . Eventually, establishing an intelligent set of frequency-domain 
specifications becomes a trial-and-error process that precedes the actual 
design, which often is also a trial-and-error effort. However, frequency- 
domain methods are still valuable in interpreting noise rejection and 
sensitivity properties of the system, and, most important, they offer another 
perspective to the design process. Therefore, in this chapter the design 
techniques in the time domain and the frequency domain are treated side by 
side, so that the methods can be easily compared. 


11-1-2 Controller Configurations 


In general, the dynamics of a linear controlled process can be represented 
by the block diagram shown in Fig. 11-1. The design objective is to have the 
controlled variables, represented by the output vector y(t), behave in certain 
desirable ways. The problem essentially involves the determination of the 
control signal u(t) over the prescribed time interval so that the design 
objectives are all satisfied. 


Most of the conventional design methods in control systems rely on the so- 
called fixed-configuration design in that the designer at the outset decides 
the basic configuration of the overall designed system and decides where the 
controller is to be positioned relative to the controlled process. The problem 
then involves the design of the elements of the controller. Because most 
control efforts involve the modification or compensation of the system- 
performance characteristics, the general design using fixed configuration is 
also called compensation. 

Figure 11-2 illustrates several commonly used system configurations with 
controller compensation. These are described briefly as follows: 





(a) 





(b) 


State variables 


x(t) 





State feedback 
(c) 
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y@) 





(f) 


Figure 11-2 Various controller configurations in control-system 
compensation. (a) Series or cascade compensation. (b) Feedback 
compensation. (c) State-feedback control. (d ) Series-feedback compensation 
(two degrees of freedom). (e) Forward compensation with series 
compensation (two degrees of freedom). (f) Feedforward compensation (two 
degrees of freedom). 


° Series (cascade) compensation. Figure 11-2a shows the most 
commonly used system configuration with the controller placed in series 
with the controlled process, and the configuration is referred to as series 
or cascade compensation. 


° Feedback compensation. In Fig. 11-2b, the controller is placed in the 
minor feedback path, and the scheme is called feedback compensation. 


° State-feedback compensation. Figure 11-2c shows a system that 
generates the control signal by feeding back the state variables through 
constant real gains, and the scheme is known as state feedback. The 
problem with state-feedback control is that, for high-order systems, the 
large number of state variables involved would require a large number 
of transducers to sense the state variables for feedback. Thus, the actual 
implementation of the state-feedback control scheme may be costly or 
impractical. Even for low-order systems, often not all the state variables 
are directly accessible, and an observer or estimator may be necessary 
to create the estimated state variables from measurements of the output 
variables. 

° Series-feedback compensation. Figure 11-2d shows the series- 
feedback compensation for which a series controller and a feedback 
controller are used. 

¢ Feedforward compensation. Figure 11-2e and f shows the so-called 
feedforward compensation. In Fig. 11-2e, the feedforward controller 
G_, (s) is placed in series with the closed-loop system, which has a 
controller G (s) in the forward path. 


In Fig. 11-2f, the feedforward controller G, (s) is placed in parallel with 
the forward path. The key to the feedforward compensation is that the 

controller G,, (s) is not in the loop of the system, so it does not affect the 
roots of the characteristic equation of the original system. The poles and 


zeros Of G_, (s) may be selected to add or cancel the poles and zeros of 
the closed-loop system transfer function. 


The compensation schemes shown in Fig. 11-2a to c all have one degree of 
freedom in that there is only one controller in each system, even though the 
controller may have more than one parameter that can be varied. The 
disadvantage with a one-degree-of-freedom controller is that the performance 
criteria that can be realized are limited. For example, if a system is to be 
designed to achieve a certain amount of relative stability, it may have poor 
sensitivity to parameter variations. Or if the roots of the characteristic 
equation are selected to provide a certain amount of relative damping, the 
maximum overshoot of the step response may still be excessive because of 
the zeros of the closed-loop transfer function. The compensation schemes 
shown in Fig. 11-2d to f all have two degrees of freedom. 


One of the commonly used controllers in the compensation schemes just 
described is a PID controller, which applies a signal to the process that is 
proportional to the actuating signal in addition to adding integral and 
derivative of the actuating signal. Because these signal components are easily 
realized and visualized in the time domain, PID controllers are commonly 
designed using time-domain methods. In addition to the PID-type controllers, 
lead, lag, lead-lag, and notch controllers are also frequently used. The names 
of these controllers come from properties of their respective frequency- 
domain characteristics. As a result, these controllers are often designed using 
frequency-domain concepts. Despite these design tendencies, however, all 
control system designs will benefit by viewing the resulting design from both 
time- and frequency-domain viewpoints. Thus, both methods will be used 
extensively in this chapter. 


PID controllers are the most common controllers used in industrial 
applications. 


It should be pointed out that these compensation schemes are by no means 
exhaustive. The details of these compensation schemes will be discussed in 
later sections of this chapter. Although the systems illustrated in Fig. 11-2 are 
all for continuous-data control, the same configurations can be applied to 
discrete-data control, in which case the controllers are all digital, with the 


necessary interfacings and signal converters. 


11-1-3 Fundamental Principles of Design 


After a controller configuration is chosen, the designer must choose a 
controller type that, with proper selection of its element values, will satisfy all 
the design specifications. The types of controllers available for control- 
system design are bounded only by one’s imagination. Engineering practice 
usually dictates that one choose the simplest controller that meets all the 
design specifications. In most cases, the more complex a controller is, the 
more it costs, the less reliable it is, and the more difficult it is to design. 
Choosing a specific controller for a specific application is often based on the 
designer’s past experience and sometimes intuition, and it entails as much art 
as it does science. As a novice, you may initially find it difficult to make 
intelligent choices of controllers with confidence. By understanding that 
confidence comes only through experience, this chapter provides guided 
experiences that illustrate the basic elements of control system designs. 


After a controller is chosen, the next task is to choose controller parameter 
values. These parameter values are typically the coefficients of one or more 
transfer functions making up the controller. The basic design approach is to 
use the analysis tools discussed in the previous chapters to determine how 
individual parameter values influence the design specifications and, finally, 
system performance. Based on this information, controller parameters are 
selected so that all design specifications are met. While this process is 
sometimes straightforward, more often than not it involves many design 
iterations since controller parameters usually interact with each other and 
influence design specifications in conflicting ways. For example, a particular 
parameter value may be chosen so that the maximum overshoot is satisfied, 
but in the process of varying another parameter value in an attempt to meet 
the rise-time requirement, the maximum overshoot specification may no 
longer be met! Clearly, the more design specifications there are and the more 
controller parameters there are, the more complicated the design process 
becomes. 


In carrying out the design either in the time domain or the frequency 
domain, it is important to establish some basic guidelines or design rules. 
Keep in mind that time-domain design usually relies heavily on the s-plane 
and the root loci. Frequency-domain design is based on manipulating the gain 


and phase of the loop transfer function so that the specifications are met. 

In general, it is useful to summarize the time-domain and frequency- 
domain characteristics so that they can be used as guidelines for design 
purposes. 


1. Complex-conjugate poles of the closed-loop transfer function lead 
to a step response that is underdamped. If all system poles are real, the 
step response is overdamped. However, zeros of the closed-loop transfer 
function may cause overshoot even if the system is overdamped. 


2. The response of a system is dominated by those poles closest to the 
origin in the s-plane. Transients due to those poles farther to the left 
decay faster. 


3. The farther to the left in the s-plane the system’s dominant poles 
are, the faster the system will respond and the greater its bandwidth will 
be. 


4. The farther to the left in the s-plane the system’s dominant poles 
are, the more expensive it will be and the larger its internal signals will 
be. While this can be justified analytically, it is obvious that striking a 
nail harder with a hammer drives the nail in faster but requires more 
energy per strike. Similarly, a sports car can accelerate faster, but it uses 
more fuel than an average car. 

5. When a pole and zero of a system transfer function nearly cancel 
each other, the portion of the system response associated with the pole 
will have a small magnitude. 

6. Time-domain and frequency-domain specifications are loosely 
associated with each other. Rise time and bandwidth are inversely 
proportional. Larger phase margin, larger gain margin, and lower M_ will 
improve damping. 


11-2 DESIGN WITH THE PD CONTROLLER 


In most examples of control systems we have discussed thus far, the 
controller has been typically a simple amplifier with a constant gain K. This 
type of control action is formally known as proportional control because the 
control signal at the output of the controller is simply related to the input of 
the controller by a proportional constant. 


Intuitively, one should also be able to use the derivative or integral of the 
input signal, in addition to the proportional operation. Therefore, we can 
consider a more general continuous-data controller to be one that contains 
such components as adders (addition or subtraction), amplifiers, attenuators, 
differentiators, and integrators. The designer’s task is to determine which of 
these components should be used, in what proportion, and how they are 
connected. For example, one of the best-known controllers used in practice is 
the PID controller, where the letters stand for proportional, integral, and 
derivative. The integral and derivative components of the PID controller 
have individual performance implications, and their applications require an 
understanding of the basics of these elements. To gain an understanding of 
this controller, we consider just the PD portion of the controller first. 


Figure 11-3 shows the block diagram of a feedback control system that 
arbitrarily has a second-order prototype process with the transfer function 
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Figure 11-3 Control system with PD controller. 
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The series controller is a proportional-derivative (PD) type with the 
transfer function 


G(s)=K,+K,s (11-2) 


Thus, the control signal applied to the process is 


de(t) 
dt 





utj= K elt)+ K, (11-3) 


where K, and K, are the proportional and derivative constants, respectively. 
Using the components given in Table 6-1, two electronic-circuit realizations 


of the PD controller are shown in Fig. 11-4. The transfer function of the 
circuit in Fig. 11-4a is 





(a) 
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Figure 11-4 Op-amp circuit realization of the PD controller. 
——=—+R Cs (11-4) 


Comparing Eq. (11-2) with Eq. (11-4), we have 
K,=R/K, K,=RC, (11-5) 


The transfer function of the circuit in Fig. 11-4b is 


E R 
2A) Bias (11-6) 
E.(s) R 


in 1 
Comparing Eq. (11-2) with Eq. (11-6), we have 
K,=R,/R, K,=R,C, (11-7) 


The advantage with the circuit in Fig. 11-4a is that only two op-amps are 
used. However, the circuit does not allow the independent selection of K, and 
K, because they are commonly dependent on R,. An important concern of the 
PD controller is that, if the value of K, is large, a large capacitor C, would be 
required. The circuit in Fig. 11-4b allows K, and K, to be independently 
controlled. A large K, can be compensated by choosing a large value for R,, 
thus resulting in a realistic value for C,. Although the scope of this text does 
not include all the practical issues involved in controller transfer function 
implementation, these issues are of the utmost importance in practice. 

The forward-path transfer function of the compensated system is 

Y(s) | 


G(s)= Es)” G,(s)G,(s)= 


which shows that the PD control is equivalent to adding a simple zero at s 
= -K/K,, to the forward-path transfer function. 


w°(K, +K,s) 


s(s+2C@, ) pews 


11-2-1 Time-Domain Interpretation of PD Control 


PD control adds a simple zero at s = -K/K,, to the forward-path 
transfer function. 


The effect of the PD control on the transient response of a control system 
can be investigated by referring to the time responses shown in Fig. 11-5. Let 
us assume that the unit-step response of a stable system with only 
proportional control is as shown in Fig. 11-5a, which has a relatively high 


maximum overshoot and is rather oscillatory. The corresponding error signal, 
which is the difference between the unit-step input and the output y(t) and its 
time derivative de(t)/dt are shown in Figs. 9.5b and c, respectively. The 
overshoot and oscillation characteristics are also reflected in e(t) and de(t)/dt. 
For the sake of illustration, we assume that the system contains a motor of 
some kind with its torque proportional to e(t). The performance of the system 
with proportional control is analyzed as follows: 


y(t) 
| iw. pr 





Figure 11-5 Waveforms of y(t), e(t), and de(t)/dt, showing the effect of 
derivative control. (a) Unit-step response. (b) Error signal. (c) Time rate of 


change of the error signal. 


1. During the time interval 0<t<t: The error signal e(t) is positive. The 
motor torque is positive and rising rapidly. The large overshoot and 
subsequent oscillations in the output y(t) are due to the excessive amount 
of torque developed by the motor and the lack of damping during this 
time interval. 

2. During the time interval t,<t<t,: The error signal e(t) is negative, and 
the corresponding motor torque is negative. This negative torque tends 
to slow down the output acceleration and eventually causes the direction 
of the output y(t) to reverse and undershoot. 

3. During the time interval t,<t<t.: The motor torque is again positive, 
thus tending to reduce the undershoot in the response caused by the 
negative torque in the previous time interval. Because the system is 
assumed to be stable, the error amplitude is reduced with each 
oscillation, and the output eventually settles to its final value. 


Considering the above analysis of the system time response, we can say 
that the contributing factors to the high overshoot are as follows: 


1. The positive correcting torque in the interval O<t<t is too large. 
2. The retarding torque in the time interval t <t<t, is inadequate. 


Therefore, to reduce the overshoot in the step response, without 
significantly increasing the rise time, a logical approach would be to 


1. Decrease the amount of positive correcting torque during O<t<t. 
2. Increase the retarding torque during t,<t<t,. 


Similarly, during the time interval, t,<t<t,, the negative corrective torque in 
t,<t<t, should be reduced, and the retarding torque during t,<t<t,, which is 
now in the positive direction, should be increased to improve the undershoot 
of y(t). 

The PD control described by Eq. (11-2) gives precisely the compensation 
effect required. Because the control signal of the PD control is given by Eq. 
(11-3), Fig. 11-5c shows the following effects provided by the PD controller: 


1. For O<t<t, de(t)/dt is negative; this will reduce the original torque 


developed due to e(t) alone. 
2. For t,<t<t, both e(t) and de(t)/dt are negative, which means that the 


negative retarding torque developed will be greater than that with only 
proportional control. 


3. Fort,<t<t, e(t) and de(t)/dt have opposite signs. Thus, the negative 
torque that originally contributes to the undershoot is reduced also. 


Therefore, all these effects will result in smaller overshoots and 
undershoots in y(t). 


PD is essentially an anticipatory control. 


Another way of looking at the derivative control is that since de(t)/dt 
represents the slope of e(t), the PD control is essentially an anticipatory 
control. That is, by knowing the slope, the controller can anticipate direction 
of the error and use it to better control the process. Normally, in linear 
systems, if the slope of e(t) or y(t) due to a step input is large, a high 
overshoot will subsequently occur. The derivative control measures the 
instantaneous slope of e(t), predicts the large overshoot ahead of time, and 
makes a proper corrective effort before the excessive overshoot actually 
occurs. 

Intuitively, derivative control affects the steady-state error of a system only 
if the steady-state error varies with time. If the steady-state error of a system 
is constant with respect to time, the time derivative of this error is zero, and 
the derivative portion of the controller provides no input to the process. But if 
the steady-state error increases with time, a torque is again developed in 
proportion to de(t)/dt, which reduces the magnitude of the error. Equation 
(11-8) also clearly shows that the PD control does not alter the system type 
that governs the steady-state error of a unity-feedback system. 


Derivative or PD control will have an effect on a steady-state error 
only if the error varies with time. 


11-2-2 Frequency-Domain Interpretation of PD Control 


For frequency-domain design, the transfer function of the PD controller is 
written as 


K 
Go) =Ky + Kys=Ky| 142s) (11-9) 


P 


so that it is more easily interpreted on the Bode plot. The Bode plot of Eq. 
(11-9) is shown in Fig. 11-6 with K =1. In general, the proportional-control 
gain K, can be combined with a series gain of the system, so that the zero- 
frequency gain of the PD controller can be regarded as unity. The high-pass 
filter characteristics of the PD controller are clearly shown by the Bode plot 
in Fig. 11-6. The phase-lead property may be utilized to improve the phase 
margin of a control system. Unfortunately, the magnitude characteristics of 
the PD controller push the gain-crossover frequency to a higher value. Thus, 
the design principle of the PD controller involves the placing of the corner 
frequency of the controller, @=K,/K,, such that an effective improvement of 
the phase margin is realized at the new gain-crossover frequency. For a given 
system, there is a range of values of K,/K, that is optimal for improving the 
damping of the system. Another practical consideration in selecting the 
values of K, and K, is in the physical implementation of the PD controller. 
Other apparent effects of the PD control in the frequency domain are that, due 
to its high-pass characteristics, in most cases it will increase the BW of the 
system and reduce the rise time of the step response. The practical 
disadvantage of the PD controller is that the differentiator portion is a high- 
pass filter, which usually accentuates any high-frequency noise that enters at 
the input. 
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The PD controller is a high-pass filter. 

The PD controller has the disadvantage that it accentuates high- 
frequency noise. 

The PD controller will generally increase the BW and reduce the rise 
time of the step response. 


11-2-3 Summary of Effects of PD Control 


Though it is not effective with lightly damped or initially unstable systems, 
a properly designed PD controller can affect the performance of a control 
system in the following ways: 


1. Improving damping and reducing maximum overshoot. 
Reducing rise time and settling time. 

Increasing BW. 

Improving GM, PM, and M. 

Possibly accentuating noise at higher frequencies. 


eS eS 


. Possibly requiring a relatively large capacitor in circuit 
implementation. 


The following example illustrates the effects of the PD controller on the 
time-domain and frequency-domain responses of a second-order system. 


EXAMPLE 11-2-1' Let us reconsider the second-order model of the aircraft 
attitude control system shown in Fig. 7-52. The 
forward-path transfer function of the system is given 
in Eq. (7-161) and is repeated here: 


Control of a DC Motor: Small Time-Constant Model 


G(s)= nk (11-10) 


a s(s + 361.2) 


Let us set the performance specifications as follows: 


Steady-state error due to unit-ramp input < 0.000443 


Maximum overshoot <5% 
Rise time t <0.005 s 


2% settling time t<0.005 s 


To satisfy the maximum value of the specified steady-state error 
requirement, K should be set at 181.17. However, with this value of K, the 
damping ratio of the system is 0.2, and the maximum overshoot is 52.7 
percent, as shown by the unit-step response in Fig. 7-54. Let us consider 
using a PD controller in the forward path of the system so that the damping 
and the maximum overshoot of the system are improved while maintaining 
the steady-state error due to the unit-ramp input at 0.000443. 

Time-Domain Design With the PD controller of Eq. (11-9) and K = 
181.17, the forward-path transfer function of the system becomes 





_O,(s) _ 815,265(Kp + Kps) 


G 11-11 
‘s) O,(s) s(s+ 361.2) 
The closed-loop transfer function is 
8 (5) 815,265K,| s+ | 
S 
— = (11-12) 





© (s) s?+(361.2+815,265K, )s+815,265K, 


Equation (11-12) shows that the effects of the PD controller are as follows: 


1. Adding a zero at s = -K/K,, to the closed-loop transfer function 


2. Increasing the damping term, which is the coefficient of the s term 
in the denominator, from 361.2 to 361.2+815,265K 


3. No impact on steady-state response 
From Eq. (11-12), the following observations are made: 
The steady-state error due to a unit-step input is e_ = 0. 
The ramp-error constant is 


815,265K, 


= 2257.1K> (11-13) 
361.2 


K, =lim sG(s)= 
s—0 


The steady-state error due to a unit-ramp input is e, = 1/K, = 0.000443/K. . 


Also, from Eq. (11-12), the characteristic equation is written as 
s* +(361.2+815,265K, )s+815,265K, =0 (11-14) 


which clearly shows the positive effect of K, on damping. We should quickly 
point out that Eq. (11-11) no longer represents a prototype second-order 
system, since the transient response is also affected by the zero of the transfer 
function at s = -K/K,. In order to design a PD controller, we first approximate 
the system as a prototype second-order system. That is, from the discussions 
surrounding Fig. 11-5, and earlier in Sec. 7-7-5, if we select a small K, 
relative to K,, the controller zero at s = -K,/K, can be assumed to have a small 
effect on the time response, in comparison to the dominant poles of the 
system. Hence upon neglecting the zero, if we use a prototype second-order 
transfer function, from Eq. (11-14) 


maximum overshoot = 0.05 = pee (1.1315) 


provides the desired damping ratio for a 5 percent overshoot. Hence, ¢ = 0.69. 
Using the 2-percent settling time formula, for a 0.005 s settling time, 


4.0 
2-percent settling time: t, =0.005=—— _ 0<¢ <0.9 (11-16) 


i 


the desired value of natural frequency is wm = 1,159.2 rad/s. As a result, 


(1159.2)’ 
> = = 1.648231 (11-17) 

815,265 

361.2+815,265K 
6 =? = 0,156 +351.6K, (11-18) 

(2)(1159.2) 
Or 

K, =0.001519 (11-19) 


Note that from Eq. (11-13), the value of K, in Eq. (11-17) automatically 
satisfies the steady-state error due to unit-ramp input <0.000443. With these 


values, the poles and the zero of the system are at 


(361.2+815,265K,, ) 


alll 2 
=—800 + j838.9 (11-20) 
Or, 
s=—K,/K, =—1085 (11-21) 


Recall from Eq. (8-19) in Chap. 8 that for the desired poles of the closed 
loop system to be on the root locus, the poles must meet the angle criterion. 
In our case, as shown in Fig. 11-7, 
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Figure 11-7 Root locus of Eq. (11-12) for the controller zero fixed at s = 
-K,/K, = -1085. 


Z(s+361.2)+ Zs—Z(s+1,085)=117.6° +133.6° —71.2° =180° (11-22) 


the closed loop poles and zero from will obviously meet the root-locus angle 
criterion. 


Using Toolbox 11-2-1, we obtain the time response for a unit-step input 
based on the PD controller parameter values from Eqs. (11-17) and (11-19). 
The system response, shown in Fig. 11-8, meets the rise time and settling 
time criteria while the maximum overshoot is well above the desired 5 
percent. This is because of the influence of the controller zero, see Sec. 7-8. 
In order to arrive at the desired response, we must move the poles of the 
system, along the root locus, to a new location while exploring the time 
response behavior. The easiest strategy is to substitute the fixed zero value s 
= -K/K, =-1085 into Eq. (11-14) and solve for the closed loop poles as K,, 
increases. Fixing the zero of the controller has the advantage of reducing the 
number of unknown controller parameters from two to one. As a result the 
revised characteristic equation of the system is 


2% setting time: 
0.0043 Seconds 


Rise time: 
0.0009 seconds 


Angular Position (rad) 
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Figure 11-8 Uhnit-step response of Eq. (11-12) for the controller zero 
fixed at s = -K/K, = -1085 and poles at s,, =-800;+j838.9. 


Always check whether the dc motor can provide the required torque 


to achieve the desired response. You must operate the motor below its 
Stall torque limits. 


s* +(361.2+815,265K, )s +815, 265(1085K, )=0 (11-23) 


Solving for the poles of the system in Eq. (11-14), we have 


(361.2+815,265K, ) 
1,2 rr 


_ ((361.2+ 815,265K, )” 
+ j,|-—_—-£—_——"—- 815, 265(1085K,, ) 
4 


The root-locus diagram in Fig. 11-9 is obtained by varying K, in Eq. (11- 
24). The desired response of the system is attained for K, = 0.01105 and K, = 
13.1285, as shown in Fig. 11-10. From the root locus in Fig. 11-9, the poles 
in Eq. (11-24) are located at s = -1200 and s, = -8170. Notice, the two poles 
are expected to exhibit a highly overdamped response. However, the 
controller zero dominance contributes to a nonoscillatory overshoot. The 
attributes of the unit-step responses of the system are shown in Table 11-1. 
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Figure 11-9 Root locus of Eq. (11-12) for the controller zero fixed at s = 
-K,/K, = -1085. showing desired response poles for K, = 0.01105 and K, = 
13.1285. 
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Figure 11-10 Desired unit-step response of Eq. (11-12) for K, = 0.01105 
and K, = 13.1285. 


Table 11-1 Attributes of the Unit-Step Responses of the System in 
Example 11-2-1 with PD Controller Using a Fixed Zero at s = —K,/K, = — 


1085 


K 


D 
0) 
0.000152 
0.01105 


Maximum Overshoot (%) 


t (s) t (s) 


r 


0.00125 0.0151 32.2 
0.0009 0.0043 13 
0.0002 0.00015 3 


In practice, you must always check the required motor torque to achieve 
this response. You can do this by finding the motor torque transfer function 
and find its time response; see also the discussions in App. D regarding 
actuator current saturation. Remember, if the required torque is higher than 
the motor stall torque, your motor will not be able to provide the desired 
response. If your controller parameters require a higher torque than what the 


motor can provide, consider moving the controller zero to the right (as much 
as you can) and repeat the process to find the desired response. For the zero 
at s= - K,/K, = -565, a desired response may be obtained when K, = 1 and K, 
= 0.00177; see the alternative design approach using the root contours 
approach for the step response, and check Example 11-10-1 for the 
MATLAB SISO design approach. 


Toolbox 11-2-1 


Root loci of Eq. (11-11) shown in Fig. 11-7 are obtained by the 
following sequence of MATLAB functions: 
[815265 815265*1085] ; 
den = [1 361.2 0]; 
(num, den) 


ae ee: ae ee. ee ee ee ee ae ee ee ee. ee ee ae ee ee ee: ee. ee: ae ee ee ee ee ee. ee ee: ee ee Ee ee ee ee e_ 


functions: 
KD=0 .001519;KP=1.648231; 
num =[815265*KD 815265*KP] ; 
den = [1 361.2+815265*KD 815265*KP]; 
step (num, den) 
Figure 11-10 is obtained by the following sequence of MATLAB 
functions: 
KD=0 .0121; KP=13.1285; 
KP/KD % zero location 
num =[815265*KD 815265*KP] ; 
den = [1 361.2+815265*KD 815265*KP]; 
step (num, den) 


Alternative Time-Domain Design Approach Using Root 
Contours 
Considering the characteristic equation in Eq. (11-14), we can set K,=1, 


which is acceptable from the steady-state error requirement. The damping 
ratio of the system is 


_ 361.2+815,265K,, 


: 1805.84 


=0.2+ 451.46K , (11-25) 


It turns out that, for this second-order system, as the value of K, increases, 
the zero will move very close to the origin and effectively cancels the pole of 
G(s) at s = 0. Thus, as K, increases, the transfer function in Eq. (11-11) 
approaches that of a first-order system with the pole at s = -361.2, and the 
closed-loop system will not have any overshoot. In general, for higher-order 
systems, however, the zero at s = -K/K, may increase the overshoot when K,, 
becomes very large. 

We can apply the root-contour method to the characteristic equation in Eq. 
(11-14) to examine the effect of varying K, and K,. First, by setting K, to 
zero, Eq. (11-14) becomes 


s* + 361.2s+ 815,265K, =0 (11-26) 


The root loci of the last equation as K, varies between 0 and © are shown 
in Fig. 11-11. You can use Toolbox 11-2-2 to draw the root locus. According 
to the discussions in Chap. 9, when K, # 0, the characteristic equation in Eq. 
(11-14) is conditioned as: 
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Figure 11-11 Root loci of Eq. (11-26). 


815,265K,s 


ee = (11-27) 
s? +361.25 +815,265K, 


1+G,,(s)=1+ 


The root contours of Eq. (11-14) with K, = and K, varying are constructed 
based on the pole-zero configuration of G,(s). Alternatively, the root contours 
may also be constructed by solving for the pole values of characteristic 
equation of the system shown in Eq. (11-20). Using either approach, the root 
contours are plotted by fixing the K, value and varying K,, as shown in Fig. 
11-12 for K, is 0.25 and K, = 1. 

When K, is 0.25 and K, = 0, the two characteristic equation roots are at — 
180.6 + j413.76 and —180.6 — j413.76. As K, increases in value, the root 
contours show the improved damping due to the PD controller. Note that this 
value of K, is not acceptable as far as the steady-state requirements are 
concerned. 
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Figure 11-12 Root loci of Eq. (11-14) when K,= 0.25 and 1.0; K, varies. 


We see that, when K, = 1 and K, = 0, the characteristic equation roots are at 
—180.6 + j884.67 and —180.6 — j884.67, and the damping ratio of the closed- 
loop system is 0.2. When the value of K, is increased, the two characteristic 
equation roots move toward the real axis along a circular arc. When K, is 
increased to 0.00177, the roots are real and equal at -902.92, and the damping 


is critical. When K, is increased beyond 0.00177, the two roots become real 
and unequal at -900.065 and -905.78, and the system is overdamped, but 
expect the effect of controller zero to cause a nonoscillatory response with an 
overshoot. Figure 11-13 shows the unit-step responses of the closed-loop 
system without PD control and with K, = 1 and K,. With the PD control, the 
maximum overshoot is 4.2 percent. In the present case, although K, is chosen 
for critical damping, the overshoot is due to the dominant zero at s = -K/K, = 
-565 of the closed-loop transfer function. 
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Figure 11-13 Unit-step response of the attitude control system in 7-52 
with and without PD controller. 


Table 11-2 gives the results on maximum overshoot, rise time, and settling 
time for K, = 1 and K, = 0, 0.0005, 0.00177, and 0.0025. The results in Table 
11-2 show that the performance requirements are all satisfied with K, 
>0.00177. The performance specifications here are closer to desired values 


and should place a smaller burden on the motor than in the previous design 
approach. Please keep in mind that K, should only be large enough to satisfy 
the performance requirements. Large K, corresponds to large BW, which may 
cause high-frequency noise problems, and there is also the concern of the 
capacitor value in the op-amp-circuit implementation. Finally, as discussed 
earlier, do not forget to check if your motor can provide the required torque 
for the desired response. 


Table 11-2 Attributes of the Unit-Step Responses of the System in 
Example 11-2-1 with PD Controller Using the Root-Contour Approach 


Maximum 
K, t (s) t (s) Overshoot (%) 
() Q.00125 0.015] 92.2 
0.0005 ().0076 ().0076 25. 
0.00177 0.00119 0.0049 4.2 
0.0025 0.00103 0.0013 0.7 


The general conclusion is that the PD controller decreases the maximum 
overshoot, the rise time, and the settling time. 

Another analytic way of studying the effects of the parameters K, and K, is 
to evaluate the performance characteristics in the parameter plane of K, and 
K,. From the characteristic equation of Eq. (11-14), we have 


r 0.24 451.46K, 
Kp 


Applying the stability requirement to Eq. (11-14), we find that, for system 
stability, K, > 0 and K, >-0.000443 


(11-28) 


Toolbox 11-2-2 


Root loci of Eq. (11-26) shown in Fig. 11-11 are obtained by the 
following sequence of MATLAB functions: 


den [1 361.2 0]; 
num = [1] 
rlocus (num, den) 


Toolbox 11-2-3 


Root contours of Eq. (11-14) shown in Fig. 11-12 are obtained by the 
following sequence of MATLAB functions: 

KP = 1; 

KD = O; 

num = [815265 0]; 

den = [1 361.2 815265*KP]; 

rlocus (num, den) 


eeceeceocooOoOoOoOoOoOoOoOoOoOoOoOoOoOOoOoOoOoOoOoOoOoOoOoOoOoOoOoOoOoOoOKOoOOoOOo OOOO 
SPSOSSTSTOCOTOSOSGOSGOSTOSOCOSOOSOSOSOOSCOSOOSOOSDOSOSOCSCOSCOSOSOOSOOCSOOOO 
KP = 0.25; 
KD = 0; 

/ 


[-3000 1000 -1000 1 
xXaxisl = -361.2/2 *ones ( 
plot (xaxisl1,yaxis1) ; 
grid 


000] ) 
1,100) ;yaxisl = -1000:20:1000-1; 


The boundaries of stability in the K,-versus-K, parameter plane are shown 
in Fig. 11-14. The constant-damping-ratio trajectory is described by Eq. (11- 
28) and is a parabola. Figure 11-14 illustrates the constant-¢ trajectories for ¢ 
= 0.5, 0.707, and 1.0. The ramp-error constant Kis given by Eq. (11-13), 
which describes a horizontal line in the parameter plane, as shown in Fig. 11- 
10. The figure gives a clear picture as to how the values of K, and K, affect 
the various performance criteria of the system. For instance, if K_ is set at 
2257.1, which corresponds to K, = 1, the constant-¢ loci show that the 
damping is increased monotonically with the increase in K,. The intersection 
between the constant-K, locus and the constant-¢ locus gives the value of K, 


for the desired K, and ¢. 
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Figure 11-14 K,-versus-K, parameter plane for the attitude control system 
with a PD controller. 


Frequency-Domain Design 

Now let us carry out the design of the PD controller in the frequency 
domain. Figure 11-15 shows the Bode plot of G(s) in Eq. (11-11) with K, = 1 
and K, = 0. The phase margin of the uncompensated system is 22.68°, and the 
resonant peak M is 2.522. These values correspond to a lightly damped 


system. Let us give the following performance criteria: 
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Figure 11-15 Bode plot of s(s+ 361.2) 


Steady-state error due to a unit-ramp input <0.00443 
Phasemargin >80° 
Resonant peak M<1.05 


BW <2000 rad/s 


The Bode plots of G(s) for K, = 1 and K, = 0, 0.005, 0.00177, and 0.0025 
are shown in Fig. 11-15. The performance measures in the frequency domain 
for the compensated system with these controller parameters are tabulated in 
Table 11-3, along with the time-domain attributes for comparison. The Bode 


plots as well as the performance data were generated by using Toolbox 11-2- 
4. 


Table 11-3. Frequency-Domain Characteristics of the System in 
Example 11-2-1 with PD Controller 


GM PM GainCO BW Maximum 
K, (dB) (deg) (rad/s) (rad/s) M. t (s) t (s) Overshoot (%) 
() 00 22.68 868 1370 1.022 0.00125 0.015] 32.2 
(),0005 00 46.2 913.5 1326 1.38] 0),0076 0).0076 d5,/ 
0.00177 00 $2.92 1502 1669 1.025 0.00119 ().0049 4.2 

00 88.95 2046 2083 1,000 0,00103 (),0013 (),7 


(),0025 


The results in Table 11-3 show that the gain margin is always infinite, and 
thus the relative stability is measured by the phase margin. This is one 
example where the gain margin is not an effective measure of the relative 
stability of the system. When K, = 0.00177, which corresponds to critical 
damping, the phase margin is 82.92°, the resonant peak M is 1.025, and BW 
is 1669 rad/s. The performance requirements in the frequency domain are all 
satisfied. Other effects of the PD control are that the BW and the gain- 
crossover frequency are increased. The phase-crossover frequency is always 
infinite in this case. 


Toolbox 11-2-4 


Figure 11-67 is obtained by the following sequence of MATLAB 
functions: 

KD = [0 0.0005 0.0025 0.00177]; 

for 21 = 1: length (KD) 

num = [815265*KD(i) 815265]; 

det =[1 362.2 ols 

bode (tf (num, den) ) ; 

hold on; 

end 

axis([1 10000 -180 -90]); 

grid 


EXAMPLE 11-2-2? Consider the third-order aircraft attitude control system 
discussed in Sec. 7-9, with the forward-path transfer 
function given in Eq. (7-169), 


Control of a DC Motor: Electrical Time Constant Not Neglected 


15x10’ K 


= (11-99 
s(s* + 3408.3s+ 1,204,000) 


G(s) 


The same set of time-domain specifications given in Example 11-2-1 is to 
be used. It was shown in Sec. 7-9 that, when k = 181.17, the maximum 
overshoot of the system is 78.88 percent. 

Let us attempt to meet the transient performance requirements by use of a 
PD controller with the transfer function given in Eq. (11-2). The forward-path 
transfer function of the system with the PD controller and k = 181.17 is 


2.718x10°(K,+K 
é(j-—— ee ee (Kp ps) 


—_ 11-30 
s(s* +3408.3s+ 1,204,000) | | 


Note that because the system transfer function is third order, it may 
become unstable for a choice of controller parameters. 

If a system is unstable, the PD control may not be effective in improving 
the stability of the system. 


Time-Domain Design Setting K, = 1 arbitrarily, the characteristic equation 
of the closed-loop system is written as 


s* +3408.3s° + (1,204,000 + 2.71810" K, )s+2.718x10° =0 (11-31) 


To apply the root-contour method, we condition Eq. (11-31) as 


2.718x10° Kps 
LG ()= LA? ese (11-32) 
s* + 3408.2s* +1,204,000s + 2.71810 
where 
2.718x10° K,s 
G,, (s) = (11-33) 


- (s+3293.3)(s+57.49+ j906.6)(s+57.49 — j906.6) 


The root contours of Eq. (11-31) are plotted as shown in Fig. 11-16, based 
on the pole-zero configuration of G,(s). The root contours of Fig. 11-16 
reveal the effectiveness of the PD controller for the improvement on the 
relative stability of the system. Notice that, as the value of K, increases, one 
root of the characteristic equation moves from —3293.3 toward the origin, 
while the two complex roots start out toward the left and eventually approach 
the vertical asymptotes that intersect at s= -1704. The immediate assessment 
of the situation is that, if the value of K, is too large, the two complex roots 
will actually have reduced damping while increasing the natural frequency of 
the system. It appears that the ideal location for the two complex 
characteristic equation roots, from the standpoint of relative stability, is near 
the bend of the root contour, where the relative damping ratio is 
approximately 0.707. The root contours of Fig. 11-16 clearly show that, if the 
original system has low damping or is unstable, the zero introduced by the 
PD controller may not be able to add sufficient damping or even stabilize the 
system. 
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Figure 11-16 Root contours of 
s* + 3408.3s° +(1,204,000+ 2.718 x10° K, )s+2.718x10° =0. 


Toolbox 11-2-5 


Root contours of Eq. (11-232) shown in Fig. 11-83 are obtained by 
the following sequence of MATLAB functions: 

kd=0.005; 

num [2.718*10°9*kd 0]; 

den = [1 3408.2 1204000 2.718*10°9] ; 

rlocus (num, den) 


Table 11-4 gives the results of maximum overshoot, rise time, settling 
time, and the roots of the characteristic equation as functions of the parameter 
K,. The following conclusions are drawn on the effects of the PD controller 
on the third-order system. 


Table 11-4 Time-Domain Attributes of the Third-Order System in 
Example 11-2-2 with PD Controller 


Maximum 

Overshoot Characteristic 
K, (%) t (s) t (s) Equation Roots 
0 78.88 0.00125 0.0495 —3293,3, —57.49+ j906.6 
0.0005 41.3] 0.00120 0.0106 —2843.07, —282.62+ 936.02 
0.00127 17.97 0.00100 0.00398 —1523.1], —942.60+ [946.58 
0.00157 14.05 0.00091 0.00337 —805.33, —1301.48+ j1296.59 
0.00200 11.37 0.00080 0.00255 —531.89, —1438.20+ j1744.00 
0.00500 17.97 0.00042 0.00130 19171, —1608.29+ {3404.52 
0.01000 31.14 0.00026 0.00093 —96,85, —1655.72+ j5032 
0.05000 61.80 0.00010 0.00144 —19.83, —1694.30+ j11583 


1. The minimum value of the maximum overshoot, 11.37 percent, 
occurs when K, is approximately 0.002. 


2. Rise time is improved (reduced) with the increase of K,. 


3. Too high a value of K, will actually increase the maximum 
overshoot and the settling time substantially. The latter is because the 
damping is reduced as K, is increased indefinitely. 


Figure 11-17 shows the unit-step responses of the system with the PD 
controller for several values of K,. The conclusion is that, while the PD 
control does improve the damping of the system, it does not meet the 
maximum-overshoot requirement. 
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Figure 11-17 Uhnit-step responses of the system in Example 11-2-2 with 
PD controller. 


Frequency-Domain Design The Bode plot of Eq. (11-30) is used to 
conduct the frequency-domain design of the PD controller. Figure 11-18 
shows the Bode plot for K, = 1 and K, = 0. The following performance data 
are obtained for the uncompensated system: 

Gain margin = 3.6 dB 


Phase margin = 7.77° 
Resonant peak M = 7.62 


Bandwidth BW = 1408.83 rad/s 
Gain crossover (GCO) = 888.94 rad/s 
Phase crossover (PCO) = 1103.69 rad/s 


Let us use the same set of frequency-domain performance requirements 
listed in Example 11-2-1. The logical way to approach this problem is to first 
examine how much additional phase is needed to realize a phase margin of 
80°. Because the uncompensated system with the gain set to meet the steady- 
State requirement is only 7.77°, the PD controller must provide an additional 
phase of 72.23°. This additional phase must be placed at the gain crossover of 
the compensated system in order to realize a PM of 80°. Referring to the 
Bode plot of the PD controller in Fig. 11-6, we see that the additional phase is 
always accompanied by a gain in the magnitude curve. As a result, the gain 
crossover of the compensated system will be pushed to a higher frequency at 
which the phase of the uncompensated system would correspond to an even 
smaller PM. Thus, we may run into the problem of diminishing returns. This 
Symptom is parallel to the situation illustrated by the root-contour plot in Fig. 
11-16, in which case the larger K, would simply push the roots to a higher 
frequency, and the damping would actually be decreased. The frequency- 
domain performance data of the compensated system with the values of K,, 
used in Table 11-4 are obtained from the Bode plots for each case, and the 
results are shown in Table 11-5. The Bode plots of some of these cases are 
shown in Fig. 11-18. Notice that the gain margin becomes infinite when the 
PD controller is added, and the phase margin becomes the dominant measure 
of relative stability. This is because the phase curve of the PD-compensated 
system stays above the —180°-axis, and the phase crossover is at infinity. 


Table 11-5 Frequency-Domain Characteristics of the Third-Order 


System in Example 11-2-2 with PD Controller 


GM PM BW Gain CO Phase CO 
K, (dB) (deg) M (rad/s) (rad/s) (rad/s) 

() 3.6 7/1 7.62 1408.83 888.94 1103.69 
0.0005 00 30,94 1.89 1485.98 23591 00 
0.00127 00 D302 Lg 1939.21 1210.74 00 
0.00157 00 56.83 1.12 2198.83 1372.30 00 
0.00200 00 58.42 1.07 2604.99 1620.75 00 
0.00500 00 47.62 1.24 4980.34 3118.83 co 
0.01000 00 bw 1.63 7965.89 4789.42 00 


0.0500 00 16.69 3.34 17989.03 11521.00 00 


(kK a 0.002) 
7 Gain crossover 
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Figure 11-18 Bode diagram of G(s) of the system in Example 11-2-2 
with PD controller. 


Toolbox 11-2-6 


Bode plot of Fig. 11-15 is obtained by the following sequence of 
MATLAB functions: 

KP = 1; 

KD = [0.0005 0.0127 0.002]; 

for 1 =1:length(KD) 

num =[2.718e9*KD(i) 2.718e9*KP] ; 

den = [1 3408.3 0 0]; 

t£ (num, den) ; 

[numCL, denCL] =cloop (num, den) ; 

step (numCL, dencL) 

hold on 

end 

axis([0 0.04 0 2]) 


When K, = 0.002, the phase margin is at a maximum of 58.42°, and M is 
also minimum at 1.07, which happens to agree with the optimal value 
obtained in the time-domain design summarized in Table 11-4. When the 
value of K, is increased beyond 0.002, the phase margin decreases, which 
agrees with the findings from the time-domain design that large values of K, 
actually decreases damping. However, the BW and the gain crossover 
increase continuously with the increase in K,. The frequency-domain design 
again shows that the PD control falls short in meeting the performance 
requirements imposed on the system. Just as in the time-domain design, we 
have demonstrated that if the original system has very low damping, or is 
unstable, PD control may not be effective in improving the stability of the 
system. Another situation under which PD control may be ineffective is if the 
slope of the phase curve near the gain-crossover frequency is steep, in which 
case the rapid decrease of the phase margin due to the increase of the gain 
crossover from the added gain of the PD controller may render the additional 
phase ineffective. 


Toolbox 11-2-7 


Bode diagram of G(s) in Example 11-2-2 in Fig. 11-18 is obtained by 
the following sequence of MATLAB functions: 

KD = [0,0.002,0.05]; 

KP=1 ; 

for 1 = 1:length (KD) 

num =[2.718e9*KD(i) 2.718e9*KP]; 

den = [1 3408.3 1204000 0]; 

bode (num, den) ; 

hold on; 

end 


11-3 DESIGN WITH THE PI CONTROLLER 


We see from Sec. 11-2 that the PD controller can improve the damping and 
rise time of a control system at the expense of higher bandwidth and resonant 
frequency, and the steady-state error is not affected unless it varies with time, 
which is typically not the case for step-function inputs. Thus, the PD 
controller may not fulfill the compensation objectives in many situations. 

The integral part of the PID controller produces a signal that is 
proportional to the time integral of the input of the controller. Figure 11-19 
illustrates the block diagram of a prototype second-order system with a series 
PI controller. The transfer function of the PI controller is 






s(s + 2C,,) 





Figure 11-19 Control system with PI controller. 
K 
G(s)=K,+— (11-34) 
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Using the circuit elements given in ‘Table 6-1, two op-amp-circuit 
realizations of Eq. (11-34) are shown in Fig. 11-20. The transfer function of 
the two-op-amp circuit in Fig. 11-20d is 


R, © 





(a) 
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Figure 11-20 Op-amp-circuit realization of the PI controller, 


G, (s) ions Kp F —. : ° ° . 
s (a) Two-op-amp circuit. (b) Three-op-amp circuit. 


R 
= : (11-35) 
E(s)} KR RGs 


E,(s)_ R, 


G.(s)= 








Comparing Eq. (11-34) with Eq. (11-35), we have 





K,=— K,= (11-36) 


The transfer function of the three-op-amp circuit in Fig. 11-20b is 








E R l 
G (s)= Tol) (11-37) 
Ets) & Gs 
Thus, the parameters of the PI controller are related to the circuit 
parameters as 
R l 
K,=— K,=— 11-38 
© RR * RC ; 


The advantage with the circuit in Fig. 11-20b is that the values of K, and K, 
are independently related to the circuit parameters. However, in either circuit, 
K_ is inversely proportional to the value of the capacitor. Unfortunately, 
effective PI-control designs usually result in small values of K, and thus we 
must again watch out for unrealistically large capacitor values. 

The forward-path transfer function of the compensated system is 


wo. (K,s+K,) 


s*(s+2C@, ) — 


G(s)=G,(s)G,(s)= 


Clearly, the immediate effects of the PI controller are as follows: 


1. Adding a zero at s = -K/K, to the forward-path transfer function. 


2. Adding a pole at s = 0 to the forward-path transfer function. This 
means that the system type is increased by 1 to a type 2 system. Thus, 
the steady-state error of the original system is improved by one order; 
that is, if the steady-state error to a given input is constant, the PI control 
reduces it to zero (provided that the compensated system remains 
Stable). 


The system in Fig. 11-19, with the forward-path transfer function in Eq. 


(11-39), will now have a zero steady-state error when the reference input is a 
ramp function. However, because the system is now of the third order, it may 
be less stable than the original second-order system or even become unstable 
if the parameters K, and K, are not properly chosen. 

In the case of a type 1 system with a PD control, the value of K, is 
important because the ramp-error constant K_ is directly proportional to K,, 
and thus the magnitude of the steady-state error is inversely proportional to 
K, when the input is a ramp. On the other hand, if K, is too large, the system 
may become unstable. Similarly, for a type 0 system, the steady-state error 
due to a step input will be inversely proportional to K,. 

When a type 1 system is converted to type 2 by the PI controller, K, no 
longer affects the steady-state error, and the latter is always zero for a stable 
system with a ramp input. The problem is then to choose the proper 
combination of K, and K, so that the transient response is satisfactory. 


11-3-1 Time-Domain Interpretation and Design of PI Control 


The pole-zero configuration of the PI controller in Eq. (11-34) is shown in 
Fig. 11-21. At first glance, it may seem that PI control will improve the 
steady-state error at the expense of stability. However, we can show that, if 
the location of the zero of G(s) is selected properly, both the damping and the 
steady-state error can be improved. Because the PI controller is essentially a 
low-pass filter, the compensated system usually will have a slower rise time 
and longer settling time. A viable method of designing the PI control is to 
select the zero at s = -K/K, so that it is relatively close to the origin and 
away from the most significant poles of the process; the values of K, and K, 
should be relatively small. 





Figure 11-21 Pole-zero configuration of a PI controller. 


11-3-2 Frequency-Domain Interpretation and Design of PI 
Control 


For frequency-domain design, the transfer function of the PI controller is 
written as 


Kies 

K 

G.(s)=K,+—- =~ (11-40) 
$ 


The Bode plot of G(j@) is shown in Fig. 11-22. Notice that the magnitude 
of G(j@) at m = © is 20 log K, dB, which represents an attenuation if the 
value of K, is less than 1. This attenuation may be utilized to improve the 
stability of the system. The phase of G( ja) is always negative, which is 
detrimental to stability. Thus, we should place the comer frequency of the 
controller, @ = K/K,, as far to the left as the bandwidth requirement allows, 
so the phase-lag properties of G( j@) do not degrade the achieved phase 
margin of the system. 
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Figure 11-22 Bode diagram of the PI controller. S 


The frequency-domain design procedure for the PI control to realize a 
given phase margin is outlined as follows: 


1. The Bode plot of the forward-path transfer function G (s) of the 
uncompensated system is made with the loop gain set according to the 
Steady-state performance requirement. 

2. The phase margin and the gain margin of the uncompensated system 
are determined from the Bode plot. For a specified phase margin 
requirement, the new gain-crossover frequency @ , corresponding to this 
phase margin is found on the Bode plot. The magnitude plot of the 
compensated transfer function must pass through the O-dB axis at this 
new gain-crossover frequency in order to realize the desired phase 
margin. 


As a general guideline, K/K, should correspond to a frequency that is 
at least one decade, sometimes as much as two decades, below a . 


3. To bring the magnitude curve of the uncompensated transfer 
function down to 0 dB at the new gain-crossover frequency q@_,, the PI 
controller must provide the amount of attenuation equal to the gain of 
the magnitude curve at the new gain-crossover frequency. In other 





words, set 
|Gp(ja,) p= 20 logioKpdB Kp, <1 (11-41) 
from which we have 
“| pO) 0 
K, =10 K, <1 (11-42) 


Once the value of K, is determined, it is necessary only to select the proper 
value of K, to complete the design. Up to this point, we have assumed that, 
although the gain-crossover frequency is altered by attenuating the magnitude 


of G( jq@) at w ,, the original phase is not affected by the PI controller. This is 
not possible, however, since, as shown in Fig. 11-22, the attenuation property 
of the PI controller is accompanied with a phase lag that is detrimental to the 
phase margin. It is apparent that, if the corner frequency @ = K//K, is placed 
far below q _,, the phase lag of the PI controller will have a negligible effect 
on the phase of the compensated system near @ ,. On the other hand, the 
value of K/K, should not be too small or the bandwidth of the system will be 
too low, causing the rise time and settling time to be too large. As a general 
guideline, K/K, should correspond to a frequency that is at least one decade, 
sometimes as much as two decades, below aq .. That is, we set 


K, @, 
—i =—= rad/s (11-43) 
K, 10 


Within the general guideline, the selection of the value of K/K, is pretty 


much at the discretion of the designer, who should be mindful of its effect on 
BW and its practical implementation by an op-amp circuit. 


4. The Bode plot of the compensated system is investigated to see if 
the performance specifications are all met. 


5. The values of K, and K, are substituted in Eq. (11-40) to give the 
desired transfer function of the PI controller. 


If the controlled process G,(s) is type 0, the value of K, may be selected 
based on the ramp-error-constant requirement, and then there would only be 
one parameter, K,, to determine. By computing the phase margin, gain 
margin, M, and BW of the closed-loop system with a range of values of K.,, 
the best value for K, can be easily selected. 

Based on the preceding discussions, we can summarize the advantages and 
disadvantages of a properly designed PI controller as the following: 


1. Improving damping and reducing maximum overshoot. 
Increasing rise time. 

Decreasing BW. 

Improving gain margin, phase margin, and M . 


eS 


Filtering out high-frequency noise. 


It should be noted that in the PI controller design process, selection of a 
proper combination of K, and K,, so that the capacitor in the circuit 
implementation of the controller is not excessively large, is more difficult 
than in the case of the PD controller. 

The following examples will illustrate how the PI control is designed and 
what its effects are. 


EXAMPLE 11-3-1 Control of a DC Motor: Small Time-Constant Model 

Consider the second-order attitude-control system discussed in Example 
11-2-1. Applying the PI controller of Eq. (11-34), the forward-path transfer 
function of the system becomes 


G(s)=G,(s)G)(s)= s*(s+361.2) 


Time-Domain Design Let the time-domain performance requirements be 
Steady-state error due to parabolic input tu (t)/2<0.2 


Maximum overshoot <5% 


Rise time t<0.01 s 


Settling time t<0.02 s 


The significance of the requirement on the steady-state error due to a 
parabolic input is that it indirectly places a minimum requirement on the 
speed of the transient response. 

The parabolic-error constant is 


4500KK,(s+K,/K 

K, =lims?G(s)=lims? S200KK ols + Xr /Ko) 
s0 s0 s (s+ 361.2) 

_ 4500KK, 


=12.46KK, (11-45) 
361.2 


The steady-state error due to the parabolic input t’u(t)/2 is 


1 0.08026 
ge (SD) (11-46) 
“KKK, 


a 


Let us set K = 181.17, simply because this was the value used in Example 
11-2-1. As it appears, to satisfy a given steady-state error requirement for a 
parabolic input, the larger the K, the smaller K can be. Substituting K = 
181.17 in Eq. (11-46) and solving K, for the minimum steady-state error 
requirement of 0.2, we get the minimum value of K, to be 0.002215. If 
necessary, the value of K can be adjusted later. 

With K = 181.17, the characteristic equation of the closed-loop system is 


s* +361.2s° +815,265K,s+815,265K, =0 (11-47) 


Check Stability. Applying Routh’s test to Eq. (11-47) yields the result that 
the system is stable for 0<K /K,. This means that the zero of G(s) at s = -K/K, 
cannot be placed too far to the left in the left-half s-plane, or the system will 
be unstable. For the present case, the most significant pole of G,(S), besides 
the pole at s = 0, is at —361.2. Thus, K/K, should be chosen so that the 
following condition is satisfied: 


K 
— ae 3512 (11-48) 
K 


P 


Let us place the zero at -K/K, relatively close to the origin. The root loci of 
Eq. (11-47) with K/K, = 10 are shown in Fig. 11-23. Notice that, other than 
the small loop around the zero at s = -10, these root loci for the most part are 
very similar to those shown in Fig. 11-11, which are for Eq. (11-26). Let us 
assume that we wish to have a relative damping ratio of 0.707. In this case, 
given the similarity of the two root loci, Eq. (11-44) can be approximated by 
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Figure 11-23 Root loci of Eq. (11-37) with K/K, = 10; K, varies. 
815,265K 
= : (11-49) 


ma s(s + 361.2) 


where the term K/K, in the numerator is neglected. From Eq. (11-49), the 


required value of K, for this damping ratio is 0.08—compared to the 
prototype second-order system equivalent. This should also be true for the 


third-order system with the PI controller if the value of K/K, satisfies Eq. (11- 
48). Thus, with K, = 0.08, K, = 0.8, the root-locus diagram in Fig. 11-23 
shows that the relative damping ratio of the two complex roots is 
approximately 0.707, and the three characteristic equation roots are at s = 
-10.605, and s,, =-175.34j175.4. 


In fact, we can show that, as long as K,=0.08 and the value of K, is chosen 
such that Eq. (11-48) is satisfied, the relative damping ratio of the complex 
roots will be very close to 0.707. For example, let us select K/K, = 5; the 
three characteristic equation roots are at 


s =—5.145,—-178.03+ j178.03, and —178.03— j178.03 


and the relative damping ratio is still 0.707. Although the real pole of the 
closed-loop transfer function is moved, it is close enough to the zero at s = - 
K_/K, so that the transient due to the real pole is negligible. As another 
example, when kK’ = 0.08 and K,, = 0.08 the closed-loop transfer function of 
the compensated system is 


O,(s) | 65,221.2(s+5) (11-50) 
O(s) (s+5.145)(s+178.03+ j178.03)(s+178.03— 178.03) 





Because the pole at s = 5.145 is very close to the zero at s = -5, the 
transient response due to this pole is negligible, and the system dynamics are 
essentially dominated by the two complex poles. 


Toolbox 11-3-1 


Root loci of Eq. (11-47) in Fig. 11-23 are obtained by the following 
sequence of MATLAB functions: 


KP = 0.000001; % start with a very small KP 
KI=10*KP; 

num = [KP KI]; 

den = [1 361.2 815265*KP 815265*KT] ; 

G=tf (num, den) 

rlocus (G) 


Table 11-6 gives the attributes of the unit-step responses of the system 
with PI control for various values of K/K,, with K, = 0.08, which corresponds 
to a relative damping ratio of 0.707. 


Table 11-6 Attributes of the Unit-Step Responses of the System in 
Example 11-3-1 with PI Controller 


Maximum 
K,/K, K K, Overshoot (%) t (s) t (s) 

() 0 1.00 apa 0.00135 0.015 
20 1.60 0.08 15.16 0.0074 0.049 
10 0).80 0,08 9,93 0.0078 0.0294 

.) 0.40 0,08 favs 0.0080 0,023 

2 0).16 0.08 5,47 0.0083 0.0194 

l 0).08 0.08 4.89 0.0084 0.0114 

0).5 0),04 0,08 4.6] 0.0084 0.0114 

Q).] 0.008 0.08 4.38 0.0084 0.0115 


The results in Table 11-6 verify the fact that PI control reduces the 
overshoot but at the expense of longer rise time. For K, = 0.08, the settling 
times in Table 11-6 actually show a sharp reduction, which is misleading. 
This is because the settling times for these cases are measured at the points 
where the response enters the band between 0.95 and 1.00, since the 
maximum overshoots are less than 5 percent. 

The maximum overshoot of the system can still be reduced further than 
those shown in Table 11-6 by using smaller values of K, than 0.08. However, 
the rise time and settling time will be excessive. For example, with K, = 0.04 
and K, = 0.04, the maximum overshoot is 1.1 percent, but the rise time is 
increased to 0.0182 s, and the settling time is 0.024 s. 

For the system considered, improvement on the maximum overshoot slows 
the response down, for K, less than 0.08, unless K, is also reduced. As 
mentioned earlier, the value of the capacitor C,, in Fig. 11-20, is inversely 
proportional to K.. Thus, for practical reasons, there is a lower limit on the 


value of K.. 
Figure 11-24 shows the unit-step responses of the attitude-control system 
with PI control, with K’ = 0.08 and several values of K,. The unit-step 


response of the same system with the PD controller designed in Example 11- 
2-1, with K’ = 1 and K, = 0.00177, is also plotted in the same figure as a 
comparison. You can obtain these results by modifying Toolbox 11-2-1. 


2.0 








With PD control, Kp = 1, Kp = 0.00177 
K = 0.8 











0.02 0.03 | 0.05 


Time (sec) 


Figure 11-24 Uhnit-step responses of the system in Example 11-3-1 with 


PI control, compared to unit-step response of the system in Example 11-2-1 
with a PD controller. 


Toolbox 11-3-2 


Figure 11-24 is obtained by the following sequence of MATLAB 
functions: 


K=181.7; 

num=[4500*K*0.00177 4500*K] ; 
den=[1 361.2 0]; 

t£ (num, den) ; 

[numCL, denCL] =cloop (num, den) ; 
step (numCL, dencL) 


hold on 
Ki= [0.008 0.08 0.8 1.6]: 
KP=.08; 


for i =1:length(KI) 
num=[4500*K*KP 4500*K*KI (i) ] ; 
den=[1 361.2 0 0]; 

t£ (num, den) ; 

[numCL, denCL] =cloop (num, den) ; 
step (numCL, dencL) 

hold on 

end 

axie( [0 0.05 0 2]) 


Frequency-Domain Design The forward-path transfer function of the 
uncompensated system is obtained by setting K, = 1 and K, = 0 in the G(s) in 
Eq. (11-44), and the Bode plot is shown in Fig. 11-25. The phase margin is 
22.68°, and the gain-crossover frequency is 868 rad/s. 
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Figure 11-25 Bode plots of the control system in Example 11-3-1 with PI 
G(s)= 815,265K (s+ K,/Kp) 


controller. s*(s+361.2) 


Toolbox 11-3-3 


Bode plots of the control system in Example 11-3-1—Fig. 11-25 is 
obtained by the following sequence of MATLAB functions: 

K-18 . 7: 

KI = OQ; 

KP=1 ; 

num=[4500*K*KP 4500*K*KT] ; 

den =[1 361.2 0O O]; 

bode (num, den) 

hold on 

KI = [1.6 0.8 0.08 0.008] ; 

KP=0 .08; 

FOr 1. = li length(KI) 

num=[4500*K*KP 4500*K*KI (i) ]; 

den =[1 361.2 0 O]; 

bode (num, den) 

hold on 

end 

grid 


Let us specify that the required phase margin should be at least 65°, and 
this is to be achieved with the PI controller of Eq. (11-40). Following the 
procedure outlined earlier in Eqs. (11-41) through (11-43) on the design of 
the PI controller, we conduct the following steps: 


1. Look for the new gain-crossover frequency @ , at which the phase 
margin of 65° is realized. From Fig. 11-25, w’, is found to be 170 rad/s. 
The magnitude of G( j@) at this frequency is 21.5 dB. Thus, the PI 
controller should provide an attenuation of -21.5 dB at w ’, = 170 rad/s 
Substituting |G (jw ’,)| into Eq. (11-42), and solving for K,, we get 


jf la” 


Ki= =o" 0,084 (11-51) 
Notice that, in the time-domain design conducted earlier, K, was 
selected to be 0.08 so that the relative damping ratio of the complex 
characteristic equation roots will be approximately 0.707. (Note that in 
this case, for the sake of comparison with the time domain response, we 
have cheated a little by selecting the desired phase margin to be PM = 
65°.) 
2. Let us choose K, = 0.08, so that we can compare the design results 
of the frequency domain with those of the time-domain design obtained 
earlier. Equation (11-43) gives the general guideline of finding K, once 
K, is determined. ‘Thus, 


— O,K, 170x0.08 


— 1,36 11-52 
‘10 10 \ 


As pointed out earlier, the value of K, is not rigid, as long as the 
ratio K/K, is sufficiently smaller than the magnitude of the pole of G(s) 
at —361.2. As it turns out, the value of K, given by Eq. (11-52) is not 
sufficiently small for this system. 

The Bode plots of the forward-path transfer function with K, = 0.08 
and K, = 0, 0.008, 0.008, 0.08, 0.8, and 1.6 are shown in Fig. 11-25. 
Table 11-7 shows the frequency-domain properties of the 
uncompensated system and the compensated system with various values 
of K.. Notice that, for values of K/K, that are sufficiently small, the 
phase margin, M, BW, and gain-crossover (CO) frequency all vary a 
little. 


Table 11-7 Frequency-Domain Performance Data of the System in 
Example 11-3-1 with PI Controller 


GM PM BW GainCO — Phase CO 
K/K, K, K, (dB) (deg) M. (rad/s) (rad/s) (rad/s) 
() 0 1.00 00 22.6 299 1390.87 868 00 
20 1.6 ().08 00 98.45 L.d2 268.92 165.73 00 
10 0.8 0).08 00 61.98 1.06 262.38 164.96 00 
5 0.4 ().08 00 63.75 1.03 298.95 164.77 00 
l 0.08 ().08 00 65.15 1.01 296.13 164.7] 00 
0.1 0.008 ().08 00 65.47 —- 1.00 299.49 164.70 00 


It should be noted that the phase margin of the system can be 
improved further by reducing the value of K, below 0.08. However, the 
bandwidth of the system will be further reduced. For example, for K, = 
0.04 and K = 0.04, the phase margin is increased to 75.7°, and M = 
1.01, but BW is reduced to 117.3 rad/s. 4 


EXAMPLE 11-3-2 Control of a DC Motor: Electrical Time Constant 
Not Neglected 
Now let us consider using the PI control for the third-order attitude control 
system described by Eq. (11-19). First, the time-domain design is carried out 
as follows. 
Time-Domain Design Let the time-domain specifications be as follows: 


Steady-state error due to the parabolic input tu (t)/2<0.2 
Maximum overshoot <5% 
Rise time t <0.01 s 


Settling time t <0.02 s 


These are identical to the specifications given for the second-order system 
in Example 11-3-1. 

Applying the PI controller of Eq. (11-24), the forward-path transfer 
function of the system becomes 


1.5x10’ KK,(s+K,/K,) 
s*(s* + 3408.3s+1,204,000) 
_ 15x10’ KK,(s+K,/K>) 
~ s?(s+400.26)(s +3008) 


G(s)=G,(s)G,(s)= 


(11-53) 


We can show that the steady-state error of the system due to the parabolic 
input is again given by Eq. (11-46), and, arbitrarily setting K = 181.17, the 
minimum value of K, is 0.002215. 


The characteristic equation of the closed-loop system with K = 181.17 is 


s* + 3408.3s° +1,204,000s* + 2.71810" K,s+2.718x10° K, =0 (11-54) 


The Routh’s tabulation of the last equation is performed as follows: 


s* l 1,204,000  2.718x10°K, 
s° 3408.3 2.718x10° K, 0 
s? 1,204,000—797465K, 2.718x10°K, 0 
_1  1204,000K, — 797465K*, —3408.3K, ‘ 

1,204,000-797465K, 
$ 2.718 x10° K, 0 

The stability requirements are 
K,.>0 
K, <1.5098 (11-55) 


K, <353.255K, — 233.98K >, 


The design of the PI controller calls for the selection of a small value for 
K/K,, relative to the nearest pole of G(s) to the origin, which is at —400.26. 
The root loci of Eq. (11-54) are plotted using the pole—zero configuration of 
Eq. (11-53). Figure 11-26a shows the root loci as K, varies for K/K, = 2. The 
root loci near the origin due to the pole and zero of the PI controller again 
form a small loop, and the root loci at a distance away from the origin will be 
very similar to those of the uncompensated system, which are shown in Fig. 
7-53. By selecting the value of K, properly along the root loci, it may be 


possible to satisfy the performance specifications given above. To minimize 
the rise time and settling time, we should select K, so that the dominant roots 
are complex conjugate. Table 11-8 gives the performance attributes of several 
combinations of K/K, and K,. Notice that, although several combinations of 
these parameters correspond to systems that satisfy the performance 
specifications, the one with K, = 0.075 and K = 0.075 gives the best rise and 
settling times among those shown. 
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Figure 11-26 (a) Root loci of the control system in Example 11-3-2 with 
PI controller K;/Kp =2,0S Kp <=. (b) Bode plots of the control system in 
Example 11-3-2 with PI control. 


Table 11-8 Attributes of the Unit-Step Responses of the System in 
Example 11-3-2 with PI Controller 


Maximum 
Overshoot 
KJK, K K (%) t (s) t (s) Roots of Characteristic Equation 
0 l 762 0.00158 0.0487 -32933 -575 9064 
20 1.6 0.08 156 = 0.0077. =S «0.0471 = 3035-227 = 1753 +j1803 
dN) ().8 0),04 15.7 0.0134 0.0881 ~-3021.6  -259 =99 -2§ 
) ().4 0.08 6,3 0.00883 0.0202  -3035 -5.] -184 + j189.2 
2 ().08 (),04 Al 0.02202 0.01515 -3021.7 -2346 -1499 “2 
5 (),2 0.04 48 0.01796 0.0202 -3021.7  -240 -14].2 -5,3 
2 016 0.08 58 0.00787 01818-30852 -1855 +1908 x 
1 = 0080.08 52 000792 OO1616 -30352 -186 = ign -| 
y 0.15 (),075 4.9 0.0085 O.0101 -30335 -18/2 + j178 -| 
d ().14 (1,070 4,() 00917 0.01212  -30318 -1872 4 j164 =] 


Frequency-Domain Design The Bode plot of Eq. (11-53) for K = 181.17, K, 
= 1, and K, = 0 is shown in Fig. 11-26b. The performance data of the 
uncompensated system are as follows: 


Gainmargin = 3.578 dB 
Phasemargin = 7.788° 
M.=6.572 


r 


BW = 1378rad/s 


Let us require that the compensated system has a phase margin of at least 
65°, and this is to be achieved with the PI controller of Eq. (11-40). 
Following the procedure outlined in Eqs. (11-41) through (11-43) on the 
design of the PI controller, we carry out the following steps. 


1. Look for the new gain-crossover frequency w’, at which the phase 
margin of 65° is realized. From Fig. 11-20, w’, is found to be 163 rad/s, 
and the magnitude of G( jq@) at this frequency is 22.5 dB. Thus, the PI 
controller should provide an attenuation of —22.5 dB at w’, = 163 rad/s. 
Substituting |G (j@ ,)| into Eq. (11-42), and solving for K,, we get 


/20 


—|G(jo? ) 
-~10 | Po lap —10 ">? =0.075 (11-56) 


K,= 


This is exactly the same result that was selected for the time- 
domain design that resulted in a system with a maximum overshoot of 
4.9 percent when K_ = 0.15, or K/K, = 2. 


2. The suggested value of K, is found from Eq. (11-43): 


x -OeKr _163x0.075 


= 1,222 11-57 
‘10 10 ( 


Toolbox 11-3-4 


Bode plots of the control system in Fig. 11-26b are obtained by the 
following sequence of MATLAB functions: 


KI = [1.222 0.6 0.28 0.075 0]; 

KP = [0.075 0.04 0.02 0.075 1]; 

Lor 1 = 1? length (KI) 

num = [1.5e7*181.17*KP(i) 1.5e7*181.17*KI(i)]; 


den =[1 3408.3 1204000 0O 0O]; 
bode (num, den) 

hold on 

end 

grid 

axis([0.01 10000 -270 0]); 


Thus, K/K,. However, the phase margin of the system with these design 
parameters is only 59.52. 


To realize the desired PM of 65°, we can reduce the value of K, or K.. 


Table 11-9 gives the results of several designs with various combinations of 
K, and K.. Notice that the last three designs in the table all satisfy the PM 


requirements. However, the design ramifications show the following: 


Table 11-9 Performance Summary of the System in Example 11-3-2 
with PI Controller 


KIK, K, 
0 0 
163 1.222 
1 0.075 
15 0.600 
140.280 


0.075 
0.075 
0.040 
0.020 


GM 
(dB) 
3.578 
25.67 
26.06 
31.16 
37.20 


M. 
6.572 
1.098 
1.006 


1.133 
1.209 


BW 
(rad/s) 
1378 
264.4 
293.4 
134.6 
66.34 


Reducing K, would reduce BW and increase M . 


Reducing K, would increase the capacitor value in the implementing 


circuit. 


Toolbox 11-3-5 


Maximum 
Overshoot 
(%) 
(Be. 
eval 
4.3 
12.4 
17.4 


Figure 11-27 is obtained by the following sequence of MATLAB 


functions: 


KI [1.223 0.6 0.28 0.075 0]; 

KP = [0.075 0.04 0.02 0.075 1]; 

for 1 = 1:length(KT) 

num = [1.5e7*181.17*KP(i) 1.5e7*181.17*KI(i)]; 
den =[1 3408.3 1204000 0O 0]; 

bode (num, den) 

hold on 

end 

grid 

axis([0.01 10000 -270 0]); 


In fact, only the K = K, = 0.075 case gives the best all-around performance 
in both the frequency domain and the time domain. In attempting to increase 
K,, the maximum overshoot becomes excessive. This is one example that 
shows the inadequacy of specifying phase margin only. The purpose of this 
example is to bring out the properties of the PI controller and the important 
considerations in its design. No details are explored further. 

Figure 11-27 shows the unit-step responses of the uncompensated system 
and several systems with PI control. 4 
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Figure 11-27 Unit-step response of system with PI controller in Example 
11-3-2. 


11-4 DESIGN WITH THE PID CONTROLLER 


PD controllers enhance damping of a system, but the steady-state 
response is not affected. 


PI controllers improve the relative stability and improve the steady- 
State error at the same time, but the rise time is increased. 


PID controllers combine the features of PD and PI controllers. 


From the preceding discussions, we see that the PD controller could add 
damping to a system, but the steady-state response is not affected. The PI 
controller could improve the relative stability and improve the steady-state 
error at the same time, but the rise time is increased. This leads to the 
motivation of using a PID controller so that the best features of each of the PI 
and PD controllers are utilized. We can outline the following procedure for 
the design of the PID controller. 


1. Consider that the PID controller consists of a PI portion connected 
in cascade with a PD portion. The transfer function of the PID controller 
is written as 





K K 
G.(3) =K,+Kyst=£= (Ky, +Ky8)( Kp t 2] (11-58) 
S | s 


The proportional constant of the PD portion is set to unity, K, = 1, 


since we need only three parameters in the PID controller. Equating both 
sides of Eq. (11-58), we have 


K, = Kp, + Kp, Kj, (11-59) 
Ky =Kp Kp, (11-60) 
K,=K,, (11-61) 


2. Consider that the PD portion only is in effect. Select the value of K, 
so that a portion of the desired relative stability is achieved. In the time 
domain, this relative stability may be measured by the maximum 
overshoot, and in the frequency domain it is the phase margin. 

3. Select the parameters K,, and K,, so that the total requirement on 
relative stability is satisfied. 


Note that setting K, = 1 is in line with our PD controller design in 


Examples 11-2-1 and 11-2-2. The following example illustrates how the PID 
controller is designed in the time domain and the frequency domain. 





EXAMPLE 11-4-1 Control of a DC Motor: Small Time-Constant Model 
Consider the third-order attitude control system represented by the 


forward-path transfer function given in Eq. (11-29). With K = 181.17, the 
transfer function is 


2.718 x10" 


$< ——__— (11-62) 
s(s+400.26)(s +3008) 


G,(s) 


Time-Domain Design Let the time-domain performance specifications be as 
follows: 


Steady-state error due to a ramp input (’u(t)/2<0.2 
Maximum overshoot <5% 
Rise time t <0.005 s 


Settling time t <0.0005 s 


We realize from the previous examples that these requirements cannot be 
fulfilled by either the PI or PD control acting alone. Let us apply the PD 
control with the transfer function (1+K, s). The forward-path transfer function 
becomes 


2.71810’ (1+K 
Pr Marek nin 2B pi) 


_ (11-63) 
s(s+400.26)(s +3008) 


Table 11-4 shows that the best PD controller that can be obtained from the 
maximum overshoot standpoint is with K, = 1 and K, = 0.002, and the 
maximum overshoot is 11.37 percent. The rise time and settling time are well 
within the required values. Next, we add the PI controller, and the forward- 
path transfer function becomes 


5.436% 10" Kpo(s+500)(s+ Ky2/Kpa) 


G(s)= ; 
s“(s+ 400.26)(s +3008) 


(11-64) 
Following the guideline of choosing a relatively small value for K,/K,, (see 
Examples 11-3-1 and 11-3-2), we let K,/K,, =15. Equation (11-64) becomes 


_ 5.436 10° K,, (s+500)(s +15) 


G(s) : 
s°(s + 400.26)(s +3008) 


(11-65) 


Table 11-10 gives the time-domain performance characteristics along with 
the roots of the characteristic equation for various values of K,,. Apparently, 
the optimal value of K,, is in the neighborhood of between 0.2 and 0.4. 


Table 11-10 Time-Domain Performance Characteristics of Third- 
Order Attitude Control System with PID Controller Designed in 


Example 11-4-1 


Maximum 

K,, Overshoot (%) — t (s) t (s) Roots of Characteristic Equation 

1.0 11.1 0.00088 ().0025 sell cal -933.2 -1430r7 L/ly 
0).9 10.8 0.00111 (00202 = 13.1 938.7 —-l42724] 1571.8 
().8 13 0.00127 ().00303 = Le -346.5 -1423+j 1385.6 
Q),7 8.2 0.00130 ().00303 =)5.1 -9984 —l4l72z7 1168.7 
0).6 6.9 0.00155 ().00303 —15.2 -3/9.3 -l4062] 897.1 
Q).5 3.6 0.00172 ().00404 “15.2 —629 —1382>] 470.9 
().4 Bel 0.00214 ().00505 —l5.5 —1995 —700 5 } 215.4 
().3 4.8 0.00271 (),00303 -15.3. -2355 5197 263.1 
(),2 4.5 0.00400 (),00404 -15.5 -2613 “B90 7 221.3 
0.1 5.6 0.00747 0.00747 —16,1 —284 —284 5 j 94,2 


0.08 6.5 0.00895 0.04545 16.5 =286.3 -266rj] 4.] 


Selecting K,=0.3, and with K, =0.002 and K,, = 15K, =4.5, the following 
results are obtained for the parameters of the PID controller using Eqs. (11- 


59) through (11-61): 
Ko Ky, 243 
K, = Kp, + Kp, K,, =0.3+0.002 X4.5= 0.309 (11-66) 
K, = Kp, Kp, =0.002x0.3= 0.0006 


Notice that the PID design resulted in a smaller K, and a larger K, which 
correspond to smaller capacitors in the implementing circuit. 


Figure 11-28 shows the unit-step responses of the system with the PID 
controller, as well as those with PD and PI controls designed in Examples 11- 
2-2 and 11-3-2, respectively. Notice that the PID control, when designed 
properly, captures the advantages of both the PD and the PI controls. 





Toolbox 11-4-1 


Figure 11-28 is obtained by the following sequence of MATLAB 
functions: 


KI = [0 0.15 4.5]; 

KP = [1 0.075 0.309]; 

KD = [0.002 0 0.0006]; 

for 1 = 1:length(KI) 

num = [1.5¢7*181.17*KD(1) 1.5e7*181.17*KP(1) 1.5e7*181.17*KI(i)]; 

den =[1 3408.26 1203982.08+1.5e7*181.17*KD({1) 1.5¢7*181.17*KP(1) 1.5e7*181.17*KI (i) ]; 
step (num, den) 

hold on 

end 

grid 


PD control, Kp = 1, Kp = 0.002 
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Figure 11-28 Step responses of the system in Example 11-4-1 with PD, 
PI, and PID controllers. 


Frequency-Domain Design The PD control of the third-order attitude 
control systems was already carried out in Example 11-2-2, and the results 
were tabulated in Table 11-4. When K, = 1 and K, = 0.002, the maximum 
overshoot is 11.37 percent, but this is the best that the PD control could offer. 
Using this PD controller, the forward-path transfer function of the system is 


_ 2.71810" (1+0.002s) 


_ (11-67) 
s(s+400.26)(s +3008) 


and its Bode plot is shown in Fig. 11-29. Let us estimate that the following 
set of frequency-domain criteria corresponds to the time-domain 
specifications given in this problem. 
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Figure 11-29 Bode plot of the system in Example 11-4-1 with PD and 
PID controllers. 
Phase margin = 70° 


M <1.1 


r 


BW 21.000 rad/s 


From the Bode diagram in Fig. 11-29, we see that, to achieve a phase 


margin of 70°, the new phase-crossover frequency should be w =811, at 
which the magnitude of G( j@) is 7 dB. Thus, using Eq. (11-42), the value of 


K,, is calculated to be 


K,.=107 =0.45 


(11-68) 


Notice that the desirable range of K,, found from the time-domain design 
with K /K,=15 is from 0.2 to 0.4. The result given in Eq. (11-68) is slightly 
out of the range. Table 11-11 shows the frequency-domain performance 
results with K,=0.002, K,/K,=15, and several values of K,, starting with 0.45. 
It is interesting to note that, as K,, continues to decrease, the phase margin 
increases monotonically, but below K,,=0.2, the maximum overshoot actually 
increases. In this case, the phase margin results are misleading, but the 


resonant peak M is a more accurate indication of this. 4 


Table 11-11 Frequency-Domain Performance of System in Example 


11-4-1 with PID Controller 


GM PM 
Lm K, (dB) — (deg) 
1.00 ) eo 98.45 


0).45 6.75 00 68.5 
0.40 6.00 oo 69.3 


0.30 4.50) oo 71.45 
0).20 3.00 oo 73.88 
0.10 L.5 o0 76.91 


11-5 DESIGN WITH PHASE-LEAD AND 
PHASE-LAG CONTROLLERS 


M 
1.07 
1.03 
1.027 
1.024 
1.031 
1.054 


BW 
(rad/s) 
2607 
1180 
1061 
1024 
528.8 
269.5 


t (s) 
0.0008 
0.0019 
0.0021 
0.0027 
0.0040 
0.0076 


t (s) 
0.00255 
0.0040 
0.0050 
0.00303 
0.00404 
0.0303 


Maximum 
Overshoot (%) 
11.37 

5.6 

5.0 

4.8 

4.5 

9.6 


The high-pass filter is often referred to as a phase-lead controller, 
because positive phase is introduced to the system over some frequency 


range. 


The low-pass filter is also known as a phase-lag controller, because 
the corresponding phase introduced is negative. 


The PID controller and its components in the form of PD and PI controls 
represent simple forms of controllers that utilize derivative and integration 
operations in the compensation of control systems. In general, we can regard 
the design of controllers of control systems as a filter design problem; then 
there are a large number of possible schemes. From the filtering standpoint, 
the PD controller is a high-pass filter, the PI controller is a low-pass filter, 
and the PID controller is a band-pass or band-attenuate filter, depending on 
the values of the controller parameters. In this section, we introduce the high- 
pass filter that is often referred to as a phase-lead controller because positive 
phase is introduced to the system over some frequency range. The low-pass 
filter is also known as a phase-lag controller because the corresponding 
phase introduced is negative. Both cases can be represented by the circuit 
diagram shown in Fig. 11-30. 


C, 
C, 
R 
* R 
E; * 
“fe 
a E, 
S+2 
G(s)=K, ——. 
Figure 11-30 Op-amp circuit implementation of s+F, 


The transfer function of a simple lead or lag controller is expressed as 


PD controller is a high-pass filter. 
PI controller is a low-pass filter. 


PID controller is a band-pass or band-attenuate filter. 


+ 
G (s)=K —— (11-69) 
St Dp, 


where the controller is high-pass or phase-lead if p >z,, and low-pass or 
phase-lag if p <z.. 
The op-amp circuit implementation of Eq. (11-69) is given in Table 6-1g 


of Chap. 6 and is repeated in Fig. 11-30 with an inverting amplifier. The 
transfer function of the circuit is 





E (s) a r. 
G,(s)=$ == tt (11-70) 
RC 


Comparing the last two equations, we have 


K.=C€,/CG, 
Z, =1/R,G, (11-71) 
p, = V/R,C, 


We can reduce the number of design parameters from four to three by 
setting C = C, =C,. Then Eq. (11-70) is written as 





Kf LCs 

G.(3j=—| ——— 
R, \1+R,Cs 
-“(=*) fli-72) 
a\ 1+Ts | 

where 
R 

a= — (11-73) 


T=RC (11-74) 


11-5-1 Time-Domain Interpretation and Design of Phase- 
Lead Control 


In this section, we consider that Eqs. (11-70) and (11-72) represent a 
phase-lead controller (z, < P, or a > 1). In order that the phase-lead controller 
will not degrade the steady-state error, the factor a in Eq. (11-72) should be 
absorbed by the forward-path gain K. Then, for design purposes, G(s) can be 
written as 


l+alTls 


G.(s)=-——— (a>) (11-75) 





The pole-zero configuration of Eq. (11-75) is shown in Fig. 11-31. Based 
on the discussions given in Chap. 7 on the effects of adding a pole-zero pair 
(with the zero closer to the origin) to the forward-path transfer function, the 
phase-lead controller can improve the stability of the closed-loop system if its 
parameters are chosen properly. The design of phase-lead control is 
essentially that of placing the pole and zero of G(s) so that the design 
specifications are satisfied. The root-contour method can be used to indicate 
the proper ranges of the parameters. The following guidelines can be made 
with regard to the selection of the parameters a and T. 


J@ 


s-plane 





Figure 11-31 Pole-zero configuration of the phase-lead controller. 


1. Moving the zero -1/aT toward the origin should improve rise time 
and settling time. If the zero is moved too close to the origin, the 
maximum overshoot may again increase, because -1/aT also appears as a 
zero of the closed-loop transfer function. 

2. Moving the pole at -1/T farther away from the zero and the origin 
should reduce the maximum overshoot, but if the value of T is too small, 
rise time and settling time will again increase. 


We can make the following general statements with respect to the effects 
of phase-lead control on the time-domain performance of a control system: 


1. When used properly, it can increase damping of the system. 

2. It improves rise time and settling time. 

3. Inthe form of Eq. (11-75), phase-lead control does not affect the 
steady-state error because G (0) = 1. 


11-5-2 Frequency-Domain Interpretation and Design of 
Phase-Lead Control 


The Bode plot of the phase-lead controller of Eq. (11-75) is shown in Fig. 


11-32. The two corner frequencies are at @ = 1/aT and w = 1/T. The 


maximum value of the phase, @ , and the frequency at which it occurs, @ , 
are derived as follows. Because w. is the geometric mean of the two corner 


frequencies, we write 
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Figure 11-32 Bode plot of phase-lead controller s+1/T 
log, @ =F{1 ; +lo =] (11-76) 
$10 m ) S10 aT 810 ‘a 


Thus, 


1 
oO. =——— (11-77) 


"aT 
To determine the maximum phase @® , the phase of G(jq@) is written 
ZG (j@)=(j@) = tan” @aT — tan” wT (11-78) 
from which we get 


_,  @al—-or 
tan j@) = aT oT) (11-79) 


Substituting Eq. (11-77) into Eq. (11-79), we have 


—] 
tang, = — (11-80) 
2Va 
or 
sing, =—— (11-81) 
a+ 1 


Thus, by knowing ® , the value of a is determined from 


Taine. (11-82) 
1—sing,, 

The relationship between the phase ® and a and the general properties of 
the Bode plot of the phase-lead controller provide an advantage of designing 
in the frequency domain. The difficulty is, of course, in the correlation 
between the time-domain and frequency-domain specifications. The general 
outline of phase-lead controller design in the frequency domain is given as 
follows. It is assumed that the design specifications simply include steady- 
State error and phase-margin requirements. 


1. The Bode diagram of the uncompensated process G (ja) is 
constructed with the gain constant K set according to the steady-state 
error requirement. The value of K has to be adjusted upward once the 


value of a is determined. 

2. The phase margin and the gain margin of the uncompensated system 
are determined, and the additional amount of phase lead needed to 
realize the phase margin is determined. From the additional phase lead 
required, the desired value of ® is estimated accordingly, and the value 
of a is calculated from Eq. (11-82). 

3. Once a is determined, it is necessary only to determine the value of 
T, and the design is in principle completed. This is accomplished by 
placing the corner frequencies of the phase-lead controller, 1/aT and 1/T, 
such that ® is located at the new gain-crossover frequency @ ,, so the 
phase margin of the compensated system is benefited by ® . It is known 
that the high-frequency gain of the phase-lead controller is 20 log a dB. 
Thus, to have the new gain crossover at @ , which is the geometric mean 
of 1/aT and 1/T, we need to place w at the frequency where the 
magnitude of the uncompensated G( ja) is 10log,, so that adding the 
controller gain of 10 log adB to this makes the magnitude curve go 
through 0 dB ato. 

4. The Bode diagram of the forward-path transfer function of the 
compensated system is investigated to check that all performance 
specifications are met; if not, a new value of wm must be chosen and the 
steps repeated. 

5. Ifthe design specifications are all satisfied, the transfer function of 
the phase-lead controller is established from the values of a and T. 


If the design specifications also include M and/or BW, then these must be 
checked using either the Nichols chart or the output data from a computer 
program. 

We use the following example to illustrate the design of the phase-lead 
controller in the time domain and frequency domain. 


EXAMPLE 11-5-1 The block diagram of the sun-seeker control system 
described in Example 6-5-1 is again shown in Fig. 11- 
33. The system may be mounted on a space vehicle to 
track the sun with high accuracy. The variable 0. 
represents the reference angle of the solar ray, and 0. 
denotes the vehicle axis. The objective of the sun- 


seeker system is to maintain the error w between w 
and @, near zero. The parameters of the system, for 
small motor time constant, are as follows: 


Gear 


train 


Om | 4 Om | Qo 
| : : S 





Figure 11-33 Block diagram of sun-seeker control system. 


R, =10,000 Q K, =0.0125 V/rad/s 
K, =0.0125 N-m/A R,=6.25 } 

J =10° kg-m’o K, =0.1 A/rad 

K = to be determined B=0 

n= 800 


The forward-path transfer of the uncompensated system is 


O K.R, KK, 
Cgc Se (11-83) 
A(s) RJs°+K,K,s 





where © (s) and A(s) are the Laplace transforms of 6 (t) and a(t), 


respectively. Substituting the numerical values of the system parameters in 
Eq. (11-83), we get 


O,(s)  2500K 
A(s) ~ s(s+25) 





G,(s)= (11-84) 


Time-Domain Design The time-domain specifications of the system are as 


follows: 


1. The steady-state error of a(t) due to a unit-ramp function input for 
0(t) should be <0.01 rad per rad/s of the final steady-state output 
velocity. In other words, the steady-state error due to a ramp input 
should be <1%. 

2. The maximum overshoot of the step response should be less than 5 
percent or as small as possible. 


3. Rise time t<0.002 s. 
4. Settling time t<0.002 s. 
The minimum value of the amplifier gain, K, is determined initially from 


the steady-state requirement. Applying the final-value theorem to a(t), we 
have 





6) 
tis ert t) = Teese Tans 
t—yoo s 0 soo | + G, (s) 


(11-85) 
For a unit-ramp input, © (s) = 1/s’. By using Eq. (11-84), Eq. (11-85) leads 
to 
lim a(t) = — 11-86 
_ aati! 
Thus, for the steady-state value of a(t) to be <0.01, K must be =1. Let us 
set K = 1, the worst case from the steady-state error standpoint, the 
characteristic equation of the uncompensated system is 


s°+25s+2500=0 (11-87) 


We can show that the damping ratio of the uncompensated system with K 
= 1 is only 0.25, which corresponds to a maximum overshoot of 44.4 percent. 
Figure 11-34 shows the unit-step response of the system with K =1 —shown 
as the uncompensated system. 


Uncompensated system a= 1, T= | 
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Figure 11-34 Uhnit-step response of sun-seeker system in Example 11-5- 
i 


Let us now consider using the phase-lead controller of Eq. (11-75). The 
forward-path transfer function of the compensated system is written as 


_ 2500K(1+aTs) 


G(s) = —_——————— 
as(s+25)(1+Ts) 


(11-88) 


For the compensated system to satisfy the steady-state error requirement, K 
must satisfy 


K>a (11-89) 


Let us set K = a. The characteristic equation of the system is 
(s? ++25s+2500)+ Ts’ (s+25)+2500aTs =0 (11-90) 


We can use the root-contour method to show the effects of varying a and T 
of the phase-lead controller. Let us first set a = 0. The characteristic equation 
of Eq. (11-90) becomes 


s° +25s+ 2500+ Ts*(s+25)=0 (11-91) 


Dividing both sides of the last equation by the terms that do not contain T, 
we get 


Ts*(s+25) 


1+G.,(s)=1+——--——__= 
a(S) s* +25s+2500 


(11-92) 


Thus, the root contours of Eq. (11-91) when T varies are determined using 
the pole-zero configuration of G,,(s) in Eq. (11-92). These root contours are 
obtained using Toolbox 11-5-2 and are drawn as shown in Fig. 11-35. Notice 
that the poles of G, (s) are the roots of the characteristic equation in Eq. (11- 
90), when a = 0 and T = 0. The root contours in Fig. 11-35 clearly show that 
adding the factor (1+T's) to the denominator of Eq. (11-84) alone would not 
improve the system performance, since the characteristic equation roots are 
pushed toward the right-half plane. In fact, the system becomes unstable 
when T is greater than 0.0133. To achieve the full effect of the phase-lead 
controller, we must ensure that a>0 in Eq. (11-90). To prepare for the root 
contours with a as the variable parameter, we divide both sides of Eq. (11-90) 
by the terms that do not contain a, and the following equation results: 


j® 
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Figure 11-35 Root contours of the sun-seeker system with a = 0, and T 
varies from 0 to », 


2500aT's 


ot soeiena. wee one eae (11-93) 
s°+25s+ 2500+ Ts*(s+25) 


1+aG,,,(s)=1+ 


For a given T, the root contours of Eq. (11-90) when a varies are obtained 
based on the poles and zeros of G,,(s). Notice that the poles of G(s) are the 


same as the roots of Eq. (11-91). Thus, for a given T, the root contours of Eq. 
(11-90) when a varies must start (a = 0) at points on the root contours of Fig. 
11-35. These root contours end (a = ©) at s = 0, ©, 0, which are the zeros of 


G__(s). The complete root contours of Eq. (11-90) are now shown in Fig. 11- 
36 for several values of T, and a varies from 0 to ©, 
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Figure 11-36 Root contours of the sun-seeker system with a phase-lead 
controller. 


Toolbox 11-5-1 


Unit-step responses in Fig. 11-34 are obtained by the following 
sequence of MATLAB functions: 


a= EL 10 12.58 16.67] ; 

T= [1 0.005 0.004 0.003) ; 

for i = L:length(T) 
num = [2500*a(i)*T(i) 2500]; 
den =[(T(i) 25*T(1i)+1 25 0]; 
[numCL, denCL]=cloop (num, den) ; 
step (numCL, dencL) 
hold on 

end 

grid 

axis([0 0.35 0 1.8]) 


Toolbox 11-5-2 


Root contours for Fig. 11-35 are obtained by the following sequence 
of MATLAB functions: 


For 7=1:1:30000 
T=0 . 005*1 
num = [T 25*T 0 0]; 
den = [T 14+25*T 25 2500] ; 
F = tf(num,den) ; 
P=pole(F) ; 
PoleDatal(i)=P(1,1) ; 
PoleData2(i)=P(2,1) ; 
PoleData3(i)=P(3,1) ; 

end 


plot (real (PoleDatal(:)),imag(PoleDatal(:))) 
hold on 

plot (real (PoleData2(:)),imag(PoleData2(:))); 
plot (real (PoleData3(:)),imag(PoleData3(:))); 
axis([-100 10 -50 50]) 


From the root contours of Fig. 11-36, we see that, for effective phase-lead 


control, the value of T should be small. For large values of T, the natural 
frequency of the system increases rapidly as a increases, and very little 
improvement is made on the damping of the system. 

Let us choose T = 0.01 arbitrarily. Table 11-12 shows the attributes of the 
unit-step response when the value of aT is varied from 0.02 to 0.1. MATLAB 
Toolbox 11-5-3 was used for the calculations of the time responses. The 
results show that the smallest maximum overshoot is obtained when aT = 
0.05, although the rise and settling times decrease continuously as aT 
increases. However, the smallest value of the maximum overshoot is 16.2 
percent, which exceeds the design specification. 


Table 11-12 Attributes of Unit-Step Response of System with Phase- 
Lead Controller in Example 11-5-1: T = 0.01 


Maximum 

aT a Overshoot (%) t (s) t (s) 

().02 2 26.6 0.0222 ().0830 
0.03 3 18.9 0.0191 0.0665 
0).04 4 16.3 0.0164 0.0520 
0.05 5 16.2 0.0146 0.0415 
().06 6 7.3 ).0129 0.0606 
0.08 8 20.5 0.0112 0.0566 
0.10 10 23,9 0.0097 0.0485 


Toolbox 11-5-3 


Root contours for Fig. 11-36 are obtained by the following sequence 
of MATLAB functions: 


T= (0. 003;,.0.004,.0.005..0.05..0..1,2. 5] 

for j=1:length(T) 

fora. = 11500 

a=1*.01 ; 

num = [2500*a*T(j) 0]; 

den = [T(j) 25*T(j)+1 25+2500*a*T(4j) 2500]; 
F = tf (num, den) ; 
P=pole(F); 
PoleDatal(i)=P(1,1 
PoleData2(1)=P(2 
PoleData3{1)=P(3, 
plot (real (PoleDatal(i)),imag(PoleDatal(i)),real(PoleData2(i)),imag{PoleData2(i)), 
real (PoleData2(1)),imag(PoleData2 (i) ) } 

hold on 

end 

axis([-175 0 -10 150] ) 

end 


It % 
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i 


1 
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able 11-11 also see Toolbox 11-5-1. 


—] 


* Step Response for 

T=0.01; 

a=(23 4 5 & @ 10] > 

for i = 1:length(a) 
num = [2500*a(i)*T 2500]; Eq. (11-78) with K=a 
den = [T 25*T+1 25+2500*a(1)*T 2500]; Closed loop Eq. (11-79) with K=a 
step (num, den) 

hold on 

end 





Next, we set aT = 0.05 and vary T from 0.01 to 0.001, as shown in Table 
11-13. Table 11-13 shows the attributes of the unit-step responses. As the 
value of T decreases, the maximum overshoot decreases, but the rise time and 
settling time increase. The cases that satisfy the design requirements are 
indicated in Table 11-13 for aT = 0.05. Figure 11-34 shows the unit-step 
responses of the phase-lead-compensated system with three sets of controller 
parameters. You can use Toolbox 11-5-1 to arrive at these results. 





Table 11-13 Attributes of Unit-Step Responses of System with Phase- 
Lead Controller in Example 11-5-1: aT = 0.05 


Maximum 


T a Overshoot (%) t (s) t (s) 
0.01 5.0 16.2 0.0146 0.0415 
0.005 10.0 4.1 0.0133 0.0174 
0.004 12.5 1.1 0.0135 0.0174 
0.003 16.67 () 0.0141 0.0174 
0.002 295.0 () 0.0154 0.0209 
0.001 30.0 () 0.0179 ().0244 


Choosing T = 0.004, a = 12.5, the transfer function of the phase-lead 
controller is 








se 
6 isi= a l/al _,,. s+20 (11-94) 
s+1/2P s+ 250 
The transfer function of the compensated system is 
a0 NG C9 (11-95) 
s(s +25)(s +250) 


To find the op-amp-circuit realization of the phase-lead controller, we 
arbitrarily set C = 0.1uf, and the resistors of the circuit are found using Eas. 
(11-73) and (11-74) as R, = 500,000 @ and R, = 40,000 Q. 

Frequency-Domain Design Let us specify that the steady-state error 
requirement is the same as that given earlier. For frequency-domain design 
specification, the phase margin is required to be greater than 45,. The 
following design steps are taken: 


1. The Bode diagram of Eq. (11-84) with K = 1 is plotted as shown in 
Fig. 11-37. 

2. The phase margin of the uncompensated system, read at the gain- 
crossover frequency, @’ rad/s, is 28°. Because the minimum desired 
phase margin is 45°, at least 17° more phase lead should be added to the 
loop at the gain-crossover frequency. 


3. The phase-lead controller of Eq. (11-75) must provide the additional 
17° at the gain-crossover frequency of the compensated system. 
However, by applying the phase-lead controller, the magnitude curve of 
the Bode plot is also affected in such a way that the gain-crossover 
frequency is shifted to a higher frequency. Although it is a simple matter 
to adjust the corner frequencies, 1/aT and 1/T, of the controller so that 
the maximum phase of the controller g_ falls exactly at the new gain- 
crossover frequency, the original phase curve at this point is no longer 
28° (and could be considerably less) because the phase of most control 
processes decreases with the increase in frequency. In fact, if the phase 
of the uncompensated process decreases rapidly with increasing 
frequency near the gain-crossover frequency, the single-stage phase-lead 
controller will no longer be effective. 

In view of the difficulty estimating the necessary amount of phase 
lead, it is essential to include some safety margin to account for the 
inevitable phase drop-off. Therefore, in the present case, instead of 
selecting ag of amere 17°, let 9 be 25°. Using Eq. (11-82), we have 


1+ sin 25° 
a = 


= = 2.46 (11-96) 
1—sin 25° 


4. To determine the proper location of the two comer frequencies 
(1/aT and 1/T) of the controller, it is known from Eq. (11-77) that the 
maximum phase lead @ occurs at the geometric mean of the two corner 
frequencies. To achieve the maximum phase margin with the value of a 
determined, g, should occur at the new gain-crossover frequency @ _,, 
which is not known. The following steps are taken to ensure that 9. 
OCCUIS at @.. 


a. The high-frequency gain of the phase-lead controller of Eq. (11-75) is 


20log,, a= 20log,, 2.46=7.82 dB (11-97) 


b. The geometric mean @_ of the two corner frequencies, 1/aT and 1/T, 
should be located at the frequency at which the magnitude of the 
uncompensated process transfer function G ( jq@) in dB is equal to the 
negative value in dB of one-half of this gain. This way, the magnitude 
curve of the compensated transfer function will pass through the 0-dB 


axis at@ = q@_. Thus, w should be located at the frequency where 


|G, ( jo)| =—10log,, 2.46=-—3.91 dB (11-98) 


Toolbox 11-5-4 


Bode diagram for Fig. 11-37 is obtained by the following sequence of 
MATLAB functions: 


[O 2.46,12.5,5.828] : 
T = [0 0.0106,0.004,0.00588] ; 
1 = 1:length(T) 
= [2500*a(1)*T(i) 2500]; % numerator of Eq. (11-78) with K=a 
den =[(T(i) 1+25*T(i) 25 0]; % denominator of Eq. (11-78) with K=a 
bode (num, den) ; 
hold on; 
end 
grid 


Toolbox 11-5-5 


Nichols plot of G(s) for Fig. 11-38 is obtained by the following 
sequence of MATLAB functions: 


a= [0 2,.46,12.5, 5,828] ; 

T = [0 0.0106,0.004,0.00588] ; 

for 1 = 1:length(T) 

num = [2500*a(1)*T(i) 2500]; % numerator of Eq. (11-78) with K=a 
den =[(T(i) 1+25*T(i) 25 0]; % denominator of Eq. (11-78) with K=a 
t = tf (num, den) 

nichols(t); ngrid; 

hold on; 

end 


From Fig. 11-37, this frequency is found to be wm . Now using Eq. (11-77), we 
have 


l 
_ Jaw,, =V2.46 x 60=94.1 rad/s (11-99) 


Then, 1/aT=94.1/2.46=38.21 rad/s. The transfer function of the phase-lead 
controller is 


s+l/aT - 7 46543821 








G(s)=a (11-100) 
ae a OW s+ 94.1 
The forward-path transfer function of the compensated system is 
G19, 0G, (9p (11-101) 


s(s+25)(s+ 94.1) 


Figure 11-37 shows that the phase margin of the compensated system is 
actually 47.6°. 
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Figure 11-37 Bode diagram of the phase-lead compensation and 
2500(1+ aTs) 


s)=_—_—_—_-.. 
uncompensated systems in Example 11-5-1. s(s+25)(s+Ts) 


In Fig. 11-38, the magnitude and phase of the original and the 
compensated systems are plotted on the Nichols chart for display only. These 
plots can be made by taking the data directly from the Bode plots of Fig. 11- 
37. The values of M, o, and BW can all be determined from the Nichols 
chart. 

Checking the time-domain performance of the compensated system, we 
have the following results: 


Maximum overshoot = 22.3% ft, =0.02045s t,=0.07439 s 


which fall short of the time-domain specifications listed earlier. Figure 11-37 
also shows the Bode plot of the system compensated with a phase-lead 
controller with a = 5.828 and T = 0.00588. The phase margin is improved to 
62.4°. Using Eq. (11-81), we can show that the result of a = 12.5 obtained in 
the time-domain design actually corresponds to g@ = 58.41. Adding this to the 
original phase of 28°, the corresponding phase margin would be 86.41°. The 
time-domain and frequency-domain attributes of the system with the three 
phase-lead controllers are summarized in Table 11-14. The results show that, 
with a = 12.5 and T = 0.0004, even the projected phase margin is 86.41°; the 
actual value is 68.12° due to the fall-off of the phase curve at the new gain 
crossover. 4 
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Figure 11-38 Plots of G(s) in the Nichols chart for the system in Example 
G(s)= 2500(1+ aTs) 


cece s(s+25)(1+ Ts) 
Table 11-14 Attributes of System with Phase-Lead Controller in 
Example 11-5-1 


Gain CO Maximum 
dl T PM(deg) M_ (rad/s) BW/(rad/s) Overshoot (%) f(s) t (s) 


l | 28.03 2.06 470 74.3 44 4 Q.0255 0.2133 


246 0.0106 47.53 1.26 60.2 98.2 ts 0.0204 0.0744 
3.828 0.00588 62.36 1.03 79.1 124.7 ff 0.0169 0.0474 


25 0.0040 68.12 1.00 113.1 172.5 LI Q.0135 0.0174 


EXAMPLE 11-5-2’ In this example, we illustrate the application of a phase- 
lead controller to a third-order system with relatively 
high loop gain. 

Let us consider that the inductance of the dc motor of the sun-seeker 
system described in Fig. 11-33 is not zero. The following set of system 
parameters is given: 


R, =10,000 Q K, =0.0125 V/rad/s 
K, =0.0125 N-m/A R =6.25Q 

J =10° kg-m’ K. =0.3 A/rad 

K =to be determined B=0 

n= 800 Eo =10°H 


a 


The transfer function of the dc motor is written 








“7 = 11-102 
E,(s) - s(L,Js° + JR,s+ K,K,) (11-102) 
The forward-path transfer function of the system is 
so) K_.R.KK. 
G,(s)= os) _ go °F i (11-103) 


— A(s)  s(L_Js?+JR.S+K.K,) 


Substituting the values of the system parameters in Eq. (11-102), we get 


o) 4.687510’ K 
G,(s)= i (11-104) 
A(s)  s(s? + 625s+156,250) 





Time-Domain Design The time-domain specifications of the system are 
given as follows: 


1. The steady-state error of a(t) due to a unit-ramp function input for 
9(t) should be <1/300 rad/rad/s of the final steady-state output velocity. 


2. The maximum overshoot of the step response should be less than 5 
percent or aS small as possible. 


3. Rise time t<0.004 s. 
4. Settling time t<0.02 s. 


The minimum value of the amplifier gain K is determined initially from the 
steady-state requirement. Applying the final-value theorem to a(t), we get 


lim atO—tin s460— tn (11-105) 
t—yoo s—0 s—0 I+G, (s) 
Substituting Eq. (11-104) into Eq. (11-105), and © (s)=1/s’, we have 
l 
lim &(t)=—— (11-106) 


[yoo 300 K 


Thus, for the steady-state value of a(t) to be <1/300, K must be >1. Let us 
set K =1; the forward-path transfer function in Eq. (11-104) becomes 


4.6875 x10’ 
G.(s) 


_ (11-107) 
pe” 5(s? +6258 + 156,250) 


We can show that the closed-loop sun-seeker system with K =1 has the 
following attributes for the unit-step response: 


Maximum overshoot = 43% Rise time t, =0.004797 s_ Settling time t, = 0.04587 s 


To improve the system response, let us select the phase-lead controller 
described by Eq. (11-75). The forward-path transfer function of the 


compensated system is 


4.6875 x10’ K(1+aTs) 


—— (11-108) 
as(s’ +625s+156,250)(1+Ts) 


G(s) =G,(s)G,(s) = 


Now to satisfy the steady-state requirement, K must be readjusted so that 
Kea. Let us set K =a. The characteristic equation of the phase-lead 
compensated system becomes 


(s° +625s° +156, 250s+4.6875 x10’ )+Ts°(s° +625s+156,250)+4.6875x10'aTs=0 (11-109) 


We can use the root-contour method to examine the effects of varying a 
and T of the phase-lead controller. Let us first set a to zero. The characteristic 
equation of Eq. (11-109) becomes 


(s°+625s° +156,250s+ 4.6875 x10’ )+ Ts*(s* +625s+156,250)=0 (11-110) 


Dividing both sides of the last equation by the terms that do not contain T, 
we get 


Ts*(s* +625s+156,250) 


a ee Livi 
s°+625s* +156,250s+ 4.6875 x 10’ \ 


1+G,,,(s)=1+ 


The root contours of Eq. (11-110) when T varies are determined from the 
pole-zero configuration of G, (s) in Eq. (11-111) and are drawn as shown in 
Fig. 11-39. When a varies from 0 to ©, we divide both sides of Eq. (11-109) 
by the terms that do not contain a, and we have 


4.6875x10/ aT. 
1+G, 2 ot, > el (11-112) 
4 s° +625s° +156, 250s+4.6875 x10’ +Ts*(s* +6255 +156, 250) 


For a given T, the root contours of Eq. (11-109) when a varies are obtained 
based on the poles and zeros of G,,(s). The poles of G_,(s) are the same as the 
roots of Eq. (11-110). Thus, the root contours when a varies start (a = 0) at 
the root contours for variable T. Figure 11-39 shows the dominant portions of 
the root contours when a varies for T = 0.01, 0.0045, 0.001, 0.0005, 0.0001, 
and 0.00001. Notice that, because the uncompensated system is lightly 
damped, for the phase-lead controller to be effective, the value of T should be 
very small. Even for very small values of T, there is only a small range of a 


that could bring increased damping, but the natural frequency of the system 
increases with the increase in a. The root contours in Fig. 11-39 show the 
approximate locations of the dominant characteristic equation roots where 
maximum damping occurs. Table 11-15 gives the roots of the characteristic 
equation and the unit-step-response attributes for the cases that correspond to 
near-smallest maximum overshoot for the T selected. Figure 11-40 shows the 
unit-step response, when a=500 and T=0.00001. Although the maximum 
overshoot is only 3.8 percent, the undershoot in this case is greater than the 


overshoot. 
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Figure 11-39 Root contours of sun-seeker system in Example 11-5-2 
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Figure 11-40 Uhnit-step responses of sun-seeker system in Example 11-5- 
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2 with phase-lead controller. 


Table 11-15 Roots of Characteristic Equation and Time Response 
Attributes of System with Phase-Lead Controller in Example 11-5-2 


Maximum 


i a Roots of Characteristic Equation Overshoot (%) — t.(s) t(s) 
0.001 4 -189.6 -1181.6 -126.9+ j439.5 21.7 0.0037 0.0184 
0.0005 9 -164.6 —2114.2 —-173.1 j489.3 13.2 0.00345 0.0162 
0.0001 50 -]47 —10024 22) & 5ls 3.4 0.00348 0.0150 
0.00005 100 —-147 —20012 aan Jol5 4.5 0.00353 0.0150 
0.00001 500 -146.3 —10° —238 t 513.55 3.8 0.00357 0.0146 


Toolbox 11-5-6 


Unit-step responses in Fig. 11-40 are obtained by the following 
sequence of MATLAB functions: 


[50,100,500]; 
T = [0..0001,0.00005,0.00001] s 
1 = 1:length(T) 
= 4.6875e7 * [a(i)*T(i) 1]; 
den = conv([1 625 156250 0], [T(i) 1]); 
[numCL, denCL]=cloop (num, den) ; 
format long 
roots (denCL) 
step (numCL, dencL) 
hold on 
end 
axie( [0 «04 0 1.2]) 
grid 


Frequency-Domain Design The Bode plot of G(s) in Eq. (11-104) is shown 
in Fig. 11-41. The performance attributes of the uncompensated system are 


PM = 29.74° 
M = 2.156 
BW = 426.5 rad/s 


We would like to show that the frequency-domain design procedure 


outlined earlier does not work effectively here because the phase curve of G( 
ja) shown in Fig. 11-41 has a very steep slope near the gain crossover. For 
example, if we wish to realize a phase margin of 65°, we need at least 65- 
29.74=35.26° of phase lead. Or, @, = 35.26°. Using Eq. (11-82), the value of 


a is calculated to be 


_1tsing,, 14+sin35.26° 
—d-sing, 1—sin35.26° 


m 


=3./32 (11-113) 


Toolbox 11-5-7 


Bode plots shown in Fig. 11-41 are obtained by the following 
sequence of MATLAB functions: 


a = [50,100,500] ; 
[0.0001,0.00005,0.00001] ; 
for 1 = 1L:length(T) 
= 4.6875e7 * [a(i)*T(i) 1]; 
den = conv([1 625 156250 0], [T(i) 1]); 
[numCL, denCL]=cloop (num, den) ; 
format long 
roots (denCL) 
step (numCL, dencL) 
hold on 
end 
axis([0 «04 0 1.2]) 
grid 


Let us choose a = 4. Theoretically, to maximize the utilization of @ , @. 
should be placed at the new gain crossover, which is located at the frequency 
where the magnitude of G( ja) is -10log,, a dB=-10log,,4=-6. From the Bode 
plot in Fig. 11-41, this frequency is found to be 380 rad/s. Thus, we let g = 
380 rad/s. The value of T is found by using Eq. (11-77): 
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Figure 11-41 Bode plots of phase-lead controller and forward-path 





l+al's 
| | 11-52, 6. 6)= , 
transfer function of sun-seeker system in Example 1+Ts 
i= ———— = 0.0013 (11-114) 
o,Va 380V4 — 


However, checking the frequency response of the phase-lead compensated 
system with a = 4 and T = 0.0013, we found that the phase margin is only 
improved to 38.27°, and M = 1.69. The reason is the steep negative slope of 
the phase curve of G(jq@). The fact is that, at the new gain-crossover 
frequency of 380 rad/s, the phase of G( ja) is -170°, as against -150-26° at 
the original gain crossover—a drop of almost 20°! From the time-domain 
design, the first line in Table 11-16 shows that, when a = 4 and T = 0.00001, 
the maximum overshoot is 21.7 percent. 


Table 11-16 Attributes of System with Phase-Lead Controller in 
Example 11-5-2 


Maximum 
T a PM (deg) GM(dB) M BW(rad/s) Overshoot (%) f(s) t (s) 
] l 29.74 6.39 2.16 430.4 43.0 0.00478 0.0459 
0.00005 100 59.6] 31.41 1.009 6/0.6 4.5 0.00353 0.015 
0.00001 500 60.55 45.21 1.000 664.2 3.8 0.00357 0.0146 


Checking the frequency response of the phase-lead compensated system 
with a = 500, and T = 0.00001, the following performance data are obtained: 


PM=60.55 degrees M.=1 BW=664.2 rad/s 


This shows that the value of a has to be increased substantially just to 
overcome the steep drop of the phase characteristics when the gain crossover 
is moved upward. 

Figure 11-41 shows the Bode plots of the phase-lead controller and the 
forward-path transfer functions of the compensated system with a = 100, T = 


0.00005, and a = 500, T = 0.00001. A summary of performance data is given 
in Table 11-16. 

Selecting a = 100 and T = 0.00005, the phase-lead controller is described 
by the transfer function 
llt+aIs_ 1 1+0.005s 


———S—— (11-115) 


Gi(s)= 
al+Is 1001+0.00005s 





Using Eqs. (11-73) and (11-74), and letting C = 0.01uF, the circuit 
parameters of the phase-lead controller are found to be 





T 5x10” 
= =~ ann (11-116) 
C 10 
R =aR, =500,000 Q (11-117) 


The forward-path transfer function of the compensated system is 


O,(s) _ 4.6875 x 10’ (1+0.005s) (11-118) 
A(s)  s(s* +625s+156,250)(1+0.00005s) 





where the amplifier gain K has been set to 100 to satisfy the steady-state 
requirement. 4 


11-5-3 Effects of Phase-Lead Compensation 


From the results of the last two illustrative examples, we can summarize 
the effects and limitations of the single-stage phase-lead controller as follows: 


1. The phase-lead controller adds a zero and a pole, with the zero to 
the right of the pole, to the forward-path transfer function. The general 
effect is to add more damping to the closed-loop system. The rise time 
and settling time are reduced in general. 

2. The phase of the forward-path transfer function in the vicinity of the 
Sain-crossover frequency is increased. This improves the phase margin 
of the closed-loop system. 

3. The slope of the magnitude curve of the Bode plot of the forward- 
path transfer function is reduced at the gain-crossover frequency. This 
usually corresponds to an improvement in the relative stability of the 


system in the form of improved gain and phase margins. 


4. The bandwidth of the closed-loop system is increased. This 
corresponds to faster time response. 


5. The steady-state error of the system is not affected. 


11-5-4 Limitations of Single-Stage Phase-Lead Control 


In general, phase-lead control is not suitable for all systems. Successful 
application of single-stage phase-lead compensation to improve the stability 
of a control system is hinged on the following conditions: 


1. Bandwidth considerations: If the original system is unstable or with 
a low stability margin, the additional phase lead required to realize a 
certain desired phase margin may be excessive. This may require a 
relatively large value of a for the controller, which, as a result, will give 
rise to a large bandwidth for the compensated system, and the 
transmission of high-frequency noise entering the system at the input 
may become objectionable. However, if the noise enters the system near 
the output, then the increased bandwidth may be beneficial to noise 
rejection. The larger bandwidth also has the advantage of robustness; 
that is, the system is insensitive to parameter variations and noise 
rejection as described before. 


2. If the original system is unstable, or with low stability margin, the 
phase curve of the Bode plot of the forward-path transfer function has a 
steep negative slope near the gain-crossover frequency. Under this 
condition, the single-stage phase-lead controller may not be effective 
because the additional phase lead at the new gain crossover is added to a 
much smaller phase angle than that at the old gain crossover. The 
desired phase margin can be realized only by using a very large value of 
a for the controller. The amplifier gain K must be set to compensate a, 
so a large value for a requires a high-gain amplifier, which could be 
costly. 

As shown in Example 11-5-2, the compensated system may have a 
larger undershoot than overshoot. Often, a portion of the phase curve 
may still dip below the 180°, resulting in a conditionally stable system, 
even though the desired phase margin is satisfied. 


3. The maximum phase lead available from a single-stage phase-lead 


controller is less than 90°. Thus, if a phase lead of more than 90° is 
required, a multistage controller should be used. 


11-5-5 Multistage Phase-Lead Controller 


When the design with a phase-lead controller requires an additional phase 
of more than 90°, a multistage controller should be used. Figure 11-42 shows 
an op-amp-circuit realization of a two-stage phase-lead controller. The input- 
output transfer function of the circuit is 
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Figure 11-42 Two-stage phase-lead (phase-lag) controller. 
] ] 
E(s) |° RC |? RC 
G(s)=—*—= 1 
E.,(s) ot BE oe 
RC R,C 
_ RR, { 14+ RCs \f 1+ R,Cs (11-119) 
RR, 1+ ROs J 1+R,Cs 


Or 


G(o)=1| as | Peal) — 


a,a,\ 1+T\s L* des 


where a, = R/R,, a,= R/R, T= RC, and T, = R.C. and T, = RC. 

The design of a multistage phase-lead controller in the time domain 
becomes more cumbersome, since now there are more poles and zeros to be 
placed. The root-contour method also becomes impractical, since there are 
more variable parameters. The frequency-domain design in this case does 
represent a better choice of the design method. For example, for a two-stage 
controller, we can choose the parameters of the first stage of a two-stage 
controller so that a portion of the phase margin requirement is satisfied, and 
then the second stage fulfills the remaining requirement. In general, there is 
no reason why the two stages cannot be identical. The following example 
illustrates the design of a system with a two-stage phase-lead controller. 


EXAMPLE 11-5-3 For the sun-seeker system designed in Example 11-5-2, 
let us alter the rise time and settling time requirements 
to be 

Rise time t <0.001 s 


Settling time t <0.005 s 


The other requirements are not altered. One way to meet faster rise time 
and settling time requirements is to increase the forward-path gain of the 
system. Let us consider that the forward-path transfer function is 


© (s) 156,250,000 


G,(s)= = —___—_____. 11-121 
ps) A(s)  s(s* +625s+156,250) \ 





Another way of interpreting the change in the forward-path gain is that the 
ramp-error constant is increased to 1000 (up from 300 in Example 11-5-1). 
The Bode plot of G(s) is shown in Fig. 11-43. The closed-loop system is 
unstable, with a phase margin of -15.43°. 


Toolbox 11-5-8 


Bode plots shown in Fig. 11-43 are obtained by the following 
sequence of MATLAB functions: 


num = 156250000; 

den =([1 625 156250 0]); 

bode (num, den) ; 

hold on; 

num = 156250000 * [0.0087 1]; 

den = conv([0.000087 1], [1 625 156250 0]); 

bode (num, den) ; 

num = 156250000 * conv([0.0087 1], [0.002778 1]); 

den =conv(conv([0.000087 1], [0.00002778 1]), [1 625 156250 0O]):; 
bode (num, den) ; 

num = 156250000 * conv([0.003872 1], [0.003872 1]); 

den =conv(conv([0.0000484 1], [0.0000484 1]), [1 625 156250 0]); 
bode (num, den) ; 

axis([1 le5 -300 20]); 

grid 


Because the compensated system in Example 11-5-2 had a phase margin of 
60.55°, we would expect that, to satisfy the more stringent time response 
requirements in this example, the corresponding phase margin would have to 
be greater. Apparently, this increased phase margin cannot be realized with a 
single-stage phase-lead controller. It appears that a two-stage controller 
would be adequate. 

The design involves some trial-and-error steps in arriving at a satisfied 
controller. Because we have two stages of controllers at our disposal, the 
design has a multitude of flexibility. We can set out by arbitrarily setting a, = 
100 for the first stage of the phase-lead controller. The phase lead provided 
by the controller is obtained from Eq. (11-81), 


1 


a, — 99 
¢,, = sin | +~— =sin""( }=78.58° (11-122) 
a, +1 101 


To maximize the effect of f., the new gain crossover should be at 
—10log,, a, =—10log,, 100 =—20 dB (11-123) 


From Fig. 11-43 the frequency that corresponds to this gain on the 
amplitude curve is approximately 1150 rad/s. Substituting w anda = 100 in 
Eq. (11-67), we get 
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Figure 11-43 Bode plots of uncompensated and compensated sun-seeker 


systems in Example 11-5-2 with two-state phase-lead controller. 
156,250,000 
G »(s) — 


s(s* +625s+156,250) 
l l 


fa, 1150100 


The forward-path transfer function with the one-stage phase-lead controller 





i= = 0.000087 (11-124) 


1S 
156,250,000(1+ 0.0087 s) (11-125) 


= — 
s(s? +625s+156,250)(1+0.000087s) 


The Bode plot of the last equation is drawn as curve (2) in Fig. 11-43. We 
see that the phase margin of the interim design is only 20.36°. Next, we 
arbitrarily set the value of a, of the second stage at 100. From the Bode plot 
of the transfer function of Eq. (11-125) in Fig. 11-43, we find that the 
frequency at which the magnitude of G( j@) is —20 dB is approximately 3600 
rad/s. Thus, 


] ] 
== =0.00002778 (11-126) 


,,,Ja, 36004/100 


The forward-path transfer function of the sun-seeker system with the two- 
stage phase-lead controller is (a, = a, = 100) 


156, 250,000(1+ 0.0087s)(1+0.002778s) 


= (11-127) 
s(s? + 625s +156,250)(1+0.000087s)(1+0.00002778s) 


G(s) 


Figure 11-43 shows the Bode plot of the sun-seeker system with the two- 
stage phase-lead controller designed above [curve (3)]. As seen from Fig. 11- 
43, the phase margin of the system with G(s) given in Eq. (11-127) is 69.34°. 
As shown by the system attributes in Table 11-17, the system satisfies all the 
time-domain specifications. In fact, the selection of a, = a, = 100 appears to 
be overly stringent. To show that the design is not critical, we can select a, = 
a, = 80, and then 70 and the time-domain specifications are still satisfied. 


Following similar design steps, we arrived at T, = 0.0001117 and T, = 
0.000039 for a, = a, = 70, and T = T, = 0.0000484 for a, = a, = 80. Curve (4) 
of Fig. 11-43 shows the Bode plot of the compensated system with a, = a, = 


80. ‘Table 11-17 summarizes all the attributes of the system performance with 
these three controllers. 


Table 11-17 Attributes of Sun-Seeker System in Example 11-5-3 with 
Two-Stage Phase-Lead Controller 


Maximum 
Overshoot 
a, =4, T, T, PM (deg) M BW (rad/s) (%) t (s) t (s) 
80 0.0000484  0.0000484 80) l 56386 () 0.00095 0.00475 
100 0.000087 ().0000278 69.34 l 5686 () 0.000597 0.00404 


70 0.0001117 0.000039 66.13 | 5198 0 0.00063 0.00404 


The unit-step responses of the system with the two-stage phase-lead 
controller for a, = a, = 80 and 100 are shown in Fig. 11-44. 
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Figure 11-44 Uhnit-step responses of sun-seeker system in Example 11-5- 
2 with two-stage phase-lead controller. 
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Toolbox 11-5-9 


Figure 11-44 is obtained by the following sequence of MATLAB 
functions: 


num = 156250000 * conv([100*0.000087 1], [80*0.00002778 1]); 
den =conv(conv([0.000087 1], [0.00002778 1]),[1 625 156250 0]); 
[numCL, denCL] =cloop (num, den) ; 

step (numCL, dencL) 


hold on 
num = 156250000 * conv([80*0.0000484 1], [80*0.0000484 1]); 
den =conv(conv([0.0000484 1], [0.0000484 1]), [1 625 156250 0]); 


[numCL, denCL] =cloop (num, den) ; 
step (numCL, dencL) 
grid 


11-5-6 Sensitivity Considerations 


The sensitivity function defined in Sec. 10-15, Eq. (11-138), can be used as 
a design specification to indicate the robustness of the system. The sensitivity 
of the closed-loop transfer function with respect to the variations of the 
forward-path transfer function is defined as 


gia) I Gs) (11-128) 
OG(s)/G(s) 1+G-(s) 1+G(s) 


Mere 
The plot of IS; (j@) | versus frequency gives an indication of the sensitivity 
of the system as a function of frequency. The ideal robust situation is for 


Sp (j o)| to assume a small value (<<1) over a wide range of frequencies. As 
an example, the sensitivity function of the sun-seeker system designed in 
Example 11-5-2 with the one-stage phase-lead controller with a = 100 and T 
= 0.00005 is plotted as shown in Fig. 11-45. Note that the sensitivity function 
is low at low frequencies and is less than unity for @ <400 rad/s. Although 
the sun-seeker system in Example 11-5-2 does not need a multistage phase- 
lead controller, we shall show that, if a two-stage phase-lead controller is 
used, not only the value of a will be substantially reduced, resulting in lower 
gains for the op-amps, but the system will be more robust. Following the 
design procedure outlined in Example 11-5-3, a two-stage phase-lead 
controller is designed for the sun-seeker system with the process transfer 
function described by Eq. (11-104). 
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Figure 11-45 Sensitivity functions of sun-seeker system in Example 11- 
o-2. 


The parameters of the controller are a, = a, = 5.83 and T = T, = 0.000673. 
The forward-path transfer function of the compensated system is 


4.6875 x 10’ (1+0.0039236s)” 


a (11-129) 
s(s° + 625s + 156, 250)(1+ 0.000673s) 


G(s) 


Figure 11-45 shows that the sensitivity function of the system with the 
two-stage phase-lead controller is less than unity for @<600 rad/s. Thus, the 
system with the two-stage phase-lead controller is more robust than the 
system with the single-stage controller. The reason for this is that the more 
robust system has a higher bandwidth. In general, systems with phase-lead 
contro! will be more robust due to the higher bandwidth. However, Fig. 11-45 
shows that the system with the two-stage phase-lead controller has a higher 
sensitivity at high frequencies. 


11-5-7 Time-Domain Interpretation and Design of Phase-Lag 
Control 


The transfer function in Eq. (11-72) represents a phase-lag controller or 
low-pass filter when a < 1. The transfer function is repeated as follows: 


6.)=2[ $%) a<l (11-130) 
a\ 14+Ts 





The pole-zero configuration of G(s) is shown in Fig. 11-46. Unlike the PI 
controller, which provides a pole at s = 0, the phase-lag controller affects the 
steady-state error only in the sense that the zero-frequency gain of G(s) is 
greater than unity. Thus, any error constant that is finite and nonzero will be 
increased by the factor 1/a from the phase-lag controller. 





Figure 11-46 Pole-zero configuration of phase-lag controller. 


Because the pole at s=-1/T is to the right of the zero at -1/aT , effective use 
of the phase-lag controller to improve damping would have to follow the 
Same design principle of the PI control presented in Sec. 11-3. Thus, the 
proper way of applying the phase-lag control is to place the pole and zero 
close together. For type 0 and type 1 systems, the combination should be 
located near the origin in the s-plane. Figure 11-47 illustrates the design 
Strategies in the s-plane for type 0 and type 1 systems. Phase-lag control 
should not be applied to a type 2 system. 


The design principle described above can be explained by considering that 
the controlled process of a type 0 control system is 


K 


2.63 = —— _ 
= pst e+ Py) 


(11-131) 


where p, and Pi are complex-conjugate poles, such as the situation shown 
in Fig. 11-47. 
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Figure 11-47 Design strategies for phase-lag control for type 0 and type 1 
systems. 


Just as in the case of the phase-lead controller, we can drop the gain factor 
1/a in Eq. (11-131) because whatever the value of a is, the value of K can be 
adjusted to compensate for it. Applying the phase-lag controller of Eq. (11- 
131), without the factor 1/a, to the system, the forward-path transfer function 
becomes 


G(s) =G,(s)G,(s) = = (a<1) (11-132) 


a (s+ p, )(s+ p.macr, )(s+ p;)+Ts) 


Let us assume that the value of K is set to meet the steady-state-error 
requirement. Also assume that, with the selected value of K, the system 
damping is low or even unstable. Now let 1/T =1/aT, and place the pole-zero 
pair near the pole at -1/p., as shown in Fig. 11-47. Figure 11-48 shows the 
root loci of the system with and without the phase-lag controller. Because the 
pole-zero combination of the controller is very close to the pole at -1/p,, the 
shape of the loci of the dominant roots with and without the phase-lag control 
will be very similar. This is easily explained by writing Eq. (11-132) as 
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Figure 11-48 Root loci of uncompensated and phase-lag-compensated 
systems. 
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(11-133) 


Because a is less than 1, the application of phase-lag control is equivalent 
to reducing the forward-path gain from K to Ka, while not affecting the 
steady-state performance of the system. Figure 11-48 shows that the value of 
a can be chosen so that the damping of the compensated system is 
satisfactory. Apparently, the amount of damping that can be added is limited 
if the poles -p, and -p.macr, are very close to the imaginary axis. Thus, we 
can select a using the following equation: 

K to realize the desired damping 


a> HA (11-134) 
K to realize the steady — state performance 


The value of T should be so chosen that the pole and zero of the controller 
are very close together and close to -1/p.. 

In the time domain, phase-lag control generally has the effect of increasing 
the rise time and settling time. 


11-5-8 Frequency-Domain Interpretation and Design of 
Phase-Lag Control 


The transfer function of the phase-lag controller can again be written as 


l+als 


G (s)= 
As) 1+Ts 





(a<1) (11-135) 


by assuming that the gain factor -1/a is eventually absorbed by the forward 
gain K. The Bode diagram of Eq. (11-135) is shown in Fig. 11-49. The 
magnitude curve has corner frequencies at @ = 1/aT and 1/T. Because the 
transfer functions of the phase-lead and phase-lag controllers are identical in 
form, except for the value of a, the maximum phase lag @g_ of the phase curve 


of Fig. 11-49 is given by 
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Figure 11-49 Bode diagram of the phase-lag controller. 
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ai(@z | 
od, =sin [<=] (a<1) (11-136) 


Figure 11-49 shows that the phase-lag controller essentially provides an 
attenuation of 20 log a at high frequencies. Thus, unlike the phase-lead 
control that utilizes the maximum phase lead of the controller, phase-lag 
control utilizes the attenuation of the controller at high frequencies. This is 
parallel to the situation of introducing an attenuation of a to the forward-path 
gain in the root-locus design. For phase-lead control, the objective of the 
controller is to increase the phase of the open-loop system in the vicinity of 
the gain crossover while attempting to locate the maximum phase lead at the 
new gain crossover. In phase-lag control, the objective is to move the gain 
crossover to a lower frequency where the desired phase margin is realized, 
while keeping the phase curve of the Bode plot relatively unchanged at the 
new gain crossover. 

The design procedure for phase-lag control using the Bode plot is outlined 
as follows: 


1. The Bode plot of the forward-path transfer function of the 
uncompensated system is drawn. The forward-path gain K is set 
according to the steady-state performance requirement. 

2. The phase and gain margins of the uncompensated system are 
determined from the Bode plot. 

3. Assuming that the phase margin is to be increased, the frequency at 
which the desired phase margin is obtained is located on the Bode plot. 
This frequency is also the new gain crossover frequency @ ,, where the 
compensated magnitude curve crosses the 0-dB-axis. 

4. To bring the magnitude curve down to 0 dB at the new gain- 
crossover frequency @ ,, the phase-lag controller must provide the 
amount of attenuation equal to the value of the magnitude curve at w’.. 
In other words, 


IG, (j@;) =—20log,,adB (a<1) (11-137) 





Solving for a from the last equation, we get 


a=10 Pl” (ae) (11-138) 
Once the value of a is determined, it is necessary only to select the 
proper value of T to complete the design. Using the phase characteristics 
shown in Fig. 11-45, if the corner frequency 1/aT is placed far below the 
new gain-crossover frequency q@ ,, the phase lag of the controller will 
not appreciably affect the phase of the compensated system near w’,. On 
the other hand, the value of 1/aT should not be too small because the 
bandwidth of the system will be too low, causing the system to be too 
sluggish and less robust. Usually, as a general guideline, the frequency 
1/aT should be approximately one decade below w ; that is, 


, 


l OO, 
—=— rad/s (11-139) 
ar 10 
Then, 
1 ao, 
— =—— rad/s (11-140) 
T 10 


5. The Bode plot of the compensated system is investigated to see if 
the phase margin requirement is met; if not, the values of a and T are 
readjusted, and the procedure is repeated. If design specifications 
involve gain margin, M, or BW, then these values should be checked 
and satisfied. 


Because the phase-lag control brings in more attenuation to a system, then 


if the design is proper, the stability margins will be improved but at the 
expense of lower bandwidth. The only benefit of lower bandwidth is reduced 
sensitivity to high-frequency noise and disturbances. 


The following example illustrates the design of the phase-lag controller 


and all its ramifications. 


EXAMPLE 11-5-4 For the sun-seeker system designed in Example 11-5-1, 


the forward-path transfer function of the 


uncompensated system is 





@,(s) 2500K (11-141) 


G.(s)= me 
. A(s)  s(s+25) 


Time-Domain Design The time-domain specifications of the system are as 
follows: 


1. The steady-state error of a(t) due to a unit-ramp function input for 
9(t) should be <1/300 rad/rad/s of the final steady-state output velocity. 
2. The maximum overshoot of the step response should be less than 
5% or as small as possible. 

3. Rise time t <0.5s. 

4. Settling time t <0.5s. 

5. Due to noise problems, the bandwidth of the system must be <50 
rad/s. 


Notice that the rise-time and settling-time requirements have been relaxed 
considerably from the phase-lead design in Example 11-5-1. The root loci of 
the uncompensated system are shown in Fig. 11-50q. 
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Figure 11-50 Root loci of sun-seeker system in Example 11-5-4. 
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As in Example 11-5-1, we set K = 1 initially. The damping ratio of the 
uncompensated system is 0.25, and the maximum overshoot is 44.4 percent. 
Figure 11-51 shows the unit-step response of the system with K=1. 
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Figure 11-51Unit-step responses of uncompensated and compensated sun- 


seeker systems with phase-lag controller in Example 11-5-4. 
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Let us select the phase-lag controller with the transfer function given in Eq. 
(11-130). The forward-path transfer function of the compensated system is 


- — 2500K(s+1/aT) 
AN=C()G (8) = os \s41/T) (11-142) 


If the value of K is maintained at 1, the steady-state error will be a percent, 
which is better than that of the uncompensated system, since a < 1. For 


effective phase-lag control, the pole and zero of the controller transfer 
function should be placed close together, and then for the type 1 system, the 
combination should be located relatively close to the origin of the s-plane. 
From the root loci of the uncompensated system in Fig. 11-50a, we see that, 
if K could be set to 0.125, the damping ratio would be 0.707, and the 
maximum overshoot of the system would be 4.32 percent. By setting the pole 
and zero of the controller close to s = 0, the shape of the loci of the dominant 
roots of the compensated system will be very similar to those of the 
uncompensated system. We can find the value of a using Eq. (11-124), that 
iS, 


K to realize the desired damping 0.125 
Ee Sr I (11-143) 
K to realize the steady — state performance 


Thus, if the value of T is sufficiently large, when K = 1, the dominant roots 
of the characteristic equation will correspond to a damping ratio of 
approximately 0.707. Let us arbitrarily select T= 100. The root loci of the 
compensated system are shown in Fig. 11-50b. The roots of the characteristic 
equation when K = 1, a= 0.125, and T = 100 are 


s=—0.0805, -—12.465+4+ 12.465, and —12.465— 12.465 


which corresponds to a damping ratio of exactly 0.707. If we had chosen a 
smaller value for T, then the damping ratio would be slightly off 0.707. From 
a practical standpoint, the value of T cannot be too large, since from Eq. (11- 
74), T = RG, a large T would correspond to either a large capacitor or an 
unrealistically large resistor. To reduce the value of T and simultaneously 
satisfy the maximum overshoot requirement, a should also be reduced. 
However, a cannot be reduced indefinitely, or the zero of the controller at 
-1/aT would be too far to the left on the real axis. Table 11-18 gives the 
attributes of the time-domain performance of the phase-lag compensated sun- 
seeker system with various values for a and T. The ramifications of the 
various design parameters are clearly displayed. 


Table 11-18 Attributes of Performance of Sun-Seeker System in 
Example 11-6-1 with Phase-Lag Controller 


Maximum 


dl T Overshoot (%) t (s) t (s) BW (rad/s) Roots of Characteristic Equation 

1.000 | Ad 4 0.0255 0.2133 75.00 ~12.500 + {48.412 

0,125 100 49 ).1302 0.1515 17.6/ —().0805 -12.465+ j12.465 
0,100 100 109 0.1517 0.2020 13.97 -0),1009 -12.455+ j9.624 
0,100 +) 34 0.1618 ).2020 14.06 —(),2037 -12.408+ 79.565 
0.100 30) 4.5 (). 1594 0.1515 14.19 —(),3439 ~12.345+ j9.484 
0.100 20 5.9 0.1565 0.4040 14.33 —0,5244 -12.263+ j9.382 
01.090 50 3,0 0.1746 0.2020 12.53 —(),2274 -12.396+ j8.136 
0),090 3) 44 0.1719 ).2020 12.68 —(),3852 ~12.324+ j8.029 
0.090 0) 6.1] (). 1686 (1.5960 12.84 —().5901 ~12,230+ j7.890 


Thus, a suitable set of controller parameters would be a = 0.09 and T = 30. 
With T = 30, selecting C = 1 pF would require R, to be 30 M Q. A smaller 
value for T can be realized by using a two-stage phase-lag controller. The 
unit-step response of the compensated system with a = 0.09 and T = 30 is 
shown in Fig. 11-52. Notice that the maximum overshoot is reduced at the 
expense of rise time and settling time. Although the settling time of the 
compensated system is shorter than that of the uncompensated system, it 
actually takes much longer for the phase-lag-compensated system to reach 
Steady state. 
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Figure 11-52 Root contours of sun-seeker system in Example 11-5-4 
with phase-lag controller. 


The root-contour design conducted earlier in Example 11-5-1 using Eqs. 
(11-90) through (11-93) for phase-lead control and Figs. 11-35 and 11-36 is 
still valid for phase-lag control, except that in the present case, a < 1. Thus, in 
Fig. 11-36 only the portions of the root contours that correspond to a < 1 are 
applicable for phase-lag control. These root contours clearly show that, for 
effective phase-lag control, the value of T should be relatively large. In Fig. 
11-52, we illustrate further that the complex poles of the closed-loop transfer 
function are rather insensitive to the value of T when the latter is relatively 
large. 


Frequency-Domain Design The Bode plot of G ( j@) of Eq. (11-141) is 
shown in Fig. 11-53 for K = 1. The Bode plot shows that the phase margin of 
the uncompensated system is only 28°. Not knowing what phase margin will 
correspond to a maximum overshoot of less than 5 percent, we conduct the 
following series of designs using the Bode plot in Fig. 11-53. Starting with a 
phase margin of 45°, we observe that this phase margin can be realized if the 
gain-crossover frequency @ , is at 25 rad/s. This means that the phase-lag 
controller must reduce the magnitude curve of G( ja) to 0 dB at w = 25 rad/s 
while it does not appreciably affect the phase curve near this frequency. 
Because the phase-lag controller still contributes a small negative phase when 
the corner frequency 1/aT is placed at 1/10 of the value of @ _,, it is a safe 
measure to choose @ , at somewhat less than 25 rad/s, say, 20 rad/s. 
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Figure 11-53 Bode plot of uncompensated and compensated systems 


G.(s)= 
with phase-lag controller in Example 11-5-4. 
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From the Bode plot, the value of G,(j al Nas at @ , = 20 is 11.7 dB. Thus, 
using Eq. (11-138), we have 


-|G,. (j@’ )|/20 
a=10 Pe — 1977 9.26 (11-144) 


The value of 1/aT is chosen to be at 1/10 the value of w’, = 20 rad/s. Thus, 


1 @, 20 
— == 2 rad/s (11-145) 
al 10 10 
and 
] 1 
T =—=—-= 1.923 (11-146) 
2a 0.52 


Checking out the unit-step response of the system with the designed phase- 
lag control, we found that the maximum overshoot is 24.5 percent. The next 
step is to try aiming at a higher phase margin. ‘Table 11-19 gives the various 
design results by using various desired phase margins up to 80°. 


Table 11-19 Performance Attributes of Sun-Seeker System in 
Example 11-5-4 with Phase-Lag Controller 


Desired Actual BW Maximum 

PM (deg) a £ PM(deg) M (rad/s) Overshoot(%)  t(s) t (s) 
45 ().26 1.923 46.78 1.27 33.37 24.5 0.0605 0.2222 
60 0.178 2/5 54.0 1.19 25.07 17.3 0.0823 0.303 
70 0.1 10 63.87 1.08 14.72 10.0 0.1369 0.7778 


80 0.044 52.5 74.68 1.07 on mal 0.3635 1.933 


Examining the results in Table 11-18, we see that none of the cases 
satisfies the maximum overshoot requirement of <5%. The a = 0.044 and T = 


52.5 case yields the best maximum overshoot, but the value of T is too large 
to be practical. Thus, we single out the case with a = 0.1 and T= 10 and 
refine the design by increasing the value of T. As shown in Table 11-19, 
when a = 0.1 and T = 30, the maximum overshoot is reduced to 4.5 percent. 
The Bode plot of the compensated system is shown in Fig. 11-49. The phase 
margin is 67.61°. 


The unit-step response of the phase-lag-compensated system shown in Fig. 
11-52 points out a major disadvantage of the phase-lag control. Because the 
phase-lag controller is essentially a low-pass filter, the rise time and settling 
time of the compensated system are usually increased. However, we shall 
show by the following example that phase-lag control can be more versatile 
and has a wider range of effectiveness in improving stability than the single- 
stage phase-lead controller, especially if the system has low or negative 
damping. 4 


EXAMPLE 11-5-5 Consider the sun-seeker system designed in Example 
11-5-3, with the forward-path transfer function given 
in Eq. (11-121). Let us restore the gain K, so that a 
root-locus plot can be made for the system. Then, Eq. 
(11-121) is written 





156,250,000 K 


C= eee 
s(s° +6255 +156, 250) 


; (11-147) 

The root loci of the closed-loop system are shown in Fig. 11-54. When K = 
1, the system is unstable, and the characteristic equation roots are at 
-713.14,44.07+j466.01. 
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Figure 11-54 Root loci of uncompensated system in Example 11-5-5. 
G (s)= 156,250,000 K 
A= 


s(s’ +625s+156,250) 


Example 11-5-3 shows that the performance specification on stability 
cannot be achieved with a single-stage phase-lead controller. Let the 
performance criteria be as follows: 


Maximum overshoot <5% 


Rise time t<0.02 s 
settling time t<0.02 s 


Let us assume that the desired relative damping ratio is 0.707. Figure 11- 
54 shows that, when K = 0.10675, the dominant characteristic equation roots 
of the uncompensated system are at -172.77+j172.73, which correspond to a 
damping ratio of 0.707. Thus, the value of a is determined from Eq. (11-134), 


K to realize the desired damping _ 0.10675 


a=) = = 0.10675 (11-148) 
K to realize the steady — state performance 


Let a = 0.1. Because the loci of the dominant roots are far away from the 
origin in the s-plane, the value of T has a wide range of flexibility. Table 11- 
20 shows the performance results when a = 0.1 and for various values of T. 


Table 11-20 Performance Attributes of Sun-Seeker System in 
Example 11-5-6 with Phase-Lag Controller 


% Max 
a T BW (rad/s) PM (deg) Overshoot t (s) t (s) 
0.1 20 173.5 66.94 le 0.01273 0.01616 
0.1 10 174 66.68 1.6 0.01262 0.01616 
0.1 5 174.8 66,15 20 0.01241 0.01616 
0.1 2 Wie 64.56 4.9 0.01601 0.0101 


Therefore, the conclusion is that only one stage of the phase-lag controller 


is needed to satisfy the stability requirement, whereas two stages of the 
phase-lead controller are needed, as shown in Example 11-5-3. 


Sensitivity Function The sensitivity function Sc U o) of the phase-lag 
compensated system with a = 0.1 and T = 20 is shown in Fig. 11-55. Notice 
that the sensitivity function is less than unity for frequencies up to only 102 
rad/s. This is due to the low bandwidth of the system as a result of phase-lag 
control. 4 
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Figure 11-55 Sensitivity function of phase-lag-compensated system in 
Example 11-5-6. 


11-5-9 Effects and Limitations of Phase-Lag Control 


From the results of the preceding illustrative examples, the effects and 
limitations of phase-lag control on the performance of linear control systems 
can be summarized as follows: 


1. Fora given forward-path gain K, the magnitude of the forward-path 
transfer function is attenuated near the gain-crossover frequency, thus 
improving the relative stability of the system. 


2. The gain-crossover frequency is decreased, and thus the bandwidth 
of the system is reduced. 

3. The rise time and settling time of the system are usually longer 
because the bandwidth is usually decreased. 

4. ‘The system is more sensitive to parameter variations because the 
sensitivity function is greater than unity for all frequencies 


approximately greater than the bandwidth of the system. 


11-5-10 Design with Lead-Lag Controller 


We have learned from preceding sections that phase-lead control generally 
improves rise time and damping but increases the natural frequency of the 
closed-loop system. However, phase-lag control when applied properly 
improves damping but usually results in a longer rise time and settling time. 
Therefore, each of these control schemes has its advantages, disadvantages, 
and limitations, and there are many systems that cannot be satisfactorily 
compensated by either scheme acting alone. It is natural, therefore, whenever 
necessary, to consider using a combination of the lead and lag controllers, so 
that the advantages of both schemes are utilized. 

The transfer function of a simple lag-lead (or lead-lag) controller can be 
written 





G.(s)=G, or se)=[ As | Las 


la. +1, a, <1) (11-149) 
1+T;s ane ° 


|< lead || lag >| 


The gain factors of the lead and lag controllers are not included because, as 
shown previously, these gain and attenuation are compensated eventually by 
the adjustment of the forward gain K. 

Because the lead-lag controller transfer function in Eq. (11-149) now has 
four unknown parameters, its design is not as straightforward as the single- 
stage phase-lead or phase-lag controller. In general, the phase-lead portion of 
the controller is used mainly to achieve a shorter rise time and higher 
bandwidth, and the phase-lag portion is brought in to provide major damping 
of the system. Either the phase-lead or the phase-lag control can be designed 
first. We shall use the next example to illustrate the design steps. 


EXAMPLE 11-5-6 Consider the sun-seeker system of Example 11-5-3. The 
uncompensated system with K = 1 was shown to be 
unstable. A two-stage phase-lead controller was 
designed in Example 11-5-4, and a single-stage phase- 
lag controller was designed in Example 11-5-5. 

Based on the design in Example 11-5-3, we can first select a phase-lead 


control with a = 70 and T, = 0.00004. The remaining phase-lag control can be 
designed using either the root-locus method or the Bode plot method. ‘Table 
11-21 gives the results for and various values of a. The results in Table 11-21 





show that the optimal value of a,, from the standpoint of minimizing the 
maximum overshoot, for a, = 70 and T, = 0.00004, is approximately 0.2. 


Table 11-21 Performance Attributes of Sun-Seeker System in 


Example 11-7-1 with Lead-Lag Controller: a, = 70, T, = 0.00004 


a, L, 
0.1 20 
Q.15 20 
(),20 20 
0.25 20 


PM (deg) 


81.8] 
76.62 
70.39 
63.87 


M 
r 


1.004 
1.002 
1.001 
1.001 


BW (rad/s) 


122.2 
2159 
351.4 
443.0) 


Maximum 
Overshoot (%) 
0.4 
0.2 
0.1 
4,9 


t (s) 
0.01843 
0.00985 
0.00668 
0.00530 


t (s) 
().02626 
0.01515 
().00909 
().00707 


Compared with the phase-lag controller designed in Example 11-5-4, the 
BW is increased to 351.4 rad/s from 66.94 rad/s, and the rise time is reduced 
to 0.00668 s from 0.01273 s. The system with the lead-lag controller is more 
robust because the magnitude of the sensitivity function does not increase to 


unity until near the BW of 351.4 rad/s. As a comparison, the unit-step 


responses of the system with the two-stage phase-lead control, the single- 
stage phase-lag control, and the lead-lag control are shown in Fig. 11-56. 
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Figure 11-56 Sun-seeker system in Example 11-5-6 with single-stage 
phase-lag controller, lead-lag controller, and two-stage phase-lead controller. 


It should be noted that the bandwidth and rise time of the sun-seeker 
system can be further increased and reduced, respectively, by using a larger 
value of a_ for the phase-lead portion of the controller. However, the resulting 


step response will have a large undershoot, although the maximum overshoot 
can be kept small. 4 


11-6 POLE-ZERO-CANCELLATION DESIGN: 
NOTCH FILTER 


The transfer functions of many controlled processes contain one or more 
pairs of complex-conjugate poles that are very close to the imaginary axis of 
the s-plane. These complex poles usually cause the closed-loop system to be 
lightly damped or unstable. One immediate solution is to use a controller that 
has a transfer function with zeros selected to cancel the undesirable poles of 
the system, and controller poles at more desirable locations in the s-plane to 
achieve the desired dynamic performance. For example, if the transfer 
function of a process is 


K 


G)(s)= s(s* ++s+10) 


(11-150) 


in which the complex-conjugate poles may cause stability problems in the 
closed-loop system when the value of K is large, the suggested series 
controller may be of the form 


_ s +5410 


G. — 
‘s) s+astb 


: (11-151) 
The constants a and b may be selected according to the performance 
specifications of the closed-loop system. 


While this type of controller may be an ideal one, it requires an exact 
model of the process, G(s), which is rarely possible in practice. No matter 
how accurate, the transfer function model of the process, G(s), usually 
deviates from the actual system because of unmodeled plant dynamics or 
nonlinear behavior. Thus, the true poles and zeros of the transfer function of 
the process may not be accurately modeled. In fact, the true order of the 
system may even be higher than that represented by the transfer function used 
for modeling purposes. Another difficulty is that the dynamic properties of 
the process may vary, even very slowly, due to aging of the system 
components or changes in the operating environment, so the poles and zeros 
of the transfer function may move during the operation of the system. The 
parameters of the controller are constrained by the actual physical 
components available and cannot be assigned arbitrarily. For these and other 
reasons, even if we could precisely design the poles and zeros of the transfer 
function of the controller, exact pole-zero cancellation is almost never 
possible in practice. We will now show that, in most cases, exact cancellation 


is not really necessary to effectively negate the influence of the undesirable 
poles using pole-zero-cancellation compensation schemes. 


In practice, exact pole—zero cancellation is almost never possible 
because of modeling inaccuracies. 


Let us assume that a controlled process is represented by 


K 


= 1d 552) 
s(s+ p, )(s+ p.macr, ) 


G,(s) 


where p, and p.macr, are the two complex-conjugate poles that are to be 
canceled. Let the transfer function of the series controller be 


(s+ p, +€,)(s+ p.macr, + €.macr, ) 


G (s)= 
As) s° +ast+b 


(11-153) 
where € is a complex number whose magnitude is very small and e€.macr, 


is its complex conjugate. The open-loop transfer function of the compensated 
system 1s 


K(s+ p, + €, )(s + p.macr, + €.macr, ) 


(11-154) 
s(s+ p, (s+ p.macr, )(s° +.as+ b) 


G(s)=G,(s)G,(s)= 


Because of inexact cancellation, we cannot discard the terms (s+p_) 
(st+p.macr ) in the denominator of Eq. (11-154). The closed-loop transfer 
function is 


Y(s)_ K(s+ p, +€, )(s+ p.macr, + €.macr, ) (11-155) 
R(s) - s(s+ p, )(s+ p.macr,)(s° +as+b)+K(s+ p, +€,)(s+ p.macr, + €, ) 


The root-locus diagram in Fig. 11-57 explains the effect of inexact pole- 
zero cancellation. Notice that the two closed-loop poles as a result of inexact 
cancellation lie between the pairs of poles and zeros at § =~ Pi>— P-4CN, and 
—~P, — &)>—~ p-macr, — €.Macr, respectively. Thus, these closed-loop poles are very 
close to the open-loop poles and zeros that are meant to be canceled. Eq. (11- 


155) can be approximated as 


J@ 
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s-plane Pole of controller 
process af O —(p, +€)) 
P| 
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controller Pole of 
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) 
x 
“P2 
—(p2 + Ep) 
Figure 11-57 Pole-zero configuration and root loci of inexact 
cancellation. 
Y(s K(s+ p, +€, )(s+ p.macr, + €.macr 
Y(s)_ K(s +p, +€ s+ p.macr, + €.macr,) © (11-156) 


R(s) (s+p,+6,)(st+ p, +6, )(s* +as+b+ K) 


where 6, and 6 are a pair of very small complex-conjugate numbers that 
depend on €,, €.macr,, and all the other parameters. The partial-fraction 
expansion of Eq. (11-156) is 


Y K K 
Ys) = ——_+—__ + ——_+—-+ terms due to the remaining poles —_ (11-157) 
R(s) st+p,+0, s+p,+6, 


We can show that K_ is proportional to €, - 6,, which is a very small 
number. Similarly, K, is also very small. This exercise simply shows that, 
although the poles at —p, and —p, cannot be canceled precisely, the resulting 
transient-response terms due to inexact cancellation will have insignificant 
amplitudes, so unless the controller zeros earmarked for cancellation are too 
far off target, the effect can be neglected for all practical purposes. Another 
way of viewing this problem is that the zeros of G(s) are retained as the zeros 
of closed-loop transfer function Y(s)/R(s), so from Eq. (11-156), we see that 
the two pairs of poles and zeros are close enough to be canceled from the 
transient-response standpoint. 

Keep in mind that we should never attempt to cancel poles that are in the 
right-half s-plane because any inexact cancellation will result in an unstable 
system. Inexact cancellation of poles could cause difficulties if the unwanted 
poles of the process transfer function are very close to or right on the 
imaginary axis of the s-plane. In this case, inexact cancellation may also 
result in an unstable system. Figure 11-58a illustrates a situation in which the 
relative positions of the poles and zeros intended for cancellation result in a 
stable system, whereas in Fig. 11-585, the inexact cancellation is 
unacceptable. The relative distance between the poles and zeros intended for 
cancellation is small, which results in residual terms in the time response 
solution. Although these terms have very small amplitudes, they tend to grow 
without bound as time increases. Hence the system response becomes 
unstable. 





(a) (b) 


Figure 11-58 Root loci showing the effects of inexact pole-zero 
cancellations. 


11-6-1 Second-Order Active Filter 


Transfer functions with complex poles and/or zeros can be realized by 
electric circuits with op-amps. Consider the transfer function 
_ E,(s) _ . s+bhstb, 

2 
E (s) s*+4,5+4, 


G(s) (11-158) 


where a,, a,, b., and b, are real constants. The active-filter realization of Eq. 


(11-158) can be accomplished by using the direct decomposition scheme of 
State variables discussed in Sec. 11-10. A typical op-amp circuit is shown in 
Fig. 11-59. The parameters of the transfer function in Eq. (11-158) are related 
to the circuit parameters as follows: 








E, 
Figure 11-59 Op-amp circuit realization of the second-order transfer 
E,(s) _ - s°+bs+b, 
function E,\(s) — s +a,s+a, 
R 
K=-— (11-159) 
R, 
] 
a, = (11-160) 
RC, 
l 
(11-161) 


n=[1- BE a (b, <a,) (11-162) 





b-[1- BE a (b, <a,) (11-163) 


Because b <a,, the zeros of G(s) in Eq. (11-158) are less damped and are 
closer to the origin in the s-plane than the poles. By setting various 
combinations of R, and R,, and R, to infinity, a variety of second-order 
transfer functions can be realized. Note that all the parameters can be 
adjusted independently of one another. For example, R, can be adjusted to set 
a; R, can be adjusted to set a,; and Db. and b, are set by adjusting R, and R,, 
respectively. The gain factor K is controlled independently by R.. 


11-6-2 Frequency-Domain Interpretation and Design 


While it is simple to grasp the idea of pole-zero-cancellation design in the 
s-domain, the frequency-domain provides added perspective to the design 
principles. Figure 11-60 illustrates the Bode plot of the transfer function of a 
typical second-order controller with complex zeros. The magnitude plot of 
the controller typically has a “notch” at the resonant frequency w.. The phase 
plot is negative below and positive above the resonant frequency, while 
passing through zero degrees at the resonant frequency. The attenuation of 
the magnitude curve and the positive-phase characteristics can be used 
effectively to improve the stability of a linear system. Because of the “notch” 
characteristic in the magnitude curve, the controller is also referred to in the 
industry as a notch filter or notch controller. 
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Figure 11-60 Bode plot of a notch controller with the transfer function. 
(s°+0.85+4) 
G(s)= ———__—_—_—_——_. 
(s+0.384)(s+10.42) 


From the frequency-domain standpoint, the notch controller has 
advantages over the phase-lead and phase-lag controllers in certain design 
conditions because the magnitude and phase characteristics do not affect the 
high- and low-frequency properties of the system. Without using the pole- 
zero-cancellation principle, the design of the notch controller for 
compensation in the frequency domain involves the determination of the 
amount of attenuation required and the resonant frequency of the controller. 

Let us express the transfer function of the notch controller in Eq. (11-158) 
as 


- s°+2¢.0,s+@; 


G.(s)= 
s°+2¢ 05+, 


Cc 


(11-164) 


where we have made the simplification by assuming that a, = b.. 


The attenuation provided by the magnitude of G( jq@) at the resonant 
frequency @_ is 


ge 
G 


Thus, knowing the maximum attenuation required at w,, the ratio of @/a, 
is known. 

The following example illustrates the design of the notch controller based 
on pole-zero cancellation and required attenuation at the resonant frequency. 


|G.(ja,,)| = (11-165) 





EXAMPLE 11-6-1 Complex-conjugate poles in system transfer functions 
are often due to compliances in the coupling between 
mechanical elements. For instance, if the shaft 
between the motor and load is nonrigid, the shaft is 
modeled as a torsional spring, which could lead to 
complex-conjugate poles in the process transfer 
function. Figure 11-61 shows a speed-control system 
in which the coupling between the motor and the load 
is modeled as a torsional spring. The system equations 
are 


QO.(s Q(s Ky 0 
As) es) K MOTOR m : LOAD 
+ B; 
— By Tm By. J L 
S 


Tachometer 


Figure 11-61 Block diagram of speed-control system in Example 11-6-1. 











Lt) tee ae fe an; (6) (11-166) 
dt dt 
daw, (t) 
K, (0, (t)-@, ()|+ B,[@, (t)-@, (O)J=J, F (11-167) 
T, (t)= Ka, (t) (11-168) 
o,(t)=@,(t)—@, (t) (11-169) 


where T (t) = motor torque 

@ (t) = motor angular velocity 

w(t) = load angular velocity 

w(t) = load angular displacement 

@ (t) = motor angular displacement 
J = motor inertia 0.0001 oz-in.-s’ 
J = load inertia 0.0005 oz-in.-s’ 
B_ = viscous-friction coefficient of motor 0.01 oz-in.-s 
B= viscous-friction coefficient of shaft 0.001 oz-in.-s 
K, = spring constant of shaft 100 ozin./rad 


K = amplifier gain = 1 


The loop transfer function of the system is 


Qi (s) Bp Sb Ry 
Q(s) J, J,s+(B J, +B,J,,+B,J,)s° +(K,J, +B 





(11-170) 


B, + KJ )s+B_K, 


mM m 


By substituting the system parameters in the last equation, G (s) becomes 
p 


G.(s)= 20,000(s+100,000) 
s° +112s* +1,200,200s + 20,000,000 
7 20,000(s+100,000) (11-171) 
(s+ 16.69)(s+47.66+ j1094)(s+47.66— j1094) 


Thus, the shaft compliance between the motor and the load creates two 
complex-conjugate poles in G(s) that are lightly damped. The resonant 
frequency is approximately 1095 rad/s, and the closed-loop system is 
unstable. The complex poles of G(s) would cause the speed response to 
oscillate even if the system were stable. 

Pole-Zero-Cancellation Design with Notch Controller The following are 
the performance specifications of the system: 

The steady-state speed of the load due to a unit-step input should have an 
error of not more than 1%. 


Maximum overshoot of output speed < 5%. 
Rise time t <0.5s. 
Settling time t <0.5s. 


To compensate the system, we need to get rid, or, perhaps more 
realistically, minimize the effect, of the complex poles of G(s) at s = 
-47.66+j1094 and -47.66+j1094. Let us select a notch controller with the 
transfer function given in Eq. (11-164) to improve the performance of the 
system. The complex-conjugate zeros of the controller should be so placed 
that they will cancel the undesirable poles of the process. Therefore, the 
transfer function of the notch controller should be 


_ s° +95.3s+1,198,606.6 


G.tsj— - - (11-772) 
s°+2¢ ,.0,s+@,, 


c 


The forward-path transfer function of the compensated system is 


20,000(s + 100,000) 





G(s)=G.(S)G, (3) —_—_—__ | (11-173) 
, (s+16.69)(s° +2¢,@,s+@, ) 
Because the system is type 0, the step-error constant is 
, 2x10" —_—:1.198x10° 
K, =lim G(s) = ——_—__, = —_,— (11-174) 
590 16.69 xX @, OO, 
For a unit-step input, the steady-state error of the system is written 
l 
é.. =lim@, (t)=limsQ, (s)= (11-175) 
t—yoo s0 “bk K 


P 


Thus, for the steady-state error to be less than or equal to 1 percent, K >99. 
The corresponding requirement on @ is found from Eq. (11-174), 


@, $1210 (11-176) 


We can show that, from the stability standpoint, it is better to select a large 
value for @ . Thus, let @, = 1200 rad/s, which is at the high end of the 
allowable range from the steady-state error standpoint. However, the design 
specifications given above can only be achieved by using a very large value 
for ¢. For example, when C =15,000, the time response has the following 
performance attributes: 

Maximum overshoot = 3.7% 


Rise time t = 0.1897 s 
settling time t = 0.256 s 


Although the performance requirements are satisfied, the solution is 
unrealistic because the extremely large value for ¢ cannot be realized by 
physically available controller components. 

Let us choose ¢ = 10 and @, = 1000 rad/s. The forward-path transfer 
function of the system with the notch controller is 


= __20;000{s-+100,000) 
AD= GAS 98) =F 69)(5-+50)(s-+19,950) ele?) 


We can show that the system is stable, but the maximum overshoot is 71.6 
percent. Now we can regard the transfer function in Eq. (11-177) as a new 
design problem. There are a number of possible solutions to the problem of 
meeting the design specifications given. We can introduce a phase-lag 
controller or a PI controller, among other possibilities. 

Second-Stage Phase-Lag Controller Design Let us design a phase-lag 
controller as the second-stage controller for the system. The roots of the 
characteristic equation of the system with the notch controller are at 
S=-19954, -31.328 + j316.36, and -31.328 + j316.36. The transfer function of 
the phase-lag controller is 


l+als 
1+T/'s 





G.(s)= (a<1) (11-178) 


where for design purposes we have omitted the gain factor 1/a in Eq. (11- 
178). 


Let us select T = 10 for the phase-lag controller. Table 11-22 gives time- 
domain performance attributes for various values of a. The best value of a 
from the overall performance standpoint appears to be 0.005. Thus, the 
transfer function of the phase-lag controller is 


Table 11-22 Time-Domain Performance Attributes of System in 
Example 11-6-1 with Notch-Phase-Lag Controller 


a i aT Maximum Overshoot (%) t (s) t (s) 
0.001 10 0.01 14.8 ().1244 0.3836 
().002 10 0.02 10.0 ().1290 0.3655 
().004 10 0.04 32 ().1348 0.1785 
0.005 10 0.05 1.0 0.1375 0.1818 
0.0055 10 0.055 0.3 ().1386 ().1889 


().006 10 0.06 0) 0.1400 0.1948 


_1+aTs _14+0.05s 
1+ T's 1+10s 





G(s) (11-179) 


The forward-path transfer function of the compensated system with the 
notch-phase-lag controller is 


G(s)=G,(s)G,,(s)G,(s)= __ 20,000(s+100,000)1+0.05s) 


(11-180) 
(s+ 16.69)(s+50)(s+19,950)(1+ 10s) 


The unit-step response of the system is shown in Fig. 11-62. Because the 


step-error constant is 120.13, the steady-state speed error due to a step input 
is 1/120.13, or 0.83 percent. 
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Figure 11-62 Uhnit-step responses of speed-control system in Example 


11-6-1. 


Second-Stage PI Controller Design A PI controller can be applied to the 
system to improve the steady-state error and the stability simultaneously. The 
transfer function of the PI control is written 


— (<=A Le ) (11-181) 


G.,(s)=K,+—=K, 
S | S 


We can design the PI controller based on the phase-lag controller by 
writing Eq. (11-179) as 





+20 
: (11-182) 


G_.(s)=0.005 
als) (= 


Thus, we can set K = 0.005 and K,/k = 20. Then, K, = 0.1. Figure 11-62 
shows the unit-step response of the system with the notch-PI controller. The 
attributes of the step response are as follows: 

% Maximumovershoot = 1% 


Rise time t = 0.1380 s 
settling time t = 0.1818 s 


which are extremely close to those with the notch-phase-lag controller, 
except that in the notch-PI case the steady-state velocity error is zero when 
the input is a step function. 


Sensitivity Due to Imperfect Pole-Zero Cancellation As mentioned 
earlier, exact cancellation of poles and zeros is almost never possible in real 
life. Let us consider that the numerator polynomial of the notch controller in 
Eq. (11-152) cannot be exactly realized by physical resistor and capacitor 
components. Rather, the transfer function of the notch controller is more 
realistically chosen as 


s? +100s+1,000,000 
G.(s)= 


= (11-183) 
s~ + 20,000s + 1,000,000 


Figure 11-62 shows the unit-step response of the system with the notch 
controller in Eq. (11-183). The attributes of the unit-step response are as 


follows: 
% Maximumovershoot = 0.4% 


Rise time t = 0.17 s 
settling time t = 0.2323 s 


Frequency-Domain Design To carry out the design of the notch 
controller, we refer to the Bode plot of Eq. (11-171) shown in Fig. 11-63. 
Due to the complex-conjugate poles of G(s), the magnitude plot has a peak 
of 24.86 dB at 1095 rad/s. From the Bode plot in Fig. 11-63 we see that we 
may want to bring the magnitude plot down to —20 dB at the resonant 
frequency of 1095 rad/s so that the resonance is smoothed out. This requires 
an attenuation of —44.86 dB. Thus, from Eq. (11-165), 
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Figure 11-63 Bode plots of the uncompensated speed-control system in 
Example 11-6-1, with notch controller and with notch-PI controller. 


0.0435 
— 44.86 4p—22 = (11-184) 


Gp Sp 


where $, = 95-3/2V1198606.6 = 0.0435 is found from the numerator of Eq. (11- 
172). Solving for ¢ from the last equation, we get ¢ = 7.612. The attenuation 
should be placed at the resonant frequency of 1095 rad/s; thus, @ = 1095 
rad/s. The notch controller of Eq. (11-162) becomes 








G.(ja,) 





*+95.35+1,198,606.6 
G (s)= <2 1953841198, 606.6_ (11-185) 
s° +16,670.28s+1,199,025 


The Bode plot of the system with the notch controller in Eq. (11-185) is 
shown in Fig. 11-63. We can see that the system with the notch controller has 
a phase margin of only 13.7°, and M is 3.92. 

To complete the design, we can use a PI controller as a second-stage 
controller. Following the guideline given in Sec. 11-3 on the design of a PI 
controller, we assume that the desired phase margin is 80°. From the Bode 
plot in Fig. 11-63, we see that, to realize a phase margin of 80°, the new gain- 
crossover frequency should be w, = 43 rad/s, and the magnitude of G{jq@ ) is 
30 dB. Thus, from Eq. (11-42), 


{G( joe Hig 


kK, 210 =10°"” =0.0316 (11-186) 


The value of K, is determined using the guideline given by Eq. (11-43), 


—_ O,K,  43x0.0316 


=0.135 11-1987 
‘10 10 ( 


Because the original system is type 0, the final design needs to be refined 
by adjusting the value of K,. Table 11-23 gives the performance attributes 
when K, = 0.0316 and K, is varied from 0.135. From the best maximum 
overshoot, rise time, and settling time measures, the best value of K, appears 
to be 0.35. The forward-path transfer function of the compensated system 


with the notch-PI controller is 


Table 11-23 Performance Attributes of System in Example 11-6-1 
with Notch-PI Controller Designed in Frequency Domain 


Maximum 

K, K. PM (deg) M Overshoot (%) — .(s) t (s) 
0.0316 0.1 76.71 1.00 0.2986 0.5758 
0.0316 0,135 PAS 1.00 0.2036 0.4061 
0.0316 0.200 Fae 1.00 0.0430 0.2403 
0.0316 0,300 67./4 1.00 0.0350 0.1361 
0.0316 0.350 65.53 1.00 0.0337 0.0401 
0.0316 0.400 63.36 1.00 0.0323 0.0398 

Y(s) G,(s)G,(s)G,(s) 

Y(s) er Ail A ci (11-189) 


R(s) 1+G,(s)G,(s) 


Figure 11-63 shows the Bode plot of the system with the notch-PI 
controller, with K, = 0.0316 and K = 0.35. The unit-step responses of the 
compensated system with K, = 0.0316 and K, = 0.135,0.35 and 0.40 are 
shown in Fig. 11-64. 
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Figure 11-64 Uhnit-step responses of speed-control system in Example 
11-6-1 with notch-PI controller, 
* +95.3s5+1,198, 606.6 0.35 
G.(s)=— : 6, (e)—0.0316+—$ 
s* +16,670.28s + 1,199,025 s 


11-7 FORWARD AND FEEDFORWARD 
CONTROLLERS 


The compensation schemes discussed in the preceding sections all have 


one degree of freedom in that there is essentially one controller in the system, 
although the controller can contain several stages connected in series or in 





0.8 


parallel. The limitations of a one-degree-of-freedom controller were 
discussed in Sec. 11-1. The two-degree-of-freedom compensation scheme 
shown in Fig. 11-2d through f offer design flexibility when a multiple number 
of design criteria have to be satisfied simultaneously. 


From Fig. 11-2e, the closed-loop transfer function of the system is 


Y(s)_ G4 (s)G,(s)G, (s) 


= (11-189) 
R(s) 1+G_.(s)G,(s) 
and the error transfer function is 
E 1 
HAs) = (11-190) 


R(s) 1+G(s)G,(s) 


Thus, the controller G(s) can be designed so that the error transfer function 
will have certain desirable characteristics, and the controller G_(s) can be 
selected to satisfy performance requirements with reference to the input- 
output relationship. Another way of describing the flexibility of a two- 
degree-of-freedom design is that the controller G(s) is usually designed to 
provide a certain degree of system stability and performance, but because the 
zeros of G(s) always become the zeros of the closed-loop transfer function, 
unless some of the zeros are canceled by the poles of the process transfer 
function, G(s), these zeros may cause a large overshoot in the system output 
even when the relative damping as determined by the characteristic equation 
is satisfactory. In this case and for other reasons, the transfer function G_(s) 
may be used for the control or cancellation of the undesirable zeros of the 
closed-loop transfer function, while keeping the characteristic equation intact. 
Of course, we can also introduce zeros in G(s) to cancel some of the 
undesirable poles of the closed-loop transfer function that could not be 
otherwise affected by the controller G(s). The feedforward compensation 
scheme shown in Fig. 11-2f serves the same purpose as the forward 
compensation, and the difference between the two configurations depends on 
system and hardware implementation considerations. 

It should be kept in mind that, while the forward and feedforward 
compensations may seem powerful because they can be used directly for the 
addition or deletion of poles and zeros of the closed-loop transfer function, 


there is a fundamental question involving the basic characteristics of 
feedback. If the forward or feedforward controller is so powerful, then why 
do we need feedback at all? Because G_(s) in the systems of Fig. 11-2e and f 
are outside the feedback loop, the system is susceptible to parameter 
variations in G(s). Therefore, in reality, these types of compensation cannot 
be satisfactorily applied to all situations. 


EXAMPLE 11-7-1 As an illustration of the design of the forward and 
feedforward compensators, consider the second-order 
sun-seeker system with phase-lag control designed in 
Example 11-5-4. One of the disadvantages of phase-lag 
compensation is that the rise time is usually quite long. 
Let us consider that the phase-lag-compensated sun- 
seeker system has the forward-path transfer function: 


2500(1+10s) 


ee ee (11-191) 
s(s+25)(1+100s) 


G(s)=G. (s)G, ie 
The time-response attributes are as follows: 
Maximumovershoot = 2.5% 

t = 0.1637 s 

t = 0.2020 s 


We can improve the rise time and the settling time while not appreciably 
increasing the overshoot by adding a PD controller G_(s) to the system, as 
shown in Fig. 11-65a. This effectively adds a zero to the closed-loop transfer 
function while not affecting the characteristic equation. Selecting the PD 
controller as 


G(s) —1+0.05s (1-192) 
the time-domain performance attributes are as follows: 


Maximumovershoot = 4.3% 
t = 0.1069 s 


t = 0.1313 s 


r(t) | CONTROLLER e(t)_ | CONTROLLER |“(¢)_ | CONTROLLED yd) 
G(s) : G.(s) PROCESS G,,(s) 


(a) 
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Gepi(s) 
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r(t) Lon. CONTROLLER és u(t) | CONTROLLED y(t) 
: G(s) PROCESS G,(s) 


(b) 


Figure 11-65 (a) Forward compensation with series compensation. (b) 
Feedforward compensation with series compensations. 


If instead the feedforward configuration of Fig. 11-65b is chosen, the 
transfer function of G,,(s) is directly related to G_(s), that is, equating the 
closed-loop transfer functions of the two systems in Fig. 11-65a and b, we 
have 


IGy, (s)+G,(s)]G, (s) 7 G,G,(s)G,(s) 


1+G,(s)G,(s) - 1+G,(s)G,(s) ie 
Solving for G_1(s) from Eq. (11-193) yields 
G-,(s)=[Gy(s)-11G,(s) (11-194) 


Thus, with G(s) as given in Eq. (11-189), we have the transfer function of 
the feedforward controller: 


(11-195) 





1+10 
G (8)=0.055{ : 


1+100s 


11-8 DESIGN OF ROBUST CONTROL SYSTEMS 


In many control-system applications, not only must the system satisfy the 
damping and accuracy specifications, but the control must also yield 
performance that is robust (insensitive) to external disturbance and 
parameter variations. We have shown that feedback in conventional control 
systems has the inherent ability to reduce the effects of external disturbance 
and parameter variations. Unfortunately, robustness with the conventional 
feedback configuration is achieved only with a high loop gain, which is 
normally detrimental to stability. Let us consider the control system shown in 
Fig. 11-66. The external disturbance is denoted by the signal d(t), and we 
assume that the amplifier gain K is subject to variation during operation. The 
input-output transfer function of the system when d(t)is 


_Y(s)_ KG,(s)G,(s)G,(s) 





M(s)= = (11-196) 
R(s) 1+ KG,(s)G,(s) 
and the disturbance-output transfer function when r(t) is 
Y 1 
T(s)= = (11-197) 


— D(s) 1+KG,(s)G,(s) 


In general, the design strategy is to select the controller G(s) so that the 
output y(t) is insensitive to the disturbance over the frequency range in which 
the latter is dominant and to design the feedforward controller G(s) to 
achieve the desired transfer function between the input r(t) and the output 
y(t). 

Let us define the sensitivity of M(s) due to the variation of K as 

_ percent changein M(s) dM(s)/M(s) 


Se = (11-198) 
percent change in K dK/K 


Then, for the system in Fig. 11-66, 


l 
ge = —___., (11-199) 
1+ KG,(s)G,(s) 


which is identical to Eq. (11-197). Thus, the sensitivity function and the 
disturbance-output transfer function are identical, which means that 


disturbance suppression and robustness with respect to variations of K can be 
designed with the same control schemes. 


The following example shows how the two-degree-of-freedom control 
system of Fig. 11-66 can be used to achieve a high-gain system that will 
satisfy the performance and robustness requirements, as well as noise 
rejection. 


D(s) 


+ 
R(s) ) i : + | Y(s) 
€ ! 


Figure 11-66 Control system with disturbance. 


EXAMPLE 11-8-1 Let us consider the second-order sun-seeker system in 
Example 11-5-4, which is compensated with phase-lag 
control. The forward-path transfer function is 


_ 2500K 


G,(s)= s(s+25) 





(11-200) 


where K = 1. The forward-path transfer function of the phase-lag- 
compensated system with a = 0.1 and T = 100 is 


2500K(1+10s) 


7 (11-201) 
s(s+25)(1+100s) 


G(s)=G,_(s)G,(s)= 


Because the phase-lag controller is a low-pass filter, the sensitivity of the 
closed-loop transfer function M(s) with respect to K is poor. The bandwidth 
of the system is only 13.97 rad/s, but it is expected that |S" @)| will be greater 
than unity at frequencies beyond 13.97 rad/s. Figure 11-67 shows the unit- 
step responses of the system when K = 1, the nominal value, and K = 0.5 and 
2.0. Notice that, if for some reason, the forward gain K is changed from its 
nominal value, the system response of the phase-lag-compensated system 
would vary substantially. The attributes of the step responses and the 
characteristic equation roots are shown in Table 11-24 for the three values of 


K. Figure 11-68 shows the root loci of the system with the phase-lag 
controller. The two complex roots of the characteristic equation vary 
substantially as K varies from 0.5 to 2.0. 
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Figure 11-67 Uhnit-step responses of the second-order sun-seeker system 
2500(1+ 10s) 


with phase-lag controller, ~ s(s+25)(1+ 100s) 
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Figure 11-68 Root loci of the second-order sun-seeker system with 
2500(1 + 10s) 


oO a 
phase-lag controller, s(s+25)(1+ 100s), 


Table 11-24 Attributes of Unit-Step Response of Second-Order Sun- 
Seeker System with Phase-Lag Controller in Example 11-8-1 


K Maximum Overshoot (%) t (s) t (s) Roots of Characteristic Equation 


2.0 12.6 0.07854 0.2323 —0.1005—12.4548 + j18.51 
1.0 2.6 Q.1519 0.2020 0.1009 -12.4545 + 79.624 
Q).5 13 0.3383 0.4646 —).1019—6.7628 — 18.1454 


Toolbox 11-8-1 


Figure 11-67 is obtained by the following sequence of MATLAB 
functions: 

K = 1; 

num = K *2500 * [10 1]; 

den. = conv( [1 25 0], [100 1]); 

[numCL, denCL]=cloop (num, den) ; 

step (numCL, dencL) 


hold on; 
K = 2; 
num = K*2500 * [10 1]; 


den. = conv( [1 25 0], [100 1]):? 
[numCL, denCL]=cloop (num, den) ; 
step (numCL, dencCL) 

hold on; 

Ki 0.5; 

num = K*2500 * [10 1] > 

deri = corvt li 25 0], [200 11): 
[numCL, denCL.]=cloop (num, den) ; 
step (numCL, dencL) 

hold on: 

axte( [0 1 6 1.2]) 3 

grid 


The design strategy of the robust controller is to place two zeros of the 
controller near the desired closed-loop poles, which according to the phase- 
lag-compensated system are at $=—!2.439+ j9.624, Thus, we let the controller 
transfer function be 


G(s) = (s+13+ j10)(s+13—j10)  (s* +26s+269) 


¢ (11-202) 
269 269 


The forward-path transfer function of the system with the robust controller 
is 


7 9.2937 K(s* + 26s + 269) 


G(s) s(s +25) 


(11-203) 


Figure 11-69 shows the root loci of the system with the robust controller. 
By placing the two zeros of G(s) near the desired characteristic equation 
roots, the sensitivity of the system is greatly improved. In fact, the root 
sensitivity near the two complex zeros at which the root loci terminate is very 
low. Figure 11-69 shows that, when K approaches infinity, the two 
characteristic equation roots approach —!3=/10, 
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Figure 11-69 Root loci of the second-order sun-seeker system with 


— 2a00(1+ 10s ) 
robust controller, «—»-- #4 + 25)(1+ 100s), 


Toolbox 11-8-2 


Figure 11-68 is obtained by the following sequence of MATLAB 


functions: 


num = 2500 * [70 i] ; 

den. = conv({[{il 25 0], [100 1]}; 
rlocus (num, den) ; 

axis([-30 10 -20 20]) 


° 


%$ Use the cursor to obtain values of K and the poles 


Toolbox 11-8-3 


Figure 11-69 is obtained by the following sequence of MATLAB 
functions: 


num = 9.2937*[1 26 269]; 
den [1 25 0]; 
rlocus (num, den) ; 


° 


%¢ Use the cursor to obtain values of K and the poles 


Because the zeros of the forward-path transfer function are identical to the 
zeros of the closed-loop transfer function, the design is not complete by using 
only the series controller G (s) because the closed-loop zeros will essentially 
cancel the closed-loop poles. This means we must add the forward controller, 
as shown in Fig. 11-70, where G(s) should contain poles to cancel the zeros 
of s’ + 26s + 269 of the closed-loop transfer function. Thus, the transfer 
function of the forward controller is 


269 


@(s\}-—_. 
gS) 5? +26s+ 269 


(11-204) 
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Figure 11-70 Second-order sun-seeker system with robust controller and 
forward controller. 


The block diagram of the overall system is shown in Fig. 11-70. The 
closed-loop transfer function of the compensated system with K = 1 is 





Q,(s) 242.88 
= ——_____—____ (11-205) 
Q© (s) s?+25.903s+ 242.88 


The unit-step responses of the system for K = 0.5, 1.0, and 2.0 are shown 
in Fig. 11-71, and their attributes are given in Table 11-25. As shown, the 
system is now very insensitive to the variation of K. 
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Figure 11-71 Unit-step responses of the second-order sun-seeker system 
with robust controller and forward controller. 


Table 11-25 Attributes of Unit-Step Response of Second-Order Sun- 
Seeker System with Robust Controller in Example 11-8-1 


K Maximum Overshoot (%) t (s) t (s) Roots of Characteristic Equation 
2.0 1.3 0.1576 0.2121 12.9745 + 49.3236 
1.0 (),9 (),1664 0.2222 —12.9514 + 78.6676 
0.5 ().5 ().1846 0.2525 AP 115 247.3930 


Because the system in Fig. 11-70 is now more robust, it is expected that 
the disturbance effect will be reduced. However, we cannot evaluate the 
effect of the controllers in the system of Fig. 11-70 by applying a unit-step 
function as d(t). The true improvement on the noise rejection properties is 
more appropriately analyzed by investigating the frequency response of 
© (s)/D(s). The noise-to-output transfer function, written from Fig. 11-70, is 


O,(s) _ it 7 s(s +25) 
D(s) 1+G,(s)G,(s) 10.2937s” + 266.636s + 2500 





(11-206) 


The amplitude Bode plot of Eq. (11-206) is shown in Fig. 11-72, along 
with those of the uncompensated system and the system with phase-lag 
control. Notice that the magnitude of the frequency response between D(s) 
and © (s) is much smaller than those of the system without compensation and 
with phase-lag control. The phase-lag control also accentuates the noise for 
frequencies up to approximately 40 rad/s, adding more stability to the system. 


ncompensated system 


| + —P— FFF 


System with 
phase-lag control 


| 
+ +- +- H——4-—-4__4 4 _§ 








System with robust 
and forward controllers 





|6.,(j@)/D(jo)| (dB) 

















10" 10” 10) 10° 10 


Ww (rad/sec) 


Figure 11-72 Amplitude Bode plot of response due to noise of second- 
order sun-seeker system. 


EXAMPLE 11-8-2 In this example, a robust controller with forward 
compensation is designed for the third-order sun-seeker 
system in Example 11-5-5 with phase-lag control. The 
forward-path transfer function of the uncompensated 
system 1s 


156, 250,000K 
G(s) (11-207) 


P*” §(s? +625s +156, 250) 


where K = 1. The root loci of the closed-loop system are shown in Fig. 11- 


54, which lead to the phase-lag control with results shown in Table 11-20. 
Let us select the parameters of the phase-lag controller as a = 0.1 and T = 20. 
The dominant roots of the characteristic equation are $=—!87.73= j164.93., 

Let us place the two zeros of the second-order robust controller at 
—180 4 7166.13 so that the controller transfer function is 


G(s) s* +360s+60,000 (11-208) 
(s)=—_— = 
60,000 


To ease the high-frequency realization problem of the controller, we may 
add two nondominant poles to G(s). The following analysis is carried out 
with G(s) given in Eq. (11-208), however. The root loci of the compensated 
system are shown in Fig. 11-73. Thus, by placing the zeros of the controller 
very Close to the desired dominant roots, the system is very insensitive to 
changing values of K near and beyond the nominal value of K. The forward 
controller has the transfer function 

60,000 


CG s\=-—$<$< 11-209 
g(s) s* +360s + 60,000 \ 


A JO 
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Figure 11-73 Root loci of the third-order sun-seeker system with robust 
and forward controllers. 


The attributes of the unit-step response for K = 0.5, 1.0, 2.0, and 10.0 and 
the corresponding characteristic equation roots are given in Table 11-26. 


Table 11-26 Attributes of Unit-Step Response and Characteristic 
Equation Roots of Third-Order Sun-Seeker System with Robust and 


Forward Controllers in Example 11-8-2 


K 


0.5 
1.0 
2.0 
10.0 


Maximum Overshoot (%) t (s) 
1.0 0.01115 
Zi 0.01023 
ZF 0.00966 
3.2 0.00924 


t (s) 
0.01616 
0.01414 
0.01313 
0.01263 


Characteristic Equation Roots 
—1558.1—184.5 + j126.9 
—2866.6—181.34 j147.1 


—5472.6—180.45 j156.8 
—26307 —180.0+ 7164.0 


EXAMPLE 11-8-3 In this example, we consider the design of a position- 
control system that has a variable load inertia. This type 
of situation is quite common in control systems. For 
example, the load inertia seen by the motor in an 
electronic printer will change when different 
printwheels are used. The system should have 
Satisfactory performance for all the printwheels intended 
to be used with the system. 
To illustrate the design of a robust system that is insensitive to the 
variation of load inertia, consider that the forward-path transfer function of a 
unity-feedback control system is 


The system parameters are as follows: 


KK. 
G,(s) 


 s[UJs+ B)(Ls+B)+K,K,] 


K = motor torque constant = 1 N-m/A 


K, = motor back-emf constant = 1 V/rad/s 


R= motor resistance = 1 Q 


L = motor inductance = 0.01 H 


(11-210) 


B= motor and load viscous-friction coefficient =0 


J = motor and load inertia, varies between 0.01 and 0.02 N-m/rad/s’ 


K = amplifier again 


Substituting these system parameters into Eq. (11-210), we get 


10,000K 


For [=001 G.s\=—— — (11-911) 
ps) s(s* +100s+10,000) 
5000K 
For J=0.02 G,(s)=—,.————__ (11-212) 
s(s~ + 100s +5000) 


The performance specifications are as follows: 


Ramp error constant K, = 200 

Maximum overshoot = 5% or as small as possible 
Rise time t => 0.05 s 

Settling time t > 0.05 s 


These specifications are to be maintained for 0.01 < J < 0.02. 

Figure 11-74 shows the root loci of the uncompensated system for J = 0.01 
and J = 0.02. We see that, regardless of the value of J, the uncompensated 
system is unstable for K > 100. 
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Figure 11-74 Root loci of the position-control system in Example 11-8-3 
with robust and forward controllers. 


To achieve robust control, let us choose the system configuration of Fig. 
11-65a. We introduce a second-order series controller with the zeros placed 
near the desired dominant characteristic equation of the compensated system. 
The zeros should be so placed that the dominant characteristic equation roots 
would be insensitive to the variation in J. This is done by placing the two 
Zeros at —55 + j45, although the exact location is unimportant. By choosing 
the two controller zeros as designated, the root loci of the compensated 
system show that the two complex roots of the characteristic equation will be 
very close to these zeros for various values of J, especially when the value of 
K is large. The transfer function of the robust controller is 


ain te (11-213) 
5050 
As in the last example, we may add two nondominant poles to G(s) to ease 
the high-frequency realization problem of the controller. The analysis is 
carried out with G(s) given in Eq. (11-213). 
Let K = 1000, although 200 would have been adequate to satisfy the K, 


requirement. Then, for J = 0.01, the forward-path transfer function of the 
compensated system is 


1980.198(s* +110s +5050) 


G(s)=G_(s)G,(s)= : 11-214 
S)=G,(8)G, (5) s(s* +100s+10,000) \ 
and for J = 0.02, 
990.99(s* +110s +5050 
Pe een nee (11-215) 
s(s° +100s +5000) 


To cancel the two zeros of the closed-loop transfer function, the transfer 
function of the forward controller is 


5050 


G,W)=4—... can 
j s* +110s +5050 


(11-216) 


The attributes of the unit-step response and the characteristic equation 
roots of the compensated system with K = 1000, J = 0.01 and J = 0.02, are 
given in Table 11-27. 


Table 11-27 Attributes of Unit-Step Response and Characteristic 
Equation Roots of System with Robust and Forward Controllers in 


Example 11-8-3 


Roots of Characteristic 


J] N-m/rad/s? Maximum Overshoot (%) t (s) t (s) Equation 
0.01 1.6 0.03453 0.04444 -1967—56.60+ j43.3 
0.02 EAE 0.03357 0.04444 —978.96—55.57 + j44.94 


11-9 MINOR-LOOP FEEDBACK CONTROL 


The control schemes discussed in the preceding sections have all utilized 
series controllers in the forward path of the main loop or feedforward path of 
the control system. Although series controllers are the most common because 
of their simplicity in implementation, depending on the nature of the system, 
sometimes there are advantages in placing the controller in a minor feedback 
loop, as shown in Fig. 11-2b. For example, a tachometer may be coupled 
directly to a dc motor not only for the purpose of speed indication but more 
often for improving the stability of the closed-loop system by feeding back 
the output signal of the tachometer. The motor speed can also be generated 
by processing the back emf of the motor electronically. In principle, the PID 
controller or phase-lead and phase-lag controllers can all, with varying 
degrees of effectiveness, be applied as minor-loop feedback controllers. 
Under certain conditions, minor-loop control can yield systems that are more 
robust, that is, less sensitive to external disturbance or internal parameter 
variations. 


11-9-1 Rate-Feedback or 'Tachometer-Feedback Control 


The principle of using the derivative of the actuating signal to improve the 


damping of a closed-loop system can be applied to the output signal to 
achieve a similar effect. In other words, the derivative of the input signal is 
fed back and added algebraically to the actuating signal of the system. In 
practice, if the output variable is mechanical displacement, a tachometer may 
be used to convert mechanical displacement into an electrical signal that is 
proportional to the derivative of the displacement. Figure 11-75 shows the 
block diagram of a control system with a secondary path that feeds back the 
derivative of the output. The transfer function of the tachometer is denoted by 
Ks, where K, is the tachometer constant, usually expressed in volts per radian 
per second for analytical purposes. Commercially, K, is given in the data 
sheet of the tachometer, typically in volts per 1000 rpm. The effects of rate or 
tachometer feedback can be illustrated by applying it to a second-order 
prototype system. Consider that the controlled process of the system shown 
in Fig. 11-75 has the transfer function 


Gy) = 2m.) (11-217) 





Figure 11-75 Control system with tachometer feedback. 
The closed-loop transfer function of the system is 


2 
R(s) s° + (2Ce, + K,o; )s +; 


and the characteristic equation is 


s° + (26@, + K,@; )s+@? =0 (11-219) 


From the characteristic equation, it is apparent that the effect of the 
tachometer feedback is the increase of the damping of the system, since K, 
appears in the same term as the damping ratio C. 

In this respect, tachometer-feedback control has exactly the same effect as 
the PD control. However, the closed-loop transfer function of the system with 
PD control in Fig. 11-3 is 


2 
Fs} ___WyiBp“t Bos) _ (11-220) 
R(s) s°+(26@+K,@?)s+@2K, 

Comparing the two transfer functions in Eqs. (11-218) and (11-220), we 
see that the two characteristic equations are identical if K, = 1 and K, = K. 
However, Eq. (11-220) has a zero at s = —K,/K,, whereas Eq. (11-208) does 
not. Thus, the response of the system with tachometer feedback is uniquely 
defined by the characteristic equation, whereas the response of the system 
with the PD control also depends on the zero at s = —K,/K,, which could have 
a significant effect on the overshoot of the step response. 

With reference to the steady-state analysis, the forward-path transfer 
function of the system with tachometer feedback is 

Y(s) _ aw? 


E(s) s(s+2Cw, + K,o?) inane 


Because the system is still type 1, the basic characteristics of the steady- 
State error are not altered by the tachometer feedback; that is, when the input 
is a step function, the steady-state error is zero. For a unit-ramp function 
input, the steady-state error of the system is (2¢ + K@ )/@. , whereas that of 
the system with PD control in Fig. 11-3 is 2¢/m.. Thus, for a type 1 system, 
tachometer feedback decreases the ramp-error constant K, but does not affect 
the step-error constant K.,. 


11-9-2 Minor-Loop Feedback Control with Active Filter 


Instead of using a tachometer, an active filter with RC elements and op- 
amps can be used to reduce cost and save space in the minor feedback loop 


for compensation. We illustrate this approach with the following example. 


EXAMPLE 11-9-1 Consider that, for the second-order sun-seeker system in 
Example 11-5-4, instead of using a series controller in 
the forward path, we adopt the minor-loop feedback 
control, as shown in Fig. 11-76a, with 





ay (11-222) 
‘ s(s+25) 
and 
K,s 
H(s)=——_ 11-223 
‘s) 1+ Ts \ 


To maintain the system as type 1, it is necessary that H(s) contain a zero at 
s = 0. Equation (11-223) can be realized by the op-amp circuit shown in Fig. 
11-76b. This circuit cannot be applied as a series controller in the forward 
path because it acts as an open circuit in the steady state when the frequency 
is zero. As a minor-loop controller, the zero-transmission property to dc 
signals does not pose any problems. 


The forward-path transfer function of the system in Fig. 11-76a is 





O (s) G(s) 
= G(s) =—_-__ 
O.(s) 1+G,(s)H(s) 
- 2500(1+ Ts) 
~ s[(s+25)(1+ Ts) + 2500K, ] (11-224) 


The characteristic equation of the system is 


Ts* +(25T +1)s* + (25+ 2500T +2500K, )s + 2500=0 (11-225) 





(b) 


Figure 11-76 (a) Sun-seeker control system with minor-loop control. (b) 
Ks 
Op-amp circuit realization of 1+Ts. 


To show the effects of the parameters K, and T, we construct the root 
contours of Eq. (11-225) by first considering that K is fixed and T is variable. 
Dividing both sides of Eq. (11-225) by the terms that do not contain T, we get 


Ts(s* +25s +2500) 


= (11-226) 
s’ +(25+2500K, )s +5000 


When the value of K_ is relatively large, the two poles of the last equation 
are real with one very close to the origin. It is more effective to choose K_ so 
that the poles of Eq. (11-226) are complex. 

Figure 11-77 shows the root contours of Eq. (11-225) with K, = 0.02, and T 
varies from 0 to 00, 
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Figure 11-77 Root contours of Ts’ + (25T + 1)s’ + (25 + 2500K, + 
2500T)s + 2500 = 0, K = 0.02. 


When T = 0.006, the characteristic equation roots are at —56.72, —-67.47 + 
j52.85, and —67.47 — j52.85. The attributes of the unit-step response are as 


follows: 


Maximum overshoot = 0 


t = 0.04485 s 
t = 0.06061 s 
t =O4s 


The ramp-error constant of the system is 


100 
K, =limsG(s)=——— (11:227 
7 = ling sels) 1+100K, | 


Thus, just as with tachometer feedback, the minor-loop feedback controller 
of Eq. (11-223) reduces the ramp-error constant K,, although the system is 
still type 1. 


11-10 MATLAB TOOLS AND CASE STUDIES 


In this section, we will go through the steps involved in finding some of 
the results and displaying many of the graphics from the examples in this 
chapter using the MATLAB SISO design tool. Through the graphical-user 
interface (GUI) approach, SISO creates a user-friendly environment to reduce 
the complexity of control systems design. The SISO design tool allows you to 
design a single-input/single-output (SISO) compensator using root locus, 
Bode diagram, and Nichols and Nyquist techniques.‘ By default, the SISO 
design tool assumes the feedback block diagram representation shown in Fig. 
11-78 with feedback gain H, a compensator C placed in series with the plant 
G, and the prefilter F. 


We illustrate the usage of the SISO tool through the following examples. 


EXAMPLE 11-10-1 Recall from Example 11-2-1 the forward-path transfer 


function for the altitude-control system was 


4500 K 
G(s)= (11-228) 


~ s(s+361.2) 
The design constraints for this problem were as follows: 


Steady-state error due to unit-ramp input = 0.000443 
Maximum overshoot < 5% 
Rise time t <s 


Settling time t <s 


Time-Domain Design 


Proportional controller: Let us first design a proportional controller using 
the SISO design tool. To satisfy the maximum value of the specified steady- 
State error requirement, K should be set at 181.17. To examine the 
performance of the proportional controller, we need to find the system root 
locus. To implement the root-locus design approach we utilize MATLAB 
Toolbox 11-10-1 to enter the plant G and controller C transfer functions in 
Fig. 11-78. Note that by default the value of feedback gain H and prefilter F 
are automatically set to unity. 





Figure 11-78 Default control configuration used in MATLAB design 
tool. 


Toolbox 11-10-1 


The root-locus design tool in SISO for Example 11-10-1 is activated 
by the following sequence of MATLAB functions: 


° 


6 Create plant G. 

num = [4500]; 

den. = [1 S612: 0] : 

G=tf (num, den) ; 

* Create controller C. 

Co Lel.i fs 

% Launch the root locus tool in the SISO GUI. 

sisotool (‘rlocus’ ,G,C) 

Be sure to use the Unicode Character ‘APOSTROPHE’ (U+0027), 


ne ee ee ee ee eS ee Se eS eS ee ee eS ee ee 


Figure 11-79 shows the root locus of the system where the closed-loop 
system poles for K = 181.17 are located at s,, = —181 + J885 (MATLAB has 
rounded this value off). To view the closed loop systems poles and zeros, go 
to the View menu and select Closed-Loop Poles, as shown in Fig. 11-80. 
Recall the poles of the closed-loop system are 


$,, =—180.6 + ¥32616—4500K (11-229) 


—_ > 
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Figure 11-79 Rootlocusof —  %(s+361.2) for Example 11-10-1, using 
the MATLAB SISO design tool, incorporating the percent overshoot and the 
settling time as design constraints. 


Incorporation of the design criteria: As a first step to design a controller, 
we use the built-in design criteria option within the SISO design tool to 
establish the desired pole regions on the root locus. Next, to select the Design 


Requirements option, right click on the Root Locus plot each time you want 
to add a new design requirement. To do this, select “New” to enter one of the 
following: 


° Settling time 
° Percent overshoot 
° Damping ratio 


¢ Natural frequency 


In this case, we have included settling time and percent overshoot as 
design constrains. Enter the two constraints as they are listed at the beginning 
of this example, one at a time. In order also to enter the rise time as a 
constraint, the user must first establish a relation between the damping ratio 
and the natural frequency using an equation for rise time. Recall that the 
approximate equations for rise time for a second-order prototype system were 
provided in Chap. 7. Because the settling time and the percent overshoot are 
more important criteria in this example, we will use them as primary 
constraints. After designing a controller based on these constraints, we will 
determine whether the system complies with the rise-time constraint. 


Figure 11-79 shows the closed-loop system pole for K = 181.17 are not in 
the desired area. As shown, with this value of K, the damping ratio of the 
system is 0.2, and the maximum overshoot is 52.7 percent, as shown by the 
unit-step response in Fig. 11-81. In order to achieve the desired response, the 
desired poles of the system must lie within the percent overshoot wedge and 
to the left of the boundary imposed by the settling time close to the —800 
markers in Fig. 11-79. Obviously, it is impossible to use the proportional 
controller (for any value of K) to move the poles of the closed-loop system 
farther to the left-half plane. 
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Figure 11-80 Closed loop poles of s(s+361.2) with unity feedback, 
for Example 11-10-1. 
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Figure 11-81 Uhnit-step response of the system from Example 11-10-1. 
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Figure 11-82 The Control and Estimation Tools Manager in the 
MATLAB SISO design tool for selecting the closed-loop system time 
response. 


To see the closed-loop system time response to a unit-step input, select the 
Response to Step Command option from the Analysis menu, which is located 
at the top of the screen shown in Fig. 11-79. To get this plot, you must select 
the “Closed Loop r to y” response in the Analysis Plot menu in the Control 
and Estimation Tools Manager window as shown in Fig. 11-82. 


PD controller: With the PD controller of Eq. (11-228) and K = 181.17, the 
forward-path transfer function of the system becomes 


815,265(K, +K,s) 


G(s)= s(s+361.2) 


(11-230) 
The closed-loop transfer function is 


K 
815,265K | s+ 
y\S) | Kp (11-231) 
© (s) s*+(361.2+815,265K, )s+815,265K, 


The characteristic equation is written as 


s* +(361.2+815,265K, )s+815,265K, =0 (11-232) 


As discussed in Example 11-2-1, we can apply the root-contour method 
to the characteristic equation in Eq. (11-232) to examine the effect of varying 
K, and K,, by finding the root locus of G, (s) in the following equation: 


815,265K,s 


1+G,, (s)=1+— =——— -" __ = 
: S +361.28+815,265K , 


(11-233) 


where the root contours are plotted by fixing the K, value and varying K, 
Hence, using Toolbox 11-10-2 we get the root contours of Eq. (11-232), as 
shown in Fig. 11-83 for K, = 1. As discussed in Example 11-2-1, when K, is 
set to 0.00177, the roots are real and equal at —903, and the damping is 
critical. 
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Figure 11-83 Root contours of PD-controlled system from Example 11- 
10-1. 


Toolbox 11-10-2 


Root contours of Eq. (11-232) shown in Fig. 11-83 are obtained by 
the following sequence of MATLAB functions: 


6 Create plant G. 

num = [815265 0]; 

den = [1 361.2 815265]; %KP=1 

G=tf (num, den) ; 

6 Create controller C. 

C = 0.00177; 

*¢ Launch the root locus tool in the SISO GUI. 

SLeotool (‘rlocus” ,G, eC) 

%$ Be sure to use the Unicode Character ‘APOSTROPHE’ (U+0027), 
6 otherwise you will get an error 


Co 


Next we obtain the root locus of the PD controller by adding a zero to 
controller C in the Compensator Editor menu within the Control and 
Estimation Tools Manager window, as shown in Fig. 11-84a. To enter a zero 
to the controller, right-click the mouse inside the “Dynamics” area; select add 
Pole/Zero, followed by Real Zero option. Click the new “Real Zero” row 
inside the “Dynamics” box to enter the new zero value of the PD controller. 
Recall from Example 11-2-1 that for the root-contour approach the zero value 
for K, = 1 and K, = 0.00177 corresponds to a zero at s = —K,/K, = —565. 
Figure 11-84b shows the Compensator Editor window after the PD controller 
has been added. 
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Figure 11-84 Addition of a zero to the controller C to create a PD 
controller. (a) Addition process. (b) After addition of a zero at s = —K,/K, = — 


065. 


The new root-locus diagram along with the closed loop pole values for the 
controller gain of 181.17 appear in Fig. 11-85—-you can view the poles’ 
current locations from the View menu. Note there is a slight discrepancy 
between the pole values in Figs. 11-83 and 11-85 because of MATLAB 
rounding off process, which is not a concern. The step response of the 
controlled system in Fig. 11-86 shows the system has now complied with all 
design criteria. The 2% settling time is now 0.0451 s, while the overshoot is 
4%. It is interesting that, although the closed-loop poles are both real, the 
system has a non-oscillatory response with an overshoot because of the 
dominant effect of the PD controller zero on the response. These results 
perfectly match with Example 11-2-1. 
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Figure 11-85 The root-locus diagram for Example 11-10-1 after 
incorporating a zero in the PD controller at s = 565 = —1/0.00177 and using a 
sain of 181.17. 
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Figure 11-86 Step response of the system in Example 11-10-1 with 
controller C(s) = 181.17(s + 1/0.00177). 


In addition to these findings, recall in Example 11-2-1 that the motor 
torque limit is the most important constraint in any design. In practice, 
always verify that the actuator used has enough torque or load to create such 
response. In fact, as a safety factor, it is best to operate the motor at 50 
percent of its maximum torque value. To check this, you need to obtain the 
torque transfer function of the system. From Fig. 7-52, by applying the SFG 
gain formula, the closed loop torque transfer function of the system is written 
as 





K.K,K,(K,+K,s)s 


(R,J,+K,K,J,)s" +(R,B + KKB +K.K,+K.KKKpN)s+K,KKKpN (11-236) 


at 


Entering the parameter values from Sec. 7-9 and using Toolbox 11-10-3, 
we obtain the motor torque response. The question here is if the motor is 
capable of generating almost 14,000 oz-in of torque almost instantly. Or, do 
we need to change our controller parameters? 


If you require fine-tuning your existing design with minimal changes, you 
can easily move the closed loop poles in Fig. 11-85 to locations just to the 
left of the settling time constraint, as shown in Fig. 11-88a. In that case K, = 
0.85 and K, = 0.0015, and the poles of the system are at s,, = —794 + j250. 
The step response of the system, shown in Fig. 11-88b, obviously meets the 
requirements. 


Toolbox 11-10-3 


Unit-step response of Eq. (11-236) shown in Fig. 11-87 is obtained by 
the following sequence of MATLAB functions: 


num = 10*9*[181.17*0.00177 1 Ol; 
den1=5*0.0002+10*0.5*0.0002; 
den2=5*0.015+10*0.5*0.015+9*0.0636+10*9*181.17*0.00177/10; 
den3=10*9*181.17/10; 

den = [denl den2 den3] ; 

step (num, den) 








Figure 11-87 Motor torque step response of the system in Example 11- 
10-1 with a controller C(s) = 181.17(s + 1/0.00177). 


wer for SISO Design Tash "| gS 





(a) (b) 


Figure 11-88 (a) The root-locus diagram. (b) Step response of the system 
in Example 11-10-1 with a PD controller, C(s) = 154.03(s + 1/0.00177). 


Frequency-Domain Design Now let us carry out the design of the PD 
controller in the frequency domain using the following performance criteria: 


Steady-state error due to a unit-ramp input < 0.00443 
Phase margin = 80° 

Resonant peak M < 1.05 

BW < 2000 rad/s 


Use Toolbox 11-10-4 to activate the MATLAB Bode design tool SISO 
design. Using this design tool we can arrive at the loop magnitude and phase 
diagrams for Example 11-10-1 with controller C(s) = 181.17(s + 1/0.00177), 
as shown in Fig. 11-89. 
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Figure 11-89 The loop magnitude and phase diagrams for Example 11- 
10-1 with controller C(s) = 181.17(s + 1/0.00177). 


Toolbox 11-10-4 


The Bode design tool in SISO for Example 11-10-1 is activated by the 
following sequence of MATLAB functions: 


° 


6 Create plant G. 

num = [815265 815265*1085] ; 

den = [1 361.2 O] ; 

G=tf (num, den) ; 

6 Create controller C. 

Co Ll. Lys 

% Launch the root locus tool in the SISO GUI. 

Sisotool (‘bode’ ,G,C) 

% Be sure to use the Unicode Character ‘APOSTROPHE’ (U+0027), 
6 otherwise you will get an error 


As in the root-locus design approach, a PD controller with a zero at s = 
—K,/K, = —565 was used for this purpose. The gain margin in this case is 
infinity, while the phase margin is 83°. As a result, the system has also fully 
complied with all the design criteria in the frequency domain. 


EXAMPLE 11-10-2 Example 11-2-2 Revisited Use the following toolbox 
to get the uncompensated root locus and bode plots 
corresponding to Eq. (11-30). Using the root locus and 
Bode plots, as shown in Fig. 11-90, you can follow the 
process discussed in Example 11-10-1 to design your 
PD controller. 


Toolbox 11-10-5 


5The SISO design tool for Example 11-10-1 is activated by the 
following sequence of MATLAB functions: 


* Create plant G. 

num [1.5e-7]; 

den [1 3408.2 1204000 0]; 

G=tf(num,den) ; 

% Create controller C. 

= 181.17; 

%* Launch the root locus tool in the SISO GUI. 

Ssisotool (G,C) 

Be sure to use the Unicode Character ‘APOSTROPHE’ (U+0027), 
otherwise you will get an error 


?) 


XW oP oP 


000000000000000000000000000000000 
SPOTTOTOSTCOCSCODFOCO DODO ODO DOO OOOO OOO ODDOO 


oe 


BJ SISO Design for SISO Design Task (4) 2 | © jo 
File Edit View Design Analysis Tools Window Help | 


xO FSUAAET| 


Root Locus Editor for Open Loop 1(0L1) Open-Loop Bode Editor for Open Loop 1(OL1 
4000 1 eenneessmanennndie muaneieeen seen 
GM. 284 0B 
! -5f) } Freq: 1.1e+0S racdis 1 
Stabe bop 
$000 ! 100 | 
' -7 Ry & a 
i 
i 
200 ! 0p | 
! OF in - 
1000 + | 1 2 
aL) > 
| 
{ 
! 
- a 
4 RE} ae a eS ee ee ee ee ee ee ee ee ee eee eT 
1000 7 
tf \ 
\ | 


oma 

nm 

tJ 
4 





-2000 
S000 ant 

j “<LI 

PM 90 deg 

| Freq: 2.26e-11 rads 
wn . a a } | J Z fu a es 2 — eee hon hnthcthedhiths : : : 
aah) = == = = =~ — ; 4 : 

5000 -4000 -S000 -2000 -1000 0 1000 ef 19° 10" i 


rr ~- > 
| Axes ———— == = 
noe 00s Frequency (rad/s) 


Right-click on the plots for more design options. 


Figure 11-90 Root loci and Bode plots of the PD-controlled system from 
Example 11-2-2. 


EXAMPLE 11-10-3 Example 11-5-2 Revisited 


Use the following toolbox to get the uncompensated root locus and bode 
plots corresponding to Eq. (11-104). Using the root locus and Bode plots, as 
shown in Fig. 11-91, you can follow the process discussed in Example 11-10- 
1 to design your phase-lead controller. 
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l+als 
Figure 11-91 Implementation of a lead controller ee T4Ts whena = 
500 and T = 0.00001, in the SISO design tool for Example 11-10-3. 


Toolbox 11-10-6 


The SISO design tool for Example 11-10-1 is activated by the 
following sequence of MATLAB functions: 


° 


6 Create plant G. 

num = 4.6875e7; 

den [1. 635 156250 0] + 

G=tf (num, den) ; 

* Create controller C. 

Co Le 

% Launch the root locus tool in the SISO GUI. 

Sisotool (G,C) 

Be sure to use the Unicode Character ‘APOSTROPHE’ (U+0027), 
otherwise you will get an error 


HWP oP oP 


l+als 
Add the controller» 1+7s when a = 500 and T = 0.00001, using the 
Control and Estimation Tools Manager, as shown in Fig. 11-91. The final 
system root locus, Bode plots and step response are shown in Fig. 11-92. 
Also review Example 11-5-2 to confirm the results. 
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Figure 11-92 Root locus, Bode plots and unit-step response of sun-seeker 


system in Example 11-5-2 with phase-lead controller. 


500 and T = 0.00001. 


l+als 
G.(s)= . 
1+7Ts whenad= 


am | a 





In this example, we illustrate the application of a phase-lead controller to a 


third-order system 


_ Gos) _ 





4.687510’ K 


p(s)= Se: a 
A(s)  s(s° +625s+156,250) 


11-11 THE CONTROL 


LAB 


(11-237) 


In App. D, we provide examples of LEGO MINDSTORMS labs including 
a pick and place robot and an elevator positioning system. As a course 
project, you can use the ideas discussed in this chapter to design different 
controllers for these systems. You may use the MATLAB SISO design tool, 
Simulink (App. E) or the toolboxes used in this chapter to develop your 
control systems. Finally, refer to the end of the Problems section for LEGO 
MINDSTORMS term projects. 
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PROBLEMS 


Most of the following problems can be solved using a computer program. 
This is highly recommended if the reader has access to such a program. 


11-1. The block diagram of a control system with a series controller is 
shown in Fig. 11P-1. Find the transfer function of the controller G(s) so that 
the following specifications are satisfied: 


R(s) E(s) 100 Y(s) 
G = —— 
i SS ld s(s-+ 10s + 100) 


Figure 11P-1 


The ramp-error constant Kis 5. 
The closed-loop transfer function is of the form 
(aXe KR 
R(s) (s° +20s+200)(s+a) 
where K and a are real constants. Find the values of K and a. 


The design strategy is to place the closed-loop poles at —10 + j10 and —10 — 
j10, and then adjust the values of K and a to satisfy the steady-state 
requirement. The value of a is large so that it will not affect the transient 
response appreciably. Find the maximum overshoot of the designed system. 


11-2. Repeat Prob. 11-1 if the ramp-error constant is to be 9. What is the 
maximum value of K, that can be realized? Comment on the difficulties that 
may arise in attempting to realize a very large K.. 


11-3. The forward-path transfer function of a unity-feedback control 
system 1s 


_  «K 
s(Ts +1) 





G(s) 


Find the value of K and t so that the overshoot of the system is 25.4 percent 
at the ¢ = 0.4. 


11-4. The forward-path transfer function of a system is 


24 


ear TT Te 


Design a PD controller that satisfies the following factors: 

(a) The steady-state error is less than p / 10 when the input is a ramp with a 
Slope of 2p rad/s. 

(b) The phase margin is between 40° and 50°. 

(c) Gain-crossover frequency is greater than 1 rad/s. 


11-5. A control system with a PD controller is shown in Fig. 11P-5. 


R(s) E(s) 1000 Y(s) 





Figure 11P-5 


(a) Find the values of K, and K, so that the ramp-error constant K, is 1000 
and the damping ratio is 0.5. 

(b) Find the values of K, and K, so that the ramp-error constant K, is 1000 
and the damping ratio is 0.707. 

(c) Find the values of K, and K, so that the ramp-error constant K, is 1000 
and the damping ratio is 1.0. 


11-6. For the control system shown in Fig. 11P-5, set the value of K, so 
that the ramp-error constant is 1000. 

(a) Vary the value of K, from 0.2 to 1.0 in increments of 0.2 and determine 
the values of phase margin, gain margin, M, and BW of the system. Find the 
value of K, so that the phase margin is maximum. 

(b) Vary the value of K, from 0.2 to 1.0 in increments of 0.2 and find the 
value of K, so that the maximum overshoot is minimum. 


11-7. The forward-path transfer function of a system is 


l 


ASH) = 405541) 


Design a PD controller such that the K, = 9 and the phase margin is greater 
than 25°. 


11-8. The forward-path transfer function of a system is 


G(s)H(s)= a 
s(0.4s+1)(s+1)(s+6) 

(a) Design a PD controller to satisfy the following specifications: 
(i) K = 10 
(ii) The phase margin is 45°. 

(b) Use MATLAB to plot the Bode diagram of the compensated system. 


11-9. Consider the second-order model of the aircraft attitude control 
system shown in Fig. 7-51. The transfer function of the process is 


g. (a= 4500 K 
' s(s+ 361.2) 


(a) Design a series PD controller with the transfer function G(s) = K, + K,s 
so that the following performance specifications are satisfied: 
Steady — state error due to a unit — ramp input < 0.001 
Maximum overshoot < 5% 
Rise time t < 0.005 s 
Setting time t < 0.005 s 


(b) Repeat part (a) for all the specifications listed, and, in addition, the 
bandwidth of the system must be less than 850 rad/s. 


11-10. Figure 11P-10 shows the block diagram of the liquid-level control 
system described in Prob. 2-36. The number of inlets is denoted by N. Set N 
= 20. Design the PD controller so that with a unit-step input the tank is filled 
to within 5 percent of the reference level in less than 3 s without overshoot. 










1ON 
s(s +1)(s + 10) 






Figure 11P-10 


11-11. For the liquid-level control system described in Prob. 11-10. 

(a) Set K, so that the ramp-error constant is 1. Vary K, from 0 to 0.5 and 
find the value of K, that gives the maximum phase margin. Record the gain 
margin, M, and BW. 


Af f sn 
(b) Plot the sensitivity functions S3 (jo) of the uncompensated system and 
the compensated system with the values of K, and K, determined in part (a). 
How does the PD controller affect the sensitivity? 


11-12. The block diagram of a servo system is shown in Fig. 11P-12. 


® kK +: Kps «100, 
| Z_ s(O.1s + 1)(0.02s5 + 1) | 


Figure 11P-12 








Design the PD controller so that the phase margin is greater than 50° and 
the BW is greater than 20 rad/s. Use MATLAB to verify your answer. 


11-13. The forward-path transfer function of a unity-feedback system is 


1000 K 


OAS) = 4110005841) 


Design a compensator such that the steady-state error to the unit-step input 
is less than 0.01 and the closed-loop damping ratio ¢ > 0.4. 
Use MATLAB to plot the Bode diagram of the compensated system. 


11-14. The open-loop transfer function of a dc motor is 


250 


a= s(0.2s +1) 


Design a PD controller so that the steady-state error to the input ramp is 
less than 0.005, the maximum overshoot is 20 percent for the unit-step input, 
and the BW must be maintained at a value approximately the same as that of 
the uncompensated system. 


11-15. The open-loop plant model of a plastic extrusion is given by 


40) 


G(s) =—————_- 
(s+1)(0.25s+1) 


Design a series of lead compensator, which is described by 


_ r(ts+1) 
a (rTs +1) 





G.(s) 


so that the phase margin is 45° and the BW must be maintained at a value 
approximately the same as that of the uncompensated system. 


11-16. Repeat Prob. 11-15 assuming that the r < 0.1. 


11-17. The forward-path transfer function of a unity-feedback control 
system 1s 


1000K 


G(s)H(s)= s(0.2s+1)(0.05s +1) 


(a) Design a compensator such that 
(i) The steady-state error is less than 0.01 for a unit-ramp input. 
(ii) The phase margin is greater than 45°. 
(iii) The steady-state error is less than 0.004 for a sinusoidal input with 
@ > 0.2. 
(iv) The noise for the frequencies greater than 200 rad/s reduced to 100 
at the output. 

(b) Use MATLAB to plot the Bode diagram of the compensated system 

and verify or refine your design in part (a). 


11-18. A control system with a type 0 process G(s) and a PI controller is 
shown in Fig. 11P-18. 


R(s) E(s) K, 100 Y(s) 
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Figure 11P-18 


(a) Find the value of K, so that the ramp-error constant K_ is 10. 


(b) Find the value of K, so that the magnitude of the imaginary parts of the 
complex roots of the characteristic equation of the system is 15 rad/s. Find 
the roots of the characteristic equation. 

(c) Sketch the root contours of the characteristic equation with the value of 
K_ as determined in part (a) and for 0 < K, > ». 


11-19. For the control system described in Prob. 11-18, 
(a) Set K, so that the ramp-error constant is 10. Find the value of K, so that 
the phase margin is minimum. Record the values of the phase margin, gain 


margin, M, and BW. 
S~ (j@) 
(b) Plot the sensitivity functions ~G = of the uncompensated 


and the compensated systems with the values of K, and K, selected in part (a). 
Comment on the effect of the PI control on sensitivity. 








11-20. For the control system shown in Fig. 11P-18, perform the 
following: 

(a) Find the value of K so that the ramp-error constant Kis 100. 

(b) With the value of K, found in part (a), find the critical value of K, so 
that the system is stable. Sketch the root contours of the characteristic 
equation for 0 < K, > », 

(c) Show that the maximum overshoot is high for both large and small 
values of K,. Use the value of K found in part (a). Find the value of K, when 
the maximum overshoot is a minimum. What is the value of this maximum 
overshoot? 


11-21. Repeat Prob. 11-20 for K, = 10. 


11-22. The forward-path transfer function of a system is 


24 


G(s)= s(s+1)(s+6) 


(a) Design a PI controller that satisfies the following factors: 
(i) The ramp error constant K, < 20. 
(ii) The phase margin is between 40° and 50°. 
(iii) Gain-crossover frequency is greater than 1 rad/s. 
(b) Use MATLAB to plot the Bode diagram of the closed-loop system. 


11-23. The forward-path transfer function of a robot arm—positioning 
system is represented by 


40 


G(s) =—————_ 
s(s+2)(s+20) 


(a) Design a PI controller such that 
(i) The steady-state error is less than 5 percent of the slope for a ramp 
input. 
(ii) The phase margin is between 32.5° and 37.5°. 
(iii) Gain-crossover frequency is 1 rad/s. 
(b) Use MATLAB to plot the Bode diagram of the closed-loop system and 
verify your design in part (a). 


11-24. The forward-path transfer function of a system is 


ef —<— 
s(5s+7)(s+3) 


Design a PI controller with a unity dc gain so that the phase margin of the 
system is greater than 40°, and then find the BW of the system. 
11-25. The transfer function of the steering of a ship is given by 


2353K(71—500s) 


G(s) = _— 
71s(40s + 13)(5000s +181) 


Design a PI controller such that 


(a) The ramp error constant K, = 2. 

(b) The phase margin is greater than 50°. 

(c) For all frequencies greater than crossover frequency, PM > 0. This 
means the system is always stable without any condition. 


(d) Show the closed-loop poles in the root locus with respect to values of 
K. 


11-26. The transfer function of a unity-feedback system is 


2x10° 


6) —=—_——_.__—— 
s(s +20)(s° +50s+ 10000) 


(a) A PD controller with the transfer function of 


H(s)= (ts +1) 


( ‘Ts + 1) is designed with r = 0.2 and t = 0.05. It is 
desired to find the gain so that the crossover frequency is 31.6 rad/s. 

(b) Find the ramp error constant Kv by applying the controller designed in 
part (a). 

(c) Consider the PD controller designed in part (a) is applied to the system. 
Find the value of K for a PI controller so that the ramp error constant K, = 
100. 

(d) If the PI controller pole is at 3.16 rad/s and the crossover frequency 
maintains at 31.6 rad/s, what is the zero of the PI controller? [Consider the 


H(s)= r(Ts +1) 


transfer function of the PI controller is ( r Us + it | 
(e) Use MATLAB to plot the Bode diagram of the compensated system 
and find the phase margin. 


11-27. A control system with a type O process and a PID controller is 
shown in Fig. 11P-27. Design the controller parameters so that the following 
specifications are satisfied: 

Ramp-error contant K = 100. 


Rise time t¢ < 0.01 s 


Maximum overshoot < 2% 


R(s) E(s) K 100 Y(s) 
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Figure 11P-27 


Plot the unit-step response of the designed system. 


11-28. A considerable amount of effort is being spent by automobile 
manufacturers to meet the exhaust-emission-performance standards set by the 
sovernment. Modern automotive-power-plant systems consist of an internal 
combustion engine that has an internal cleanup device called the catalytic 
converter. Such a system requires control of the engine air-fuel ratio (A/F), 
the ignition-spark timing, exhaust-gas recirculation, and injection air. The 
control system problem considered in this exercise deals with the control of 
the air-fuel ratio. In general, depending on fuel composition and other factors, 
a typical stoichiometric A/F is 14.7:1, that is, 14.7 g of air to each gram of 
fuel. An A/F greater or less than stoichiometry will cause high hydrocarbons, 
carbon monoxide, and nitrous oxide in the tailpipe emission. The control 
system whose block diagram is shown in Fig. 11P-28 is devised to control the 
air-fuel ratio so that a desired output variable is maintained for a given 
command signal. Figure 11P-28 shows that the sensor senses the composition 
of the exhaust-gas mixture entering the catalytic converter. The electronic 
controller detects the difference or the error between the command and the 
sensor signals and computes the control signal necessary to achieve the 
desired exhaust-gas composition. The output variable y(t) denotes the 
effective air-fuel ratio. The transfer function of the engine is given by 


Y(s) _ ee 
U(s) =G,(s)= 1+Ts 








Reference Error A/F Exhaust 


input r(0) e(t) | CATALYST 






emission 









SENSOR 


Figure 11P-28 


where T, is the time delay and is 0.2 s. The time constant T is 0.25 s. 
Approximate the time delay by a power series: 


_T ys ] 
ge = 


—14T,st+T/s*/2 
(a) Let the controller be a PI controller so that 


U(s) | 
E(s) a 


Find the value of K_ so that the ramp-error constant K, is 2. Determine the 
value of K, so that the maximum overshoot of the unit-step response is a 
minimum and the settling time is a minimum. Give the values of the 
maximum overshoot and the settling time. Plot the unit-step response of y(t). 
Find the marginal value of K, for system stability. 


K 
K,+— 
S 





G.(s)= 


(b) Can the system performance be further improved by using a PID 
controller? 


U(s) 
E(s) 


11-29. One of the advantages of the frequency-domain analysis and 
design methods is that systems with pure time delays can be treated without 
approximation. Consider the automobile-engine control system treated in 
Prob. 11-28. 


The process has the transfer function 


G.(s)= 





K, 
=KetKps+— 
S 


—0.2s 


OA) T0255 

Let the controller be of the PI type so that G(s) = K, + K/s. Set the value of 
K_ so that the ramp-error constant K, is 2. Find the value of K, so that the 
phase margin is a maximum. How does this “optimal” K, compare with the 
value of K, found in Prob. 11-28a? Find the critical value of K, for system 
stability. How does this value of K, compare with the critical value of K, 
found in Prob. 11-28? 


11-30. Figure 11P-30 shows a simplified design of an airplane attitude 
controller. 





Figure 11P-30 


where D is the disturbance torque. Design a PID controller with the 
following satisfactions: 


(a) Zero steady-state error 
(b) PM = 65° 
(c) High bandwidth (as high as possible) 
11-31. Consider the open-loop plant model of a plastic extrusion given in 
Prob. 11-15. 
Design a series of lead-lag compensator that is described by 
H(s)= (75+ D541) 
2 T, 
T,T;s (7 +E) 
r 


and satisfies the following: 


(a) The phase margin is 45°. 

(b) The steady-state error of a closed-loop system to the unit-step input is 
less than 1 percent. 

(c) The gain-crossover frequency is 5 rad/s. 


11-32. A telescope for tracking stars and asteroids on a space shuttle may 
be modeled as a pure mass M. It is suspended by magnetic bearings so that 
there is no friction, and its attitude is controlled by magnetic actuators located 
at the base of the payload. The dynamic model for the control of the z-axis 
motion is shown in Fig. 11P-32a. Because there are electrical components on 
the telescope, electric power must be brought to the telescope through a 
cable. The spring shown is used to model the wire-cable attachment, which 
exerts a spring force on the mass. The force produced by the magnetic 
actuators is denoted by f(t). The force equation of motion in the z direction is 





(a) (b) 


Figure 11P-32 


where K_ = 1 |b/ft, and M = 150 |b (mass); f(t) is in pounds, and z(t) is 
measured in feet. 

(a) Show that the natural response of the system output z(t) is oscillatory 
without damping. Find the natural undamped frequency of the open-loop 
Space-shuttle system. 


(b) Design the PID controller 


K 
G.(s)=K,+Kys+— 
s 


c 


shown in Fig. 9P-32b so that the following performance specifications are 
satisfied: 


Ramp-error constant K, =100. 


The complex characteristic equation roots correspond to a relative damping 
ratio of 0.707 and a natural undamped frequency of 1 rad/s. 


Compute and plot the unit-step response of the designed system. Find the 
maximum overshoot. Comment on the design results. 
(c) Design the PID controller so that the following specifications are 
satisfied: 
Ramp-error constant K = 100. 
Maximum overshoot < 5% 


Compute and plot the unit-step response of the designed system. Find the 
roots of the characteristic equation of the designed system. 


11-33. Repeat Prob. 11-32b with the following specifications: 


Ramp-error constant K, =100. 


The complex characteristic equation roots correspond to a relative damping 
ratio of 1.0 and a natural undamped frequency of 1 rad/s. 


11-34. Consider a cruise control system shown in Fig. 11P-34. 





Figure 11P-34 


where f is the engine force, v is the velocity, u is the friction force, and u = 
Lv. 
Assuming M = 1000 kg, p = 50 Nsec/m, and f = 500 N: 
(a) Find the transfer function of the system. 
(b) Design a PID controller that satisfies the following: 
(i) Rise time is less than 5 s. 
(ii) Maximum overshoot is less than 10 percent. 
(iii) Steady-state error is less than 2 percent. 


11-35. An inventory control system is modeled by the following state 
equations: 


dx, (t) 7 
4 2x,(t) 
dx, (t) 
a” 2u(t) 


where x (t) = level of inventry, x,(t) = rate of sales of product, and u(t) = 
prodcution rate. The output equation is y(t) = x(t). One unit of time is one 
day. Fig. 11P-35 shows the block diagram of the closed-loop inventory 
control system with a series controller. Let the controller be a PD controller, 
G(s)=K,+ Ks. 





Figure 11P-35 


(a) Find the parameters of the PD controller, K, and K,, so that the roots of 
the characteristic equation correspond to a relative damping ratio of 0.707 
and w_ = 1 rad/s. Plot the unit-step response of y(t) and find the maximum 
overshoot. 

(b) Find the values of K, and K, so that the overshoot is zero and the rise 
time is less than 0.06 s. 


(c) Design the PD controller so that M = 1 and BW < 40 rad/s. 


11-36. The block diagram of a type 2 control system with a series 
controller G(s) is shown in Fig. 11P-36. 


R(s) E(s) U(s) 10000 Y(s) 
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Figure 11P-36 





The objective is to design a PD controller so that the following 

specifications are satisfied: 
Maximum overshoot < 10% 
Rise Time < 0.5 s 

(a) Obtain the characteristic equation of the closed-loop system, and 
determine the ranges of the values of K, and K, for stability. Show the region 
of stability in the K,-versus-K, plane. 

(b) Construct the root loci of the characteristic equation with K, = 0 and 0 
< K, < », Then construct the root contours for 0 < K, < and several fixed 
values of K, ranging from 0.001 to 0.01. 

(c) Design the PD controller to satisfy the performance specifications 
given. Use the information on the root contours to help your design. Plot the 
unit-step response of y(t). 

(d) Check the design results obtained in part (c) in the frequency domain. 
Determine the phase margin, gain margin, M, and BW of the designed 
system. 


11-37. Consider a dc motor shown in Fig. 11P-37 and described in Sec. 4- 
7-3. 
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Figure 11P-37 


Assuming the following: 
The rotor inertia (J ) = 0.01 kg - m’/s’ 
Damping ratio of the mechanical system (¢) = 0.1 Nms 
Back-emf constant (K,) = 0.01 Nm/amp 
Torque constant (K,) = 0.01 Nm/amp 
Armature resistance (R_) = 1 Q 
Armature inductance (L.) = 0.5 H 


Design a PID controller that satisfies the following: 
(a) Settling time is less than 2 s. 

(b) Maximum overshoot is less than 5 percent. 

(c) Steady-state error is less than 1 percent. 


11-38. For the dc motor described in Prob. 11-37, assuming the 
following: 


The rotor inertia (J ) = 3.2284E-6 kg - m’/s’ 

Damping ratio of the mechanical system (¢) = 3.5077E-6 Nms 
Back-emf constant (K,) = 0.0274 Nm/amp 

Torque constant (K,) = 0.0274 Nm/amp 

Armature resistance (R_) = 4 Q 

Armature inductance (L,) = 2.75E-6 H 


Design a PID controller that satisfies the following: 


(a) Settling time is less than 40 ms. 

(b) Maximum overshoot is less than 16 percent. 
(c) Zero steady-state error is less than 1 percent. 
(d) Zero steady-state error due to a disturbance. 


11-39. Consider the broom-balancing control system described in Probs. 


3-43 and 8-51. The A’ and B’ matrices are given in Prob. 8-51 for the small- 
signal linearized model. 


Ax = A* Ax(t)+ B* Ar(t) 
Ay(t)=CAx(t) 
D*=(0 0 1 0 


Figure 11P-39 shows the block diagram of the system with a series PD 
controller. Determine if the PD controller can stabilize the system; if so, find 
the values of K, and K,. If the PD controller cannot stabilize the system, 
explain why not. 





Figure 11P-39 


11-40. The process of a unity-feedback control system has the transfer 
function 


100 


G,(s)= > 
ps) s°+10s+100 


Design a series controller (PD, PI, or PID) so that the following 
performance specifications are satisfied: 
Steady-state error due to a step input = 0 
Maximum overshoot < 2% 
Rise time < 0.02 s 
Carry out the design in the frequency domain and check the design in the 
time domain. 


11-41. The forward path of a unity-feedback control system that includes 
a disturbance signal D(s) is given by 


l 


a= (s*+3.6s+9) 


(a) Design a PID controller with the transfer function of 


S so that the response to any 


step disturbance is damped in less than 3 s at the 2 percent settling time. 


(b) Use MATLAB to plot the response of the closed-loop system to 
various step disturbance inputs and verify your design in part (a). 


11-42. For the inventory control system shown in Fig. 11P-35, let the 
controller be of the phase-lead type: 


_1t+als 


G {s)= 
As) 1+ Ts 





Determine the values of a and T so that the following performance 
specifications are satisfied: 

Steady-state error due to a step input = 0 
Maximum overshoot < 5% 

(a) Design the controller using the root contours with T and a as variable 
parameters. Plot the unit-step response of the designed system. Plot the Bode 
diagram of G(s) = G(s)G,(s), and find PM, GM, M, and BW of the designed 
system. 

(b) Design the phase-lead controller so that the following performance 
specifications are satisfied: 

Steady-state error due to a step input = 0 
Phasemargin > 75° 
M <1.1 

Construct the Bode diagram of G(s) and carry out the design in the 
frequency domain. Find the attributes of the time response of the designed 
system. 


11-43. Consider that the process of a unity-feedback control system is 


1000 
=< 
. s(s +10) 





Let the series controller be a single-stage phase-lead controller: 


l+alTls 


G(s)= 
As) 1+Ts 


a>Il 





(a) Determine the values of a and T so that the zero of G(s) cancels the 
pole of G(s) at s =—10. 

The damping ratio of the designed system should be unity. Find the 
attributes of the unit-step response of the designed system. 


(b) Carry out the design in the frequency domain using the Bode plot. The 
design specifications are as follows: 


Phasemargin > 75° 
M <1.1 
Find the attributes of the unit-step response of the designed system. 


11-44. Figure 11P-44 shows the quarter-car model realization with 2° of 
freedom. 





Figure 11P-44 


Assuming: 
Body mass (m_) = 2500 kg 
Suspension mass (m_) = 320 kg 
Spring constant of suspension system (k) = 80,000 N/m 
Spring constant of wheel and tire (k_) = 500,000 N/m 
Damping constant of suspension system (C_) = 350 Ns/m 
Damping constant of wheel and tire (X,) = 15,020 Ns/m 
When the vehicle is experiencing any road disturbance, the vehicle body 
should not have large oscillations, and the oscillations should be damped 
quickly. If the deformation tire is negligible, and the road disturbance (D) is 
considered a step input, 
(a) Design a PID controller that satisfies the following requirements: 
(1) Overshoot less than 5 percent 
(ii) Settling time shorter than 5 s 


(b) Use MATLAB to plot the response of the closed-loop system to 
various step disturbance inputs and verify your design in part (a). 


11-45. Consider that the controller in the liquid-level control system 
shown in Fig. 11P-10 is a phase-lead controller: 


l+als 
1+Ts 





G(s)= a>l 
(a) For N = 20, select the values of a and T so that the maximum overshoot 
is barely 0 percent. The value of a must not exceed 1000. Find the attributes 
of the unit-step response of the designed system. Plot the unit-step response. 
(b) For N = 20, design the phase-lead controller in the frequency domain. 
Find the values of a and T so that the phase margin is maximized subject to 
the condition that BW > 100. The value of a must not exceed 1000. 


11-46. The transfer function of the process of a unity-feedback control 
system 1s 


6 


CoS) = T9280 40.55) 


(a) Construct the Bode diagram of G (j@) and determine the PM, GM, M, 
and BW of the system. 


(b) Design a series single-stage series phase-lead controller with the 
transfer function 





6.)=( =) _ 
1+ Ts - 


so that the phase margin is maximum. The value of a must not be greater 
than 1000. Determine PM and M of the designed system. Determine the 
attributes of the unit-step response. 

(c) Using the system designed in part (b) as a basis, design a two-stage 
phase-lead controller so that the phase margin is at least 85°. The transfer 
function of the two-stage phase-lead controller is 


wae | 1+bT5s 


a>1l b>1 
leis 


6.)=| 1+ G8 | 


where a and T are determined in part (b). The value of T, should not 


exceed 1000. Find the values of PM and M of the designed system. Find the 
attributes of the unit-step response. 
(d) Plot the unit-step responses of the output in parts (a), (b), and (c). 
Figure 11P-47 shows an inverted pendulum on a cart. 


Motor 





Figure 11P-47 


Assuming: 
M Mass of the cart 0.5 kg 
m Mass of the pendulum 0.2 kg 
u Friction of the cart 0.1 N/m/s 
l Length to pendulum center of mass 0.3m 
| Inertia of the pendulum 0.006 kg*m? 


(a) Design a PID controller so that the settling time is less than 5 s and the 
pendulum angle is never more than 0.05 radians from the vertical position. 

(b) If the step input is applied to the cart, design a PID controller so that 
the settling time for x and q is less than 5 s, the rise time for x is less than 0.5 
s, and the overshoot of theta is less than 20° (0.35 rad). 


11-48. A phase-lock-loop, dc-motor-speed-control system. The block 
diagram of the system is shown in Fig. 11P-48. The system parameters and 
transfer functions are given as follows: 


+f Ki iss + 


speed 7 Phase detector Filter Amplifier 











] Motor speed 
(rad/sec) 






Motor speed | 
(pulses/sec) Counter Encoder 


Figure 11P-48 


Reference speed command, w. = 120 pulse/s 
Phase-detector gain, K, = 0.06 V/pulse/s 
Amplifier gain, K, = 20 
Encoder gain, K, = 5.73 pulse/rad 
Counter gain, N = 1 

Motor transfer function, 


Q(s) _ 10 
EAS) ~ s(1 +0.05s) 


(a) Let the filter (controller) transfer function be of the form 


Ets) 1+R,Cs 


GAs =F). R,Cs 


where R, = 2 x 10° Q and C= 1 pF. Determine the value of R, so that the 
complex roots of the closed-loop characteristic equation have a maximum 
relative damping ratio. Sketch the root loci of the characteristic equation for 0 
< R, < co, Compute and plot the unit-step responses of the motor speed f (t) 
(pulse/s) with the values of R, found, when the input is 120 pulse/s. Convert 
the speed in pulse/s to rpm. 

(b) Let the filter transfer function be 


l+als 
1+T7s 





G(s)= a>1 
where T = 0.01. Find a so that the complex roots of the characteristic 
equation have a maximum relative damping ratio. Compute and plot the unit- 
step response of the motor speed f (t) (pulse/s) when the input is 120 pulse/s. 
(c) Design the phase-lead controller in the frequency domain so that the 
phase margin is at least 60°. 


11-49. Consider that the controller in the liquid-level control system 
shown in Fig. 11P-10 is a single-stage phase-lag controller: 


l+als 
1+ T's 


a<l 





G,(s)= 


(a) For N = 20, select the values of a and T so that the two complex roots 
of the characteristic equation correspond to a relative damping ratio of 
approximately 0.707. Plot the unit-step response of the output y(t). Find the 
attributes of the unit-step response. Plot the Bode plot of G(s)G(s) and 
determine the phase margin of the designed system. 

(b) For N = 20, design the phase-lag controller in the frequency domain so 
that the phase margin is approximately 60°. Plot the unit-step response of the 
output y(t), and find the attributes of the unit-step response. 


11-50. The controlled process of a unity-feedback control system is 


G,(s) 


~ s(s+5)° 
The series controller has the transfer function 


l+als 


G(s)= 
As) 1+Ts 





(a) Design a phase-lead controller (a > 1) so that the following 
performance specifications are satisfied: 
Ramp-error constant K = 10 
Maximum overshoot is near minimum 
The value of a must not exceed 1000. Plot the unit-step response and give its 


attributes. 
(b) Design a phase-lead controller in the frequency domain so that the 
following performance specifications are satisfied: 
Ramp—error constant k = 10 
Phase margin is near maximum. 
The value of a must not exceed 1000. 


(c) Design a phase-lag controller (a < 1) so that the following performance 
specifications are satisfied: 


Ramp-error constant K = 10 
Maximum overshoot < 1% 
Rise time t <2s 

Settling time t < 2.5 s 


Find the PM, GM, M, and BW of the designed system. 


(d) Design the phase-lag controller in the frequency domain so that the 
following performance specifications are satisfied: 


Ramp-error constant K = 10 
Phase margin > 70° 


Check the unit-step response attributes of the designed system and 
compare with those obtained in part (c). 


11-51. Figure 11P-51 shows the “beam and ball” system that is described 
in Prob. 4-11. 


L 
P 
Beam * 
Lever Arm | 
OL 


[> 


Gear 
d 
Assuming: 
m=0.1 kg mass of the ball 
fF=0.015 radius of the ball 
d=0.03 m lever arm offset 
g=9.8 m/s? gravitational acceleration 
L=1.0m length of the beam 
I= 9.99e —6 kgm? ball’s moment of inertia 
P ball position coordinate 
a beam angle coordinate 
0 servo gear angle 


Design a PID controller so that the settling time is less than 3 s and the 
maximum overshoot is no more than 5 percent. 


11-52. The controlled process of a dc-motor control system with unity 
feedback has the transfer function 


6.087 x10" 


G63) =—$ 
, s(s° +423.42s* +2.6667 x 10° s+4.2342 x 10°) 


Due to the compliance in the motor shaft, the process transfer function 
contains two lightly damped poles, which will cause oscillations in the output 
response. The following performance criteria are to be satisfied: 


Maximum overshoot < 1% 
Rise time t < 0.15 s 
Settling time t < 0.15 s 
Output response should not have oscillations 
Ramp-error constant is not affected 
(a) Design a series phase-lead controller, 


l+als 
1+Ts 





G(s)= 


so that all the step-response attributes (except for the oscillations) are 
satisfied. 

(b) To eliminate the oscillations due to the motor shaft compliance, add 
another stage to the controller with the transfer function 


2 2 
+ 2 Oe 


oe 2 
s°+2¢ ,0,5+@, 


G.,(s) 


so that the zeros of G,(s) will cancel the two complex poles of G(s). Set 
the value of ¢ so that the two poles of G_(s) will not have an appreciable 
effect on the system response. Determine the attributes of the unit-step 
response to see if all the requirements are satisfied. Plot the unit-step 
responses of the uncompensated system the compensated system with the 
phase-lead controller designed in part (b). 


11-53. A computer-tape-drive system utilizing a permanent-magnet dc- 
motor is shown in Fig. 11P-53a. The closed-loop system is modeled by the 
block diagram in Fig. 11P-53b. The constant K, represents the spring constant 
of the elastic tape, and B, denotes the viscous-friction coefficient between the 
tape and the capstans. The system parameters are as follows: 

K, = motor torque contant = 10 oz-in./A 


K, = motor back-emf constant 0.0706 V/rad/s 
B_ = motor friction coefficient = 3 oz-in./rad/s 


R =0.25QL 20H 

K, = 3000 oz-in./rad/B, 10 oz-in./rad/s 
J, = 6 oz-in./rad/s’ K, 1 V/rad/s 

J = 0.05 oz-in./rad/s’ 


m 








Jin ? Oi 





Speed transducer 


(b) 


Figure 11P-53 


(a) Write the state equations of the system between e and @ using 0, @,, 
0 , and w_as state variables and e_as input. Draw a state diagram using the 
State equations. Derive the transfer functions: 


Q)(s) Q,(s) 
——- and —— 
E (s) E (s) 


(b) The objective of the system is to control the speed of the tape, o,, 
accurately. Consider that a PI controller with the transfer function G(s) = K, 
+ K/s is to be used. Find the values of K, and K_ so that the following 
specifications are satisfied: 

Ramp-error constant K = 100 

Rise time < 0.02 s 

Settling time < 0.02 s 

Maximum overshoot < 1% or at minimun 


Plot the unit-step response of @ (t) of the system. 


(c) Design the PI controller in the frequency domain. The value of K, is to 
be selected as in part (b). Vary the value of K, and compute the values of PM, 
GM, M, and BW. Find the value of K, so that PM is maximum. How does 
this value of K, compare with the result obtained in part (b)? 


11-54. Figure 11P-54 shows the block diagram of a motor-control system 
that has a flexible shaft between the motor and the load. The transfer function 
between the motor torque and motor displacement is 


O,,(s) _ J,s°+B,.s+K, 
T,,(s) s[ J,,J,s° +(B,,J, + B,J,,)s° +(K,J,, +K,J, + B,,B, s+ B,,K, | 


m 


G »(s)=—~— 


where J = 0.01, B = 0.1, K, = 10, J. = 0.01, B. = 0.1, and K = 100 


Es) 0, K, G; 4 , 
"Oa fia) + 
Flexible 


Controller Amplifier shaft Load 


Figure 11P-54 


(a) Compute and plot the unit-step response of @ (t). Find the attributes of 
the unit-step response. 


(b) Design a second-order notch controller with the transfer function 


G(s)= : +2¢,@,5+ ,, 
s°+2¢ ,0,S+@, 

so that its zeros cancel the complex poles of G(s). The two poles of G(s) 
should be selected so that they do not affect the steady-state response of the 
system, and the maximum overshoot is a minimum. Compute the attributes of 
the unit-step response and plot the response. 

(c) Carry out design of the second-order controller in the frequency 
domain. Plot the Bode diagram of the uncompensated G (s), and find the 
values of PM, GM, M, and BW. Set the two zeros of G(s) to cancel the two 
complex poles of G(s). Determine the value of ¢ by determining the amount 
of attenuation required from the second-order notch controller and using Eq. 
(11-155). Find the PM, GM, M, and BW of the compensated system. How do 
the frequency-domain design results compare with the results in part (b)? 


11-55. The transfer function of the process of a unity-feedback control 
system 1s 


500(s +10) 


G(s) =——_—__—_— 
ps) s(s* +10s +1000) 


(a) Plot the Bode diagram of G(s) and determine the PM, GM, M,, and BW 
of the uncompensated system. Compute and plot the unit-step response of the 
system. 

(b) Design a series second-order notch controller with the transfer function 


s°+26.0,5+ 0; 


2 2 
s+ 26 ,@,5+@, 


Ge im 
so that its zeros cancel the complex poles of G(s). Determine the value of 
¢, using the method outlined in Sec. 11-8-2. Find the PM, GM, M, and BW of 

the designed system. Compute and plot the unit-step response. 

(c) Design the series second-order notch controller so that its zeros cancel 
the complex poles of G(s). Determine the value of ¢ so that the following 
specifications are satisfied: 

Maximum overshoot < 1% 


Rise time < 0.45 


Settling time < 0.5 s 


11-56. Design the controllers G, (s) and G(s) for the system shown in 
Fig. 11P-56 so that the following specifications are satisfied: 


Se 
s(s* + 105 + 100) 





Figure 11P-56 


Ramp-error contant K = 50. 
Dominant roots of the characteristic equation at —5 + j5 approximately 
Rise time < 0.01 s 


System must be robust when K varies +20% from the nominal value, 
with the rise time and overshoot staying within specifications 


Compute and plot the unit-step responses to check the design. 


11-57. Figure 11P-57 shows the block diagram of a motor-control system. 
The transfer function of the controlled process is 





Figure 11P-57 


 1000K 
s(s+a) 





G,(s) 


where K denotes the aggregate of the amplifier gain and motor torque 
constant, and a is the inverse of the motor time constant. Design the 
controllers G, (s) and G(s) so that the following performance specifications 
are Satisfied. 
Ramp-error constant K, = 100 when a = 10 


Rise time < 0.3 s 


Maximum overshoot < 8% 
Dominant characteristic equation roots = —5 +j5 
System must be robust when a varies between 8 and 12. 
Compute and plot the unit-step responses to verify the design. 
11-58. Figure 11P-58 shows the block diagram of a dc-motor control 
system with tachometer feedback. Find the values of K and K_ so that the 
following specifications are satisfied: 





Figure 11P-58 


RK amp-error constant K = 1 
Dominant characteristic equation roots correspond to a damping ratio of 
approximately 0.707; if there are two solutions, select the larger value of K. 


11-59. Carry out the design with the specifications given in Prob. 11-58 
for the system shown in Fig. 11P-59. 





Figure 11P-59 


11-60. The block diagram of a control system with a type 2 process is 
shown in Fig. 11P-60. The system is to be compensated by tachometer 
feedback and a series controller. Find the values of a, T, K, and K, so that the 
following performance specifications are satisfied: 





Figure 11P-60 


R amp-error constant K = 100 


Dominant characteristic equation roots correspond to a damping ratio 
of 0.707 


11-61. The aircraft-attitude control system described in Sec. 5-8 is 
modeled by the block diagram shown in Fig. 11P-61. The system parameters 


are as follows: 


8,(s) Ea ms ee 60 
“0.0-8:0 80a E 





Figure 11P-61 


K=variable K =1 K = 10 K,=0.5 K = variable R =5 


L = 0.003 K =9.0 K,=0.0636 Jf =0.0001 J =0.01 
B =0.005 B= 1.0 N=0.1 


iT 


Find the values of K and K, so that the following specifications are 
satisfied: 
Ramp-error constant K = 100 


Relative damping ratio of the complex roots of the characteristic 
equation is approximately 0.707 


Plot the unit-step response of the designed system. Show that the system 
performance is extremely insensitive to the value of K. Explain why this is 
SO. 


11-62. Figure 11P-62 shows the block diagram of a position-control 
system with a series controller G(s). 


I, (5) 


) + 
R(s) E(s) 10 i | 9 Y(s) 


controller G,(s). 





Figure 11P-62 


(a) Determine the minimum value of the amplifier gain K so that the 
steady-state value of the output y(t) due to a unit-step torque disturbance is 
<0.01. 

(b) Show that the uncompensated system is unstable with the minimum 
value of K determined in part (a). Construct the Bode diagram for the open- 
loop transfer function G(s) = Y(s)/E(s), and find the values of PM and GM. 

(c) Design a single-stage phase-lead controller with the transfer function 


l+alTls 
1+ Ts 





G(s)= a>1 


so that the phase margin is 30°. Show that this is nearly the highest phase 
margin that can be achieved with a single-stage phase-lead controller. 
Find GM, M, and BW of the compensated system. 

(d) Design a two-stage phase-lead controller using the system arrived at in 
part (c) as a basis so that the phase margin is 55°. Show that this is the best 
PM that can be obtained for this system with a two-stage phase-lead 
controller. Find GM, M, and BW of the compensated system. 


11-63. The transfer function of the process of a unity-feedback control 
system 1s 


60 


G(s) =————____ 
s(1+0.2s)(1+0.5s) 


Show that, due to the relative high gain, the uncompensated system is 
unstable. 


(a) Design a two-stage phase-lead controller with 


l+aT;s | 1+bT,s 


a>l, b>l 
L+ Ts 


6.) -[ 1+T,s 

so that the phase margin is greater than 60°. Conduct the design by first 
determining the values of a and T to realize a maximum phase margin that 
can be achieved with a single-stage phase-lead controller. The second stage 
of the controller is then designed to realize the balance of the 60° phase 
margin. Determine GM, M, and BW of the compensated system. Compute 
and plot the unit-step response of the compensated system. 

(b) Design a single-stage phase-lag controller with 


l+als 


Gi{s)= 
As) 1+ Ts 





so that the phase margin of the compensated system is greater than 60°. 
Determine GM, M, and BW of the compensated system. Compute and plot 
the unit-step response of the compensated system. 

(c) Design a lag-lead controller with G (s) as in the equation in part (a). 
Design the phase-lag portion first by setting the phase margin at 40°. The 
resulting system is then compensated by the phase-lead portion to achieve a 


total of 60° of phase margin. Determine GM, M, and BW of the compensated 
system. Compute and plot the unit-step response of the compensated system. 


11-64. The block diagram of the steel-rolling system described in Prob. 4- 
18 is shown in Fig. 11P-64. The transfer function of the process is 





Figure 11P-64 


_ FG Ses 


G (s)= = —__________— 
J E(s) s(1+0.1s)(1+0.5s) 
(a) Approximate the time delay by 


—0.1s it ~~ 0.05s 
1+0.05s 





Design a series controller of your choice so that the phase margin of the 
compensated system is at least 60°. Determine GM, M, and BW of the 
compensated system. Compute and plot the unit-step responses of the 
compensated and the uncompensated systems. 

(b) Repeat part (a) without using the approximation of the time delay. 


11-65. Human beings breathe in order to provide for gas exchange for the 
entire body. A respiratory control system is needed to ensure that the body’s 
needs for this gas exchange are adequately met. The criterion of control is 
adequate ventilation, which ensures satisfactory levels of both oxygen and 
carbon dioxide in the arterial blood. Respiration is controlled by neural 
impulses that originate within the lower brain and are transmitted to the chest 
cavity and diaphragm to govern the rate and tidal volume. One source of 
signals consists of the chemoreceptors located near the respiratory center, 
which are sensitive to carbon dioxide and oxygen concentrations. Figure 11P- 
65 shows the block diagram of a simplified model of the human respiratory 
control system. The objective is to control the effective ventilation of the 
lungs so that a satisfactory balance of concentrations of carbon dioxide and 


oxygen is maintained in the blood circulated at the chemoreceptor. 


K(s) E(s) 5 | | 0.1 | Y(5) 
+ oe s+] (s+ 0.5)(5+ 0.15 +02) — Concentration 


Lungs Circulating system 


Chemoreceptor 





Figure 11P-65 


(a) Plot the Bode diagram of the transfer function G(s) = Y(s)/E(s) when 
G(s) = 1. Find the PM and GM. Determine the stability of the system. 


(b) Design a PI controller, G(s) = K, + K/s, so that the following 
specifications are satisfied: 
Ramp-error constant K = 1 
Phase margin is maximized 


Plot the unit-step response of the system. Find the attributes of the 
unit-step response. 


(c) Design a PI controller so that the following specifications are satisfied: 
Ramp-error constant K = 1 
Maximum overshoot is minimized 


Plot the unit-step response of the system. Find the attributes of the 
unit-step response. Compare the design results in parts (b) and (c). 


11-66. The block diagram of a control system with state feedback is 
shown in Fig. 11P-66. Find the real feedback gains k, k,, and k, so that 


K(s) E(s) Y(s) 
+ c’ s+] (s + 0.5)(s + O.1)(s + 0.2) | Concenttation 


Lungs Circulating system 








Chemoreceptor 
Figure 11P-66 


The steady-state error e_[e(t) is the error signal] due to a step input is zero. 


The complex roots of the characteristic equation are at —1+j and —1-j. 
Find the third root. Can all three roots be arbitrarily assigned while still 
meeting the steady-state requirement? 


11-67. The block diagram of a control system with state feedback is 
shown in Fig. 11P-67a. The feedback gains k, k,, and k, are real constants. 


r > e l X3 L © u | X4 l ay = 
eZ : fs _A 
4 KY 1 S+3 s+1 


(a) 





(b) 


Figure 11P-67 


(a) Find the values of the feedback gains so that 
The steady-state error e_|[e(t) is the error signal] due to a step input is 
Zero. 
The characteristic equation roots are at —1 +j, —1—j, and —10. 
(b) Instead of using state feedback, a series controller is implemented, as 


shown in Fig. 11P-67b. Find the transfer function of the controller G (s) in 
terms of k, k,, and k, found in part (a) and the other system parameters. 


TERM PROJECT 


11-68. Develop a proportional, PD, PI, and PID controller for the simple 
LEGO MINDSTORMS robotic arm discussed in Chap. 8. 


PD performance specifications as follows: 

Settling time t < 0.3 s 

Maximum overshoot < 5 percent 

Steady-state error due to unit-ramp input < 0.05 
PI performance specifications as follows: 

Settling timet <1.5s 

Rise time t < 0.3 s 

Maximum overshoot < 10 percent 

Steady-state error due to parabolic input < 0.7 
PID performance requirements are as follows: 

Rise time t < 0.3 s 

Settling timet <1.5s 

Maximum overshoot < 5 percent 

Steady-state error due to parabolic input < 0.7 


Please see App. D and the solution manual. (Note: The controller design 
process is not unique.) 


‘This example has also been solved using the MATLAB SISO design tool. See Example 11-10-1. 
“For the MATLAB SISO design tool implementation, see Example 11-10-2. 

“For the MATLAB SISO design tool implementation, see Example 11-10-3. 

“A comprehensive description of the SISO design tool with examples appears in 


http://www.mathworks.com/help/control/ug/overview-of-the-siso-design-tool.html. 
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A 
Absolute stability, 228 
ac control systems, 13, 14f 
with potentiometers, 262, 264f 
ac motors, 14, 262, 264f, 269 
ac signals, 262, 264f 
Acceleration: 
angular. See Angular acceleration 
equation for, 26, 28 
symbol for, 26 
translational motion and, 26 
Accelerometer, 76f 
direct decomposition and, 136—137 
output equation for, 126-127, 128f 
time response of, 142, 143f 
Accumulators, 52, 53f 
ACSYS (Automatic Control Systems software). See also MATLAB; SIMLab 
State-Space Analysis Tool, 482/, 483, 484/-485f 
tfrouth tool, 239-246 
tfsym tool, 485, 489f, 490f, 4917, 497 
Active control, of suspension system, 37, 38f, 288, 289f 
Active filter: 



































minor-loop feedback controller with, 778-781, 779f—780f 
second-order, 756f, 757 
Actual system, 20 
Actuating signals, 2 
Actuators, 163, 166—167 
in feedback control systems, 253, 254f 
models of, 277 
Addition of poles to G(s)H(s), root-locus, 553-555, 554f, 557, 558f-561f 
Addition of zeros to G(s)H(s), root-locus, 555, 556f 
Air-flow system, temperature control of, 309, 310f 
Aircraft. See also Position-control system, of aircraft; Turboprop engine 
attitude-control system of. See Attitude-control system, of aircraft 
motion equations of, 70f 
pitch controller system for, 662f 
transfer function for, 156 
Algebra and manipulation rules, for SFGs, 180/—182f 
Amplifier-motor system, electrical time constant of, 379 
Amplifiers: 
dead zone and, 359f 
operational. See Operational amplifiers 
saturation and, 12, 359f 
Analytic function, 89 
Angle of attack, 306f 
Angles of arrival, of root loci, 534—538, 536/—-537f 
at breakaway point, 540/—543f 
for loop transfer function, 571 
for open-loop transfer function, 571 
Angles of asymptotes, of root loci, 531, 545t, 546, 570 
Angles of departure, of root loci, 534—538, 536f—537f, 545t 
at breakaway point, 540/—543f 
computation of, 546, 548f 
for loop transfer function, 571 
for open-loop transfer function, 571 










































































Angular acceleration, 31 
conversion factors for, 35t 
torque and, 32 
viscous damping and, 33 
Angular displacement: 
gear trains and, 39-40 
rotational motion and, 31 
torque and, 32 
torsional spring constant and, 327 
Angular velocity: 
conversion factors for, 35t 
sear trains and, 39-40 
rotational motion and, 31 
torque and, 32 
viscous damping and, 33 
Annular cross section, 55t 
Antenna control system, of solar collector field, 215f 
Anticipatory control, 672. See also PD controllers 
Antiwindup protection, 259 
Armature-controlled dc motor: 
block diagram of, 17f, 278, 279f, 340f 
desired rotation of, 340, 341f 
position control of, 282f, 283, 340/—341f, 342t 
speed control of: 
closed-loop response, 280—282 
open-loop response, 278—280 
speed response of, 324/—325f, 325t, 326 
Armature inductance, of LEGO MINDSTORMS NXT motor, 17, 19t, 290— 
291, 2927, 492t 
Armature resistance, of LEGO MINDSTORMS NXT motor, 17, 19t, 290, 
291t, 492t 
Asymptotes: 
angles of, of root loci, 531, 545t, 546, 570 












































intersect of, 532f, 533, 5347, 535f, 545t, 546 
Asymptotic plots. See Bode plots 
Asymptotic stability, 230t, 231, 248 
Attitude-control system, of aircraft. See also Second-order attitude control 
system of aircraft; Third-order attitude-control system 
block diagram of, 377/—378f, 815f 
digital autopilot for, 14f 
forward-path transfer function of, 674 
frequency-domain design, PID controller, 710, 711f, 711t 
PD controller, 683, 684/, 685t, 686, 688-690, 689f, 690t 
PI controller, 699-702, 700f, 702t, 704/, 705-707, 705t, 707f 
PID controller and, 800f 
root loci of, 385f 
second-order, 379—380, 407 
steady-state response of, 386—387 
third-order, 383-384, 385/—386f, 387 
time-domain design: 
PD controller, 674-683, 676/—678f, 678t, 685-686, 686t, 687/-688f 
PI controller, 696-698, 697/, 698t, 699f, 702—703, 703f, 705t 
PID controller, 708, 709t, 710f 
root contours for, 679f—683/, 681t 
time response of, 383-384 
transient response of, 384—385 
unit-step responses of, 382/, 386f, 676f, 678f, 678t 
Attitude-control system, of guided missile, 73f, 74, 306f, 402f 
Automatic Control Systems software. See ACSYS 
Automobile engine, idle-speed control system for, 310, 311f 
Automobiles. See also Quarter-car model 
high-performance real-time control of, 4 
idle-speed control system, 4, 5f 
intelligent systems in, 3—4 
steering control of, 4 
Autopilot, 406 












































































































































Auxiliary equation, 236 
Axis: 

fixed, 31 

of rotation, 32 


B 
Back emf, 273-274 
electric damping and, 276 
shaft velocity and, 270 
Back emf constant, 273 
of LEGO MINDSTORMS NXT motor, 18, 19t, 294f—295f, 492t 
torque constant relationship to, 276—277 
Backlash, 12 
in gear trains, 41 
input—output characteristic of, 41f 
physical model of, 41f 
Ball and beam system, 69, 70f, 156f, 659f, 809f 
Ball-suspension control system. See Magnetic-ball suspension control system 
Ball-suspension system. See also Magnetic-ball-suspension system 
free-body diagram of, 315, 316f 
linearized state equations for, 518 
Bandwidth (BW): 
feedback and, 11 
PI controller and, 798 
prototype second-order system and, 592, 594/—595f 
specifications of, 590 
Belt and pulley, 36f, 38 
of printwheels, 72/f, 156, 304f 
BIBO (bounded-input, bounded-output) stability, 228, 231 
Block diagrams, 2, 163 
antenna control system, of solar collector field, 215f 
of armature-controlled dc motor, 17f, 278, 279f, 340f 
of attitude-control system of aircraft, 377f—378f, 815f 
cascade system, 166/—167f 





























closed-loop idle-speed control system, 7f 

closed-loop transfer function and, 212 

of control system with conditional feedback, 222, 223f 
of dc motor, 275f, 305, 306/, 324f, 349f 

of dc-motor control system, 216f, 653f 

of dc-motor control systems, 8147 

digital autopilot for aircraft attitude control, 14f 

of electric train control, 216f 

elements of, 164, 165/, 166 






































of feedback control systems, 167-169, 168f, 214, 215f, 2 


505, 653f 
gain formula and, 191f, 192 
of general control system, 165f 
heating system, 163, 164f 
idle-speed control system, 5f 
of idle-speed control system, 507, 508f 
of linear control systems, 168f, 399/—400f 
of mass-spring-damper system, 201, 202f 
mass-spring-friction system, 198/—199f 
mathematical equations and, 169-172 
MATLAB tools and, 209-211 
of motor-control system, 812/—813f 
of motor-control system with tachometer feedback, 250f 
of multi-input systems with disturbance, 175/f—176f 
of multivariable systems, 176-178, 177f, 413f—414f, 415 
open-loop control system, 7f 
of PD controllers, 369f 
of PI controllers, 372f 
of position-control systems, 17f, 214f, 815f 
potentiometer, 262f 
reduction of, 172/—174f, 212f-213f 
of RLC network, 204/, 205 
sampled-data control system, 14f 















































of servomotors, 654f 
SFGs and, 178, 1797, 185, 1917, 192 
of spacecraft control systems, 509f 
speed-control system, 758f 
of state feedback, 468f 
for steel-rolling process, 316f, 816f 
sums and differences of signals in, 256, 257f 
sun-seeker control system, 285f, 716f 
of system undergoing disturbance, 352f 
of transfer functions: 
MATLAB and, 209-211 
in parallel, 167f, 168 
in series, 166, 1677 
of unity feedback systems, 354f 
of velocity-control system with tachometer feedback, 265f 
Blocks, 166 
Bode diagrams, 232 
of aircraft position-control system, 643, 644f 
of phase-lag controller, 742f 
of PI controller, 694f 
problems for, 656, 657f, 658-662, 806, 812, 817f 
properties of, 586, 587f 
Bode plots: 
advantages of, 632 
disadvantages of, 632 
gain margin on, 632/, 633 
of L(s), 6337, 634 
L(s) plot and, 637f 
PD controllers and, 673f 
of phase-lag system, 748f 
of phase-lead controller, 714/, 730f 
phase margin on, 632/, 633 
pure time delays and, 634, 635f 













































































with SISO tool, 791f 
slope of the magnitude curve of, 635-636, 637/—638f 
stability analysis with, 631-635, 632/-633/, 635f 
of sun-seeker system, 730f, 735f, 736 
time delays and, 634, 635f 
Bounded-input, bounded-output stability. See BIBO stability 
Branch point, 167 
relocation of, 172f, 173 
Branches, 178 
on root loci, 529, 546 
Breakaway points (saddle points), on root loci, 538-540, 539f, 545t, 549 
angles of arrival and departure at, 540/—543f 
for forward-path transfer function, 573 
pole-zero configuration, 572 
root sensitivity at, 549 
British units, 277 


















































Brushless PM dc motors, 270, 272, 273f 
Bulk modulus, 52 
BW. See Bandwidth 


C 

Cantilever beam, force applied to, 27f 
Capacitance: 

of incompressible fluid, 50-53 

in RC network, 44/—45f 

in RLC network, 43f—44f 

in thermal systems, 47 

units and notation for, 46t, 49t, 58t 
Capacitors, 42f 

in electric network, 140f 

in RC networks, 44/f—45f 

in RLC networks, 43/-44f, 138 
Cascade compensation, 665, 666f 


Cascade decomposition, 134, 451/—452/, 507 
Cascade system, 166/—167f 
Catalytic converter, 509f, 510 
Causal system, 86 
Cause-and-effect relationships, 8. See also Feedback 
CCF. See Controllability canonical form 
Centroid, 532/, 533, 534f, 535f, 545t. See also Asymptotes 
Characteristic equations: 
from differential equations, 433-434 
eigenvalues, 435 
eigenvectors, 435—436 
of magnetic-ball-suspension system, 466—467 
of motor-load system, 157f 
property of, 133 
root sensitivity of, 549 
roots of, 133, 228, 230, 234 
of second-order prototype systems, 104 
critically damped, 105, 106 
overdamped, 106 
underdamped, 109, 110f 
in similarity transformations, 439 
Stability and, 228, 230 
from state equations, 133-134, 434 
tfrouth stability tool for, 241-242 
from transfer functions, 89, 434 
Charge, units for, 46¢ 
Chemical solution concentration controller, 655f 
Circles, constant-M, 641f 
Circular cross section, 55t 
Closed-loop control systems, 7f, 167, 1687 
controllability of, 463 
frequency response of, 587, 588/—589f 
gain-phase characteristics of, 589f 




































































observability of, 463 
open-loop control systems compared with, 7, 8f 
poles of, 362f, 362t, 3637, 365t, 396f 
roots of, 365, 366t, 370t, 371f 
Routh-Hurwitz criterion for, 247—249 
of second-order prototype system, 326 
for steel-rolling process, 316f 
tfrouth stability tool for, 241-242 
zeros of, 396f 
Closed-loop feedback function, 211 
Closed-loop frequency response, of aircraft position-control system, 644, 
646f 
Closed-loop idle-speed control system, 7/—8f 
Closed-loop position control, in quarter-car model, 287, 288f 
Closed-loop response, 280f—281/, 282 
Closed-loop stability, 604 
Closed-loop transfer functions, 168, 177-178, 181, 19 
block diagram and, 212 
for feedback control systems, 504, 505f 
gain formula and, 186 
for intelligent vehicle obstacle avoidance, 18 
MATLAB for, 214 
Nyquist stability criterion and, 232 
with PD controllers, 369 
poles added to, 364, 365f, 365t 
Stability and, 231 
steady-state error and, 346—349 
of turboprop engine, 213, 214f 
zeros added to, 365, 366/—367/, 366t 
Coefficient: 
motor viscous-friction, 34 
thermal expansion, 52 
viscous damping, 28 
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viscous friction. See Viscous friction coefficient 
Comparators, 163-167, 165f 

relocation of, 172, 173f 
Compensated phase-lag system: 

Bode plot of, 748f 

root loci of, 741f 
Compensated sun-seeker system: 

Bode plots of, 735f, 736 

unit-step responses of, 745f 
Compensation: 

cascade, 665, 666f 

feedback, 665, 666f 

feedforward, 665, 666/, 667 

series, 665, 666f 

series-feedback, 665, 666f 

Sstate-feedback, 665, 6667 
Compensator, 797 
Complementary root loci (CRL), 571f 
Completely controllable process, 455 
Completely state controllable, 456 
Complex conjugate poles, 91, 92f, 99-100, 110, 394 
Complex conjugate zeros, 91, 92f 
Complex convolution, 88t 
Complex shifting, 88 
Complex variable, analytic function of, 89 
Compliance, in gear trains, 40 
Compressible fluid, 52, 53f 
Computer-tape-drive system, 810, 811f 
Conditional feedback, control system with, 222, 223f 
Conditionally stable system, 636, 637/—638f, 732 
Conduction, 47, 48f 
Conservation of mass: 

for dynamic system modeling, 25 






























































for incompressible fluids, 50f, 51-52 
Conservation of volume, 51 
Constant-conditional-frequency loci, 330, 331f 
Constant-damping-factor loci, 330, 331f 
Constant-damping ratio loci, 330, 331f 
Constant-M circles, 641f 
Constant-M loci, 639-644, 641f-644f 
Constant-natural frequency loci, 330, 331f 
Constants: 

back emf. See Back emf constant 

damping, 328 

electrical time, amplifier-motor system and, 379 

error, 354 

low-time, 269 

mechanical time, motor-load system and, 379 

motor electric-time, 279 

motor mechanical time, 279 

spring, 27f, 34, 35t 

for steady-state errors, 354—359 

tachometer, 266 

time. See Time constant 

torque. See Torque constants 

torsional spring, 32 
Continuous-data control systems, 12-14, 13f 

time response of, 318-319 
Control Lab: 

LEGO MINDSTORMS NXT motor. See also LEGO MINDSTORMS 

NXT motor 

modeling and characterization, 289-300 

position control, 387—392 

LEGOLab, 318 

SIMLab, 318 
Control system design. See also Frequency-domain design 





























controller configurations, 665-667, 666f 
design specifications, 663-665 
feedforward controllers and, 765, 766f 
forward controllers and, 765, 766f 
fundamental principles of, 667-668 
intelligent vehicle obstacle avoidance, 15f—22/, 19t 
lead-lag controller and, 751-753, 752f, 752t 
minor-loop feedback control, 777—781, 778f—780f 
PD controller and, 668—690 
phase-lag controller and, 712, 738-751 
phase-lead controller and, 711—738 
PI controller and, 691—707 
PID controller and, 707—711 
pole-zero-cancellation design in, 753—764 
problems for, 794-818 
robust, 767—777 
three steps for, 663 

Control systems: 
ac, 13, 14f, 262, 264f 
applications of, 2/-6f 
attitude-control. See Attitude-control system 
block diagram of, 165/, 191f, 192 
closed-loop, 167, 168f 
components of, 2f 
with conditional feedback, 222, 223f 
continuous-data, 12-14, 13f 
controllability of, 454-458, 455f-456f 
de, 12, 13f, 216f, 262, 263f 
definition of, 1 
design of, 253 
digital, 14f 
discrete-data, 14f 
feedback. See Feedback control systems 



























































flight, 306f 

inverse Laplace transform in, 93—94 

linear. See Linear control systems 

linear modeling of, 25, 253 

motor coupled to tachometer and inertial load, 305f 

nonlinear. See Nonlinear control systems 

objectives of, 1—2 

open-loop, 6f, 7, 169 

printwheel, 72f, 304f 

robust, 767—777 

rotary-to-linear motion. See Rotary-to-linear motion control systems 

sampled-data, 147 

sensitivity and, 10 

SFG of, 191f, 192 

with state feedback, 454, 455f, 468/—469f/, 517f, 520, 817/—818f 

sun-seeker. See Sun-seeker control system 

sun-tracking, 5f—6f 

time-domain analysis of, 317-318 
Controllability: 

of closed-loop control systems, 463 

control system with state feedback, 454 

definition of, 456-457 

of double-inverted pendulum, 514, 515f 

general concept of, 455/—456f 

input-output function and, 460 

invariant theorems on, 462—464 

of LEGO MINDSTORMS NXT motor, 493, 495 

of liquid-level system, 512-514, 513f 

of magnetic-ball-suspension system, 467 

observability and, 454-455, 461-463, 462 

problems for, 502, 511, 512/, 516f 

similarity transformations and, 463 

State, 455-456, 511f 



























































State equations and, 512 
State-Space Analysis Tool for, 483, 487f 
testing methods for, 457—458 
transfer functions relationship to, 461-463, 4627 
Controllability canonical form (CCF), 429, 439-441 
direct decomposition to, 447, 448f 
of LEGO MINDSTORMS NXT motor, 493, 49 
transformation to, 501 
Controllability matrix, 440-441 
Controllable process, completely, 455 
Controlled process, 7 
Controlled variables, 2 
Controllers, 7, 166 
in feedback control systems, 253, 254f 
feedforward, 765, 766f 
forward, 765, 766f 
lead-lag, 751-753, 752f, 752t 
minor-loop feedback, 777—781, 778/f—780f 
notch. See Notch controllers 
PD. See PD controllers 
phase-lag, 712, 738-751 
phase-lead, 711—738 
PI. See PI controllers 
PID. See PID controllers 
robust, 767—777 
Convection, 48f 
Conversion between translational and rotational motions, 34, 36—38 
Convolution, 88t 
Coulomb friction, 28 
steady-state errors and, 360, 361f 
Critical point, 608, 6097, 611 
Critically damped, second-order prototype systems, 105/, 106 
CRL. See Complementary root loci 
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Cross-section view: 
brushless PM dc motor, 273f 
iron core PM dc motor, 271f 
moving-coil PM dc motor, 272f 
surface-wound PM dc motor, 271f 
Cruise control system, 802f 
Current: 
capacitor and, 42 
inductors and, 42 
resistors and, 42 
as State variable, 138-139 
units for, 46t 
Current law, 42 
Cutoff rate, 590 











D 


Damper. See Dashpot, for viscous friction 
Damping: 
of dc motor, 324 
electric, 276 
in vibration absorber, 158f 
viscous. See Viscous damping 
Damping constant, 328 
Damping factor, constant loci, 330, 331f 
Damping ratio: 
constant loci of, 330, 331f 
of electrical networks, 43 
normalized frequency versus, of prototype second-order system, 594f 
of quarter car model, 37 
relative, 376 
resonant peak M versus, 593f 




















of rotational system, 33 
of second-order prototype system, 104, 327/—331f, 328t 








critically damped, 105/, 106 
negative, 113, 114/—115/, 116t 
overdamped, 106-109, 107f 
roots of, 113, 114f-115f 
underdamped, 109-112, 110f, 112f 
of translational system, 28 

Damping term, 675 

Dashpot, for viscous friction, 27/—28f 

dB (decibels), 628 

dc-motor control systems, 12, 13f 
block diagram of, 216f, 653f, 814f 
searbox system, 254, 255f 
with integral controller, 478-479, 480/—481f 
permanent-magnet. See Permanent-magnet dc-motor-control system 
phase-lock-loop, 807/, 808 
with potentiometers, 262, 263f 
for printwheel, 307/, 401-402 
root loci for, 574—576 

dc (direct-current) motors, 13/, 269-277 
in active control of suspension system, 37, 38f 
armature-controlled, 277—283 
block diagrams of, 275f, 305, 306f, 324f, 349f 
feedback control systems with, 5047 
of LEGO MINDSTORMS NXT motor, 289f 
motion equation of, 405-406 
operational principles of, 270 
permanent-magnet. See Permanent-magnet dc motors 
in phase-locked loops, 312f 
PID controller for, 803f 
position control of, 340f—341f, 342t 
position-control systems, 262, 263f, 308, 309f 
robotic arm, 312, 313f 
SFG of, with nonzero initial conditions, 276f 
















































































speed control of, 349f, 350, 351f, 351t 
with disturbance, 352, 353f 
speed response of, 324/f—325f, 325t, 326 
sun-seeker control system and, 283, 284f, 286 
torque production in, 270f 
voltage equation of, 305 
dc signals, 262, 263f 
DCF. See Diagonal canonical form 
Dead zone. See also Backlash 
amplifier with, 359f 
in gear trains, 41f 
Decibels (dB), 628 
Decompositions, of transfer functions, 193, 445, 446f 
cascade, 134, 451f—452f 
of differential equations, 120-121 
direct. See Direct decomposition 
parallel, 134, 452, 453f-454f 
Delay time, 321, 322/, 334, 335f—336f, 664 
Demodulator, 265 
Density: 
of incompressible fluid, 50-52 
inertia and, 32 
temperature and pressure and, 52 
units and symbols for, 50-51 
Derivative control, 259, 672. See also PID controllers 
Design aspects of root loci: 
addition of poles to G(s)H(s), root-locus, 553-555, 554f, 557, 558/— 
561f 
addition of zeros to G(s)H(s), root-locus, 555, 556f 
Design problem, 319 
Desired speed, 349 
Diagonal canonical form (DCF), 443—444 
controllability and, 457, 461/, 462 






























































observability and, 461f, 462 
transformation to, 501 
Diagrams. See also Modeling 
block. See Block diagrams 
Bode, 232 
free-body. See Free-body diagrams 
op-amps, 256f 
state. See State diagrams 
state-flow, 217 
sun-seeker control system, 284f 
Differences and sums of signals, 256, 257f 
Differential equations: 
characteristic equations from, 433—434 
decomposition of, 120-121 
dynamic system modeling with, 25 
first-order, 120—121, 155, 415-416 
high-order, state equations and, 429-430 
introduction to, 84 
inverse Laplace transform. See Inverse Laplace transform 
Laplace transform. See Laplace transform 
linear ordinary, 85 
for magnetic-ball suspension system, 147 
MATLAB, 153 
nonlinear, 85 
partial conversion to, 85 
for pendulum, 85 
RC networks, 44—45 
RLC networks, 43—44, 84f 
second-order, 125-126, 417-418 
for second-order prototype systems, 84 
for spring-mass-damper system, 84/f 
state diagrams from, 193, 194f 
steady-state response of, 109 





























for three-reactor tank, 153f 
transfer functions of, 87, 89 
transient response of, 109 
in vector-matrix form, 159, 497 
for vehicle with trailer, 68f, 155, 156f 
Differentiation, 88t 
Digital autopilot, for aircraft attitude control, 147 
Digital control systems, 147 
Dimensionless particles, mechanical systems and, 26 
Dirac delta function, 117 
Direct-current motors. See dc motors 
Direct decomposition, 134-137, 446-447 
accelerometer and, 136—137 
to CCF, 447, 448f 
of input-output transfer function, 136 
to OCF, 448, 449/-451f 
State diagrams and, 507 
Discrete-data control systems, 14f 
Disk memory-storage system, voice-coil motor in, 307, 3087 
Displacement. See also Translational motion 
angular. See Angular displacement 
Sear trains and, 38, 40 
load, 34 
motor, 34 
relative. See Relative displacement 
of spring, 27 
in Spring-mass-damper system, 29f 
symbol for, 26 
in three-spring system, 30f/—31f 
units for, 35t 
Disturbance, 164 
heat loss, 163 
in multi-input systems, 175f—176f 






































noise and, 10, lif 

open loop response to, 278-280, 279f 

speed control of dc motor with, 352, 353f 

steady-state errors in systems with, 351, 352f/-353f 
Disturbance rejection, 663 
Disturbance vector, 419 
Divider, voltage, 46f 
Dominant poles and zeros of transfer functions, 374, 375f—376f 
Dominant roots, 384 
Double-inverted pendulum, 514, 515f 
Double-tank liquid-level system. See T'wo-tank liquid-level system 
Drive-by-wire technology, 3 
Driver assist systems, 3 























Dual-channel incremental encoder: 
one cycle of output signals of, 269f 
signals, in quadrature, 267, 268f 
Dynamic equations, 76f—77f, 418 
Dynamic systems. See also Electrical systems; Fluid systems; Mechanical 
systems; Modeling; Pneumatic systems; Thermal systems 
design of, 253 
modeling of, 25 
State variables for, 123-124 








E 
Earthquake, three-story building and, 30, 31f 
of magnetic-ball-suspension system, 466 
in similarity transformations, 439 
Eigenvectors: 
characteristic equations and, 435—436 
generalized, 436-437 
in similarity transformations, 439 
Electric circuit representation, of potentiometer, 261f 
Electric damping, 276 














Electric friction. See Back emf 
Electric furnace, 518, 519f 
Electric train, in traction system, 313-314 
Electric train control, block diagram of, 216f 
Electrical elements: 
active, 254—259 
passive, 42f 
Electrical networks: 
electrical schematics for, 207f 
fluid system analogies to, 63t, 81f 
mechanical system analogies to, 61, 62f, 63t, 81f 
modeling of, 42—46 
SFGs for, 207f, 219f 
State equations for, 140f, 141, 142f, 206, 207/—208f, 521f 
thermal system analogies to, 63t 
unit-step response for, 206, 208f 
Electrical schematics: 
for electrical network, 207f 
of RC network, 44f—45f 
of RLC network, 43/—44f, 204f 
Electrical systems: 
differential equation modeling of, 25 
dynamic equations of, 76f 
Laplace transform of, 101, 102/—104f 
modeling of, 42-46 
op-amps, 254—259 
properties and units for, 46t¢ 
Electrical time constant, amplifier-motor system and, 379 
Electrochemical system, unit-step response of, 154 
Electromechanical systems, 277. See also Potentiometers 
Electromechanical transducer, 259 
Electromotive force. See Back emf 
Elementary heat transfer properties. See Heat transfer 






































Encirclements, 604, 605/-606f 
Enclosures, 604, 605/-606f 
Encoders. See also Sensors 
in dc motor-gearbox system, 254, 255f 
incremental, 266/—269f 
sensors and, 259 
Energy, units for: 
in electrical systems, 46t 
heat stored, 47, 49t 
in mechanical systems, 35t 
Engine, automobile, idle-speed control system for, 310, 311f 
Engine, turboprop: 
closed-loop transfer function of, 213, 214f 
signals of, coupling between, 222f 
Equations. See also Differential equations 
for acceleration, 26 
for capacitance, 47 
characteristic, 89 
fluid continuity, 50f, 51 
for fluid systems, 50f, 51 
for force. See Force equations 
for inertia, 32 
for motor-load system, 34 
output. See Output equation 
for RC network, 44—45 
for RLC network, 43 
State. See State equations 
State space. See State space equations 
for torque. See Torque equations 
for translational and rotational motion conversion, 34, 36 
for velocity, 28 
voltage. See Voltage equation 
for voltage divider, 46 





























Equations of motion: 
of ball and beam system, 156f 
of quarter car model, 37, 580 
of rotation, 31—33 
of spring-mass-damper system, 28—29 
of three-spring system, 30, 31f 
of train controller, 687 
of vehicle suspension system, 67f 
of vibration absorber, 75f 
Error, quantization, 360f 
Error constants, 354 
Error discriminator, 284, 285f 
Error signal, 163-164, 167 
Error transfer function, 212 
Estimator, 665 
Euler’s formula, 92, 111 
Evans, W. R., 523 
Exhaust-emission-performance standards, 509f, 510, 799f, 800 
External disturbance, 10, lif 
































F 
FBDs. See Free-body diagrams 
Feedback, 8f, 164 
bandwidth and, 11 
frequency responses and, 11 
impedance and, 11 
negative, 9, 168f 
noise and, 10, lif 
overall gain and, 8f, 9 
positive, 168 
stability and, 9f, 10 
State. See State feedback 
transient responses and, 11 
Feedback compensation, 665, 666f 








Feedback control systems. See also Closed-loop control systems 
asymptotic stability and, 248 
block diagram of, 167-169, 168/, 214, 215f, 224f, 254f, 505f, 6537 
conditions for, 167 
configuration of, 8f 
with dc motor, 5047 
elements of, 253, 254f 
linear versus nonlinear, 11—12 
multivariable, 176, 177f 
nonunity. See Nonunity feedback control systems 
with PD controller, 669f 
SFG of, 1797, 180 
State, 454, 455f, 468/—469f, 517/f, 520 
State diagrams of, 507 
steady-state errors of, 397f 
time-invariant versus time-varying, 12 
torque-angle curve of, 360, 361f 
with two feedback loops, 9f 
types of, 11 
unity. See Unity feedback systems 
Feedback controller, minor-loop, 777—781, 778f—780f 
Feedback loops: 
negative, 168f 
positive, 168 
unity, 169 
Feedback-path transfer function matrix, of multivariable feedback control 
system, 414-415 
Feedback transfer function, 168, 21 
Feedforward compensation, 665, 666/, 667 
Feedforward compensators, sun-seeker system and, 765, 766f 
Feedforward controllers, 765, 766f 
Feedforward transfer function, 404 
root loci for, 575 
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Final-value theorem, 88t, 93 
for modified second-order prototype systems, 109 
First-order differential equations, 415-416 
higher-order decomposition to, 120-121 
State equations and, 155 
in vector-matrix form, 155 
First-order linear ordinary differential equation, 85 
Laplace transform of, 101, 102/—104f 
First-order op-amp configurations, 256—257, 258t 
First-order prototype systems: 
Laplace transform of, 101, 102/—104f 
poles of, 323f 
of RC networks, 45 
time constant of, 101, 322—323 
time response of, 103, 322, 323f 
unit-step response of, 103, 104f, 323f 
Fixed axis, 31 
Fixed-configuration design, 665. See also Compensation 
Flight-control system, 306f 
Flow rate: 
of fluid, 50f, 51 
fluid inertance and, 53 
fluid volume, 55t 
heat, 47—49 
mass, 50f, 51, 55-56, 58t 
volumetric fluid, 51, 54, 58t 
Fluid, heat transfer between insulated solid object and, 49f, 50 
Fluid-boundary heat convection, 48f 
Fluid capacitance, 50—53 
Fluid continuity equation, 50f, 51 
Fluid density: 
of compressible fluid, 52 
of incompressible fluid, 50-52 












































Fluid forced through frictionless pipe, 53f 

Fluid inductance, 53/f, 54 

Fluid inertance, 53f, 54 

Fluid power control, 50 

Fluid resistance, 54f, 55t 
one-tank liquid-level system, 54—57, 55f—56f 
two-tank liquid-level system, 57/, 58 

Fluid systems: 
compressible, 52, 53f 
differential equation modeling of, 25 
electrical system analogies to, 63t, 81f 
equations for, 50f, 51 
incompressible. See Incompressible fluid systems 
Laplace transform of, 101, 102/—104f 
spring-loaded piston system, 52, 53f 
vibration in, 78f, 79 

Fluid viscosity, 55t 

Fluid volume flow rate, 55t 

Fly-by-wire control system, 377/—378f 

Force: 





cantilever beam application of, 27f 
of fluid resistance, 54f 
frictional, 28 
Sear trains and, 38 
symbol for, 26 
in viscous damping, 28 
voltage analogy to, 62 
Force-current analogy, 62 
Force equations, 26 
for broom-balancing system, 314f 
for translational motion, 67f, 300, 301f 
Force-mass system, 26f 
Force-spring system, 27f 








Force-voltage analogy, 62 

Forward compensators, sun-seeker system and, 765, 766f 
Forward controllers, 765, 766f 

Forward path, 184 

Forward-path gain, 185 











Bode plots of, in third-order sun-seeker control system, 730f 
breakaway points for, 573 
for feedback control systems, 504, 505f 
sain-phase plot of, 659, 660f 
integral control and, 651 
of liquid-level system, 653 
with PD controllers, 369 
with PI controllers, 373 
poles added to, 362f—363/, 362t, 364, 601/—602f 
root loci for, 573—576 
of second-order aircraft attitude control system, 674 
third-order system with, 6017 
unit-step responses of second-order system with, 600f 
unity feedback systems and, 394—395, 398, 403, 650-651, 653, 65 
98 
zeros added to, 367, 368/, 596-601, 597/—600f 
Forward-path transfer function matrix, of multivariable feedback control 
system, 414-415 
Four-post shaker, 580, 581f 
Free-body diagrams (FBDs): 
of accelerometer, 128f 
of active control of suspension system, 38f 
of ball-suspension system, 315, 316f 
broom-balancing system, 74f, 160f, 314f 
of force-mass system, 26f 
grain scale, 80f 
inverted pendulum on cart, 69f 
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mass-spring-damper system, 201f 
mass-spring-friction system, 197f 
for modeling, 26f 
motor-load system, 202f 
of motor-load system, 33f, 34 
Newton’s law of motion and, 26—27 
of simple pendulum, 59/—61f, 228f 
with spring and damper elements, 29f 
with three springs, 30/—31f 
of torque-spring system, 32f 
of train controller, 68/, 155f 
Frequency: 
gain-crossover, 629 
phase-crossover, 626 
Frequency-domain analysis: 
Bode diagrams for, 586, 587f 
frequency response of closed-loop systems, 587, 588/—589f 
polar plots in, 585, 586/—587f 
sensitivity studies and, 646, 647/-648f 
time-domain analysis compared with, 579 
transfer function and, 580-587, 581f—584f, 582t, 586/—587f 
Frequency-domain design: 
frequency-domain characteristics in, 668 
notch controller and, 762, 763/—764f/, 764t 
PD controllers and, 672, 673, 683, 684/f, 685t 
performance specifications, 663—664 
phase-lag controllers and, 742—743, 742f, 746-749, 748f, 749t 
phase-lead controllers and, 714f, 715, 721-724, 724f, 725f, 725t, 729— 
731, 730f, 731t 
PI controllers and, 693-695, 694f 
pole-zero-cancellation and, 757/f, 758 


second-order aircraft attitude control system, 683, 684f, 685t, 699— 
702, 700f, 702t 



























































with SISO tool, 788, 790f 

third-order aircraft attitude control system: 

PD controller, 686, 688-690, 689f, 690t 

PI controller, 704f, 705-707, 705t, 707f 

PID controller, 710, 711f, 711t 

third-order sun-seeker control system and, 729-731, 730f, 731t 

time-domain design compared with, 664, 668 
Frequency-domain specifications: 

bandwidth, 590, 592, 594/—595f 

cutoff rate, 590 

resonant frequency @ , 590-592, 593/—594f 

resonant peak M , 589-592, 593/f—594f 
Frequency of rotation, 74, 75f 
Frequency response function, polar representation of, 582/—583f 
Frequency responses, 663 

of closed-loop systems, 587, 588/—589f 

feedback and, 11 

step responses and Nyquist plots, correlation among, 625-626, 627f 

of vehicle suspension system, 580-585, 581/—584f, 582t 
Friction: 

Coulomb, 28, 360, 361f 

of gear trains, 38f, 40 

motion and, 28 

Static, 28 

for transnational motion, 28f 

viscous. See Viscous friction 
Functions: 

analytic, 89 

Dirac delta, 117 

error transfer, 212 

G(s). See G(s) function 

jerk, 321 

poles of, 90f, 150 




































































ramp. See Ramp function 
sensitivity. See Sensitivity function 
transfer. See Transfer functions 
zeros of, 907, 91, 150 
Furnace, electric, 518, 519f 
Furnace-control system, 661, 662f 











G 
G(s)H(s), pole-zero configuration of, 562, 564f, 567f 
Gain crossover, 629 
Gain-crossover frequency, 629, 662 
Gain formula, 184 
block diagrams and, 191f, 192 
closed-loop transfer function and, 186 
for mass-spring-friction system, 200 
between output nodes and noninput nodes, 189-190 
for RLC network, 205 
for SFGs, 185-189, 188f 
simplified, 190-192, 191f 
Gain margin (GM), 663-664 
on Bode plot, 632/, 633 
definition of, 626, 628f 
of nonminimum-phase systems, 628-629 
physical significance of, 628 
problems for, 658, 661-662 
Gain-phase characteristics: 
of feedback control system, 589f 
of ideal low-pass filter, 5887 
Gain-phase plots: 
of aircraft position-control system, 644, 645f 
of forward-path transfer function, 659, 660f 
of L(s), 639f 
problems for, 661 
























































Gains, 169 
Gas exchange, 816, 817f 
Gear ratio: 
of gear trains, 39 
of LEGO MINDSTORMS NXT motor, 290t 
Gear trains, 38-41 
of LEGO MINDSTORMS NXT motor, 289f, 290 
motor-load system and, 71, 72f, 303f 
torque and, 71f 
torque equations for, 302, 303f 
Gearbox system, 254, 255f 
Generalized eigenvectors, 436-437 
GM. See Gain margin 
Grain scale, 80f 
Ground, virtual, 254 
G(s) function: 
analytic function of, 89 
complex conjugate poles and zeros of, 91, 927 
with multiple-order poles, 96—99 
partial-fraction expansion of, 94 
poles of, 90f 
root loci of, 638f 
with simple complex-conjugate poles, 99-100 
with simple poles, 94—96 
zeros of, 90f, 91 
G(s)H(s): 
addition of poles to, 553-555, 554f, 557, 558f—561f 
addition of zeros to, 555, 556f 
angles of arrival of, 534-538, 536/—537f 
at breakaway point, 541/—542f 
angles of departure of, 534-538, 536/—-537f 
at breakaway point, 541/—542f 
K = 0 points on root loci of, 528-529, 546 


















































K = +00 points on root loci of, 528-529, 546 
Nyquist criterion and, 610/, 611 
pole-zero configuration of, 529-531, 533, 534f, 577f 
real axis of, 534-535 
symmetry of root loci at, 529, 530f—531f 
variation of zero of, 566, 567/—568f 
Guided missile, 157 
attitude control of, 73f, 74, 306f, 402f 
































H 


Heat convection, 48f 
Heat exchanger system, 78f 
Heat flow rate, 47—49 
Heat loss, 163 
Heat radiation system, with directly opposite ideal radiators, 49f 
Heat stored, 47 
Heat transfer: 
Capacitance, 47 
conduction, 47, 48f 
convection, 48f 
between fluid and insulated solid object, 49f, 50 
Laplace transform of, 102f—104f 
radiation, 48, 49f 
Heating system, 163, 164/ 
High-order differential equations, state equations relationship with, 429-430 
High-pass filter characteristics, of PD controllers, 672, 673f 
Homogeneous solution, of modified second-order prototype systems, 109 
Horsepower (hp), 277 
Hot oil forging, 77f 
hp. See Horsepower 
Hurwitz determinants, 233 
Hybrid powertrains, 3—4 
Hydraulic generator system, 79f 














I 
Ideal low-pass filter, 588f 
Ideal op-amp, 254—255, 256f 
Ideal radiators, heat radiation system and, 49f 
Idealized models, linear feedback control systems as, 11-12 
Idle-speed control system, 310, 311f, 507, 508f 
automobile, 4, 5f 
block diagram, 5f 
closed-loop, 7/—8f 
open-loop, 7f-8f 
Imaginary axis, intersection of root loci with, 537f, 538, 545t, 548-549 
Imbalance, rotating, 74, 75f 
Impedance: 
feedback and, 11 
in ideal op-amp, 254, 256 
Impulse response, 116f 
MATLAB, 118 
of second-order prototype system, 117, 1187 
of single-input, single-output system, 119 
time response with, 118-119 
Inaccuracy, backlash and, 41 
Incompressible fluid systems: 
capacitance of, 50-53 
conservation of mass for, 50f, 51 
conservation of volume for, 51 
electrical system analogies to, 63t 
inductance of, 53f, 54 
modeling of, 50 
one-tank liquid-level system, 51f, 52, 54-57, 55f-56f 
resistance of, 54f 
two-tank liquid-level system, 57/, 58 
Incremental encoders. See also Encoders 
dual-channel, 266, 267/—268f 


























linear, 266, 267 
rotary, 266f, 267 
single-channel, 267, 268f 
Inductance: 
of incompressible fluid, 53f, 54 
of LEGO MINDSTORMS NXT motor, 17, 19t, 290-291, 292f, 492t 
mass analogy to, 62 
open loop response to, 278-280, 279f 
in RC network, 44/—45f 
in RLC network, 43f—44f 
units and notation for, 46t 
Inductors, 42f 
in electric network, 140f 
in RLC networks, 43/-44f, 138 
Inertia: 
backlash and, 41f 
equation for, 32 
of gear trains, 38f—39f, 40 
load. See Load inertia 
moment of, 19t, 298f, 299 
motor, 34 
in rotational motion, 31, 32f 
symbol for, 31, 35t 
in translational and rotational motion conversion, 34, 36 
units for, 35t 
Inertia-to-friction ratio, 41 
Initial states, 416 
Initial-value theorem, 88t 
Input node, 182-183 
Input-output transfer function, 136, 460, 506f 
Input vector, 419 
Inputs, 2 
of accelerometer, 127 
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backlash and, 41f 
in block diagram, 163-164 
of electrical networks, 43 
of impulse response, 118-119 
of linear time-invariant system, 116f, 117 
in multivariable system, 130 
of rotational system, 33 
of single-input, single-output system, 119 
transfer function of, 87, 89 
of translational system, 28 
Insignificant poles, steady-state response, 377 
Instability: 
backlash and, 41 
in guided missile, 306f 
Insulated solid object, heat transfer between fluid and, 49f, 50 
Integral controllers, 259. See also PID controllers 
dc-motor control system with, 478-479, 480/—481f 
forward-path transfer function and, 651 
state feedback with, 475-481, 475f 
sun-seeker system and, 476-478, 477f 
Integration, S8t 
Integration operation, state diagrams and, 192 
Integrator, 230 
Intelligent systems: 
in automobiles, 3-4 
LEGO MINDSTORMS NXT motor, 15f—22/, 19t 
Internal friction, 28 
Intersect of asymptotes, 532f, 533, 534f, 535f, 545t, 546 
Intersection, of root loci with imaginary axis, 537f, 538, 545t, 548-549 
Invariance properties, of similarity transformations, 439 
Invariant theorems, on controllability/observability, 462-464 
Inventory-control system, 251, 802f, 804-805 
Inverse Laplace transform: 



























































in direct decomposition, 134 

of first-order prototype systems, 103 

integral, 93 

MATLAB, 96, 98-100, 106, 108, 152 

of multiple-order poles, 96—99 

by partial-fraction expansion, 94—100 

problems for, 152 

of second-order prototype systems: 

critically damped, 106 

modified, 109 

overdamped, 108, 129-130 

underdamped, 111-112 

of simple complex-conjugate poles, 99-100 

of simple poles, 94—96 

of state equation, 129 

of unit impulse, 117 
Inverted pendulum, on cart, 697, 410, 519, 520f, 807f 
Inverting op-amp configuration, 257, 258 
Inverting op-amp transfer functions, 257, 258t 
Iron-core PM dc motors, 270, 271f 









































J 

JCF. See Jordan canonical form 

Jerk function, 321 

Jordan blocks, 445 

Jordan canonical form (JCF), 444—445 
controllability and, 457 
transformation to, 501 

Junction points. See Nodes 





K 
K = 0 points, on root loci, 528-529, 545t, 546 
K = +00 points, on root loci, 528-529, 545t, 546 
K values on root loci, calculation of, 544 




















Kalman, E., 454 
Kirchoft’s laws: 
for dynamic system modeling, 25 


for electrical network modeling, 42 





L 

Laminar resistance, 54, 55t 

Laplace operator, 86 

Laplace transform: 
in block diagrams, 164 
definition of, 86 
for direct decomposition, 136—137 
final-value theorem, 88t, 93 
inverse. See Inverse Laplace transform 
of linear ordinary differential equations, 86, 100-101 
first-order, 101, 102/—104f 
second-order, 104, 105/—115/, 116t 
of linear time-invariant system, 128-129 
MATLAB, 87, 153 
of modified second-order prototype systems, 109 
of multivariable systems, 130, 132 
one-sided, 86—87 
poles of function, 90f 
problems for, 150f—151f, 153 
of state-transition equation, 423-424 
steady-state response and, 109 
theorems of, 87, 88t 
transfer function of, 87, 89. See also Transfer function 
transient response and, 109 
of unit impulse, 117 
zeros of function, 90f, 91 

Laplace transform table, 94 

Large space telescope (LST), 515, 516f 

Laser printers, 277 


























Law of conservation of mass. See Conservation of mass 
Lead-lag controller, 751—753, 752f, 752t, 800 
Lead screw, 36f 
LEGO MINDSTORMS NXT motor, 64, 65f 
armature inductance of, 17, 19t, 290-291, 292f, 492t 
armature resistance of, 17, 19t, 290, 291t, 492t 
back-emf constant of, 18, 19t, 294f—295f, 492t 
controllability of, 493, 495 
electrical characteristics of, 290 
sear train of, 289f, 290t 
intelligent vehicle obstacle avoidance, 15f—22/, 19t 
internals of, 289f 
mechanical characteristics of, 291 
mechanical time constant of, 298, 492t 
model verification of, 299f, 299t, 300 
moment of inertia of, 19t, 298f, 299, 492t 
motor torque constant of, 18, 19t, 291-292, 293f-294f, 293t, 492t 
no-load position response of, 387, 388f, 388t 
observability of, 493, 495-496 
PD controller for, 818 
PI controller for, 818 
PID controller for, 818 
proportional control of, 489-494, 492t, 494f 
robotic arm position control of, 489-496, 492t, 494f 
robotic arm position response of, 387, 389f—391f, 389t, 392t 
sensor gain of, 492t 
speed response of, 299f, 299t, 300 
unit-step responses of, 494f 
viscous-friction coefficient of, 18, 19t, 295-296, 297f, 492t 
LEGO MINDSTORMS robotic arm, PD controller for, 494—496 
LEGOLab, 318 
Lever, gear train and, 38 
Lever arm (ball and beam system), 69, 70f 

























































































Light sensor, 15, 167 
Light source, in rotary incremental encoders, 267 
Linear control systems: 
block diagram of, 168/, 399/—400f 
characteristic equation of, 89, 228 
as idealized models, 11—12 
Laplace transform for, 86 
nonlinear control systems versus, 11—12 
Nyquist stability criterion for, 652-653 
observability of, 454-455, 458-460 
root loci for, 572 
rotary-to-linear motion control systems, 34, 36f 
stability of, 227 
steady-state value of, 397f 
transfer function of, 512 
Linear homogeneous state equation: 
solution of, 128-129 
transfer function, 130—131 
Linear incremental encoder, 266, 267f 
Linear models: 
of control systems, 25, 253 
of friction, 28 
of springs, 27 
Linear motion potentiometer, 259, 261f 
Linear ordinary differential equations: 
first-order, 85 
Laplace transform of, 101, 102/—104f 
Laplace transform and, 86, 100-101 
second-order, 85 
impulse response, 117 
Laplace transform of, 104, 105/—115/, 116t 
Linear spring, 27f 
Linear time-invariant system, 116/, 117 


















































Laplace transform of, 128-129 
multivariable, 217 
stability of, 230 
State equations for, 160, 498-499 
State space representation of, 146-147 
transfer functions for, 151 
vector-matrix form for, 159, 497 

Linear velocity, 26 

Linearization of nonlinear control systems: 
for ball-suspension system, 518 
for magnetic-ball suspension control system, 161, 162/, 315f 
for magnetic-ball-suspension system, 465 
simple pendulum, 59/—61f 
State space approach to, 144-148 
Taylor series for, 58—59 

Liquid-level system: 
controllability of, 512-514, 513f 
forward-path transfer function of, 653 
one-tank. See One-tank liquid-level system 
PD controller for, 407f, 408, 796f 
phase-lag controller for, 808 
root loci for, 575 
two-tank. See Two-tank liquid-level system 
unit-step response of, 402, 403f 

Load displacement, 34 

Load inertia, 34 
armature-controlled dc motor and, 278f, 281f 
variable, position-control system and, 775, 776f, 777t 

Load torque, 4, 5f 

Load velocity, 34 

Loop gain, 185f 

Loop method, 42 

Loop transfer function, 168, 212 

































































angles of arrival of root loci for, 571 
angles of departure of root loci for, 571 
asymptotic stability and, 248 
for chemical solution concentration controller, 655f 
Nyquist plots and, 651-652 
root contours of, 564/—565f 
Loops, 184, 185f 
feedback. See Feedback loops 
nontouching, 185 
phase-locked, 312f 
Low-pass filter, ideal, 5887 
Low-time-constant properties, 269 
L(s) plot: 
Bode plot and, 633f, 634, 637f 
sain-phase plot and, 639f 
Nyquist criterion and, 610/, 611 
Nyquist plot and, 621f, 637f 
poles added to, 621, 622/-624f 
zeros added to, 624, 625f 
LST. See Large space telescope 
Lubricated surface, modeling of, 29f 









































M 

Magnetic-ball suspension control system: 
linearized state equations for, 161, 162f, 315f 
State space representation of, 147/, 148 

Magnetic-ball-suspension system, 464 
characteristic equations of, 466-467 
linearization of, 465 
state feedback and, 471, 472/f—473f 

Magnetic brake, 324f—325f 


Magnification versus normalized frequency, of prototype second-order 
system, 593f 
Magnitude-phase plane, constant-M loci in, 639-644, 641/-644f 



































Magnitude-phase plots: 
of aircraft position-control system, 644, 645f 
stability analysis with, 638, 639f 
for vehicle suspension, 584f 
Manipulation rules and algebra, for SFGs, 180/—182f 
Marginally stable or unstable, 230t, 231 
Mason, S. J., 178 
Mass: 








inductance analogy to, 62 

law of conservation of, 50f, 51 

units and symbols for, 26, 35t 
Mass flow rate, 50f, 51, 55-56, 58t 
Mass-spring-damper system. See Spring-mass-damper system 
Mass-spring-friction system: 

block diagrams, 198f—199f 

FBD of, 197f 

SFG of, 199f 

State variables for, 505 

unit-step response of, 200f 
Mass-spring system. See Spring-mass system 
Mathematical equations, block diagrams and, 169-172 
MATLAB: 

block diagrams and, 209-211 

Bode plots, 587 

for closed-loop feedback function, 211 

for closed-loop transfer function, 214 

development and availability of, 664 

differential equations, 153 

impulse response, 118 

intelligent vehicle obstacle avoidance, 15f—22/, 19t 

inverse Laplace transform, 96, 98-100, 103, 106, 108, 152 

Laplace transform, 87, 153 

partial-fraction expansion, 95—96, 98, 100, 152 






































polar plots, 587 

poles and, 150 

position response, 342—343 

rise time and, 341 

root-contour method, 785, 786f 

root contours, 720 

root-locus design tool, 782 

settling time and, 341 

SISO tool, 781-793 

speed response, 326, 345 

Stability tools, 239-246 

State-Space Analysis Tool, 482/, 483, 484/-485f 

step response, 154, 156, 158, 205—206, 208, 363—364, 368, 371, 374, 
719 

symbolic tool, 87, 95-96, 98-100, 103, 108, 481, 48 

tical, 481 

tfrouth stability tool, 239-246 

tfsym tool, 485, 489f, 490f, 4917, 497 
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vector-matrix form, 159 
zero-pole-gain models, 91 
zeros and, 150 
Matrices. See also Vector-matrix form 
controllability, 440-441 
feedback-path transfer function matrix, 414—415 
forward-path transfer function matrix, 414-415 
observability, 459 
State-transition matrix. See State-transition matrix 
transfer-function matrix. See Transfer-function matrix 
vector-matrix representation of state equations, 418—420 
Maximum overshoot, 321, 322f, 332, 333/—334f, 364-365, 663-664 
Mechanical systems: 
conversion between translational and rotational motions in, 34, 36—38 











differential equation modeling of, 25 
electrical system analogies to, 61, 62/, 81f 
gear trains, 386-41 
Laplace transform of, 101, 102/—104f 
LEGO MINDSTORMS NXT motor and, 64, 65f 
modeling of, 26—41 
Newton’s second law of motion and, 26 
particle dynamics and, 26 
rotational motion in, 31—34 
translational motion in, 26—31 
Mechanical time constant: 
of LEGO MINDSTORMS NXT motor, 298, 492t 
motor-load system and, 379 
Microradians, 343 
Minimal set, of variables, 416 
Minimum-phase transfer functions, Nyquist criterion for, 612-613, 616/—621f 
Minor-loop feedback controller: 
with active filter, 778-781, 779/—780f 
rate feedback and, 777, 778f 
sun-seeker system and, 779/—780f, 781 
tachometer-feedback control and, 777, 778f 
Modeling. See also Block diagrams 
of actuators, 277 
of dynamic systems, 25 
of electrical elements, 254—259 
of electrical systems, 42—46 
of fluid systems, 50-58 
linear, 25, 253 
of mechanical systems, 26—41 
of PM dc motors, 273f—276f 
of tachometers, 266 
of thermal systems, 47—50 
of typical elements of block diagrams, 164—165, 165f 
































Modified second-order prototype systems, 108-109 
Modulated signal, 262 
Modulator, 265 
Moment of inertia, of LEGO MINDSTORMS NXT motor, 19t, 298f, 299, 
492t 
Morning sickness, 10 
Motion. See also Newton’s second law of motion 
friction and, 28 
rotational, 31—34 
translational, 26—31 
Motion equations. See also Equations of motion 
for acceleration, 28 
of aircraft, 70f 
of dc motor, 405—406 
for force, 26 
of vehicle suspension system, 154f 
Motor-control system: 
block diagram of, 812/—813f 
dynamics of, 503 
open-loop, 302f 
with tachometer feedback, 250f 
torque-angle curve of, 360, 361f 
Motor displacement, 34 
Motor electric-time constant, 279 
Motor inertia, 34 
Motor-load system, 33f, 34, 39, 157f, 202/—203f 
sear train and, 71, 72f, 303f 
mechanical time constant and, 379 
schematic diagram of, 304, 305f 
torque equations for, 73f 
Motor mechanical time constant, 279, 324 
Motor-speed control, phase-locked loops for, 312f 
Motor speed-torque curve, of LEGO MINDSTORMS NXT motor, 297f 



































Motor torque, 34, 38 
Motor torque constant, of LEGO MINDSTORMS NXT motor, 18, 19t, 291— 
292, 293f—294f, 293t, 492t 
Motor velocity, 34 
Motor viscous-friction coefficient, 34 
Motors: 
ac, 14, 262, 2647, 269 
dc. See dc motors 
servomotors. See Servomotors 
tachometer and inertial load coupled to, 305f 
Moving-coil PM dc motors, 271, 272f 
M. See Resonant peak 
Multi-input systems with disturbance, block diagram of, 175f—176f 
Multiple-order poles, partial-fraction expansion of, 96—99 
Multiplication by a constant, 88t 
Multistage phase-lead controller, 733 
Multivariable feedback control system: 
block diagram of, 413/-414f 
feedback-path transfer function matrix of, 414-415 
forward-path transfer function matrix of, 414-415 
Multivariable systems, 4 
block diagrams of, 176-178, 177/, 413f—414f, 415 
Laplace transform for, 130, 132 
linear time-invariant, 217 
transfer-function matrix for, 131—132 
transfer functions of, 130-131, 176-178, 177f, 412-413 





























N 
Natural frequency: 
constant loci of, 330, 331f 
of electrical networks, 43 
of mass-spring system, 66f 
of quarter car model, 37 
of rotational system, 33 


of second-order prototype system, 104, 113, 327f-331f, 328t 
of translational system, 28 
of vehicle suspension system, 67/f, 154f 
NC machines. See Numerical control machines 
Negative damping, 331 
of second-order prototype systems, 113, 114/—115f, 116¢t 
Negative feedback, 9 
Negative feedback loop, 168f 
Newton’s second law of motion: 
for dynamic system modeling, 25 
fluid inertance and, 53 
linear spring and, 27f 
mechanical motion and, 26 
for rotational motion, 31 
in three-spring system, 30 
for two-degree of freedom system, 29 
Nichols chart, 639-643, 641/-643/f 
of aircraft position-control system, 644, 645f 
nonunity feedback control systems and, 644-646 
problems for, 656, 660 
Node method, 42-43 
Nodes, 178 
input, 182—183 
output, 183, 1847, 189-190 
Noise, feedback and, 10, 11f 
Nonfeedback systems. See Open-loop control systems 
Noninput nodes and output nodes, gain formula between, 189-190 
Nonlinear control systems, 85 
block diagrams for, 164 
linear control systems versus, 11—12. See also Linear control systems 
simple pendulum, 59/—61f 
Taylor series for linearization of, 58—59 
vector-matrix form for, 144-145 















































Nonlinear differential equations, 85 
Nonlinear system elements, steady-state error and, 359f—361f 
Nonminimum-phase systems, GM of, 628-629 
Nontouching loops, 185 
Nonunity feedback control systems: 
Nichols chart applied to, 644-646 
steady-state errors and, 344f, 346-349 
unity feedback system equivalent of, 345f 
Normalized frequency: 
damping ratio versus, of prototype second-order system, 594f 
magnification versus, of prototype second-order system, 593f 
Notation. See Units and symbols 
Notch controllers. See also Speed-control system 
frequency-domain design and, 762, 763f—764f, 764t 
pole-zero-cancellation design with, 759—760 
problems for, 812 
Notch filters, 753—764 
Number of branches, on root loci, 529, 546 
Numerical control (NC) machines, 277 
NXT motor. See LEGO MINDSTORMS NXT motor 
Nyquist path, 610f, 611 
problems for, 658 
Nyquist plots: 
advantages of, 631 
disadvantage of, 631 
gain crossover on, 629 
loop transfer function and, 651-652 
L(s) plot and, 621/—625f/, 637f 
phase crossover on, 628 
problems for, 655f 
root loci and, 613-616, 614/—615f 
step responses and frequency responses, correlation among, 625-626, 
627f 












































Nyquist stability criterion: 
closed-loop transfer function and, 232 
critical point and, 608, 609f, 611 
fundamentals of, 603 
generalized, 613 
G(s)H(s) plot and, 610f, 611 
for linear control system, 652—653 
L(s) plot and, 610f, 611 
minimum-phase transfer functions and, 612-613, 616f—621f 
origination of, 605 
principles of argument, 605-610, 
problems for, 655f 
root-locus technique compared with, 603, 613-616, 614/-615/f 
Stability problem and, 603-604 





























O6f, 





O8f-609f, 6108 

















O 

Objectives, 1-2 

Observability: 
of broom-balancing system, 514 
of closed-loop control systems, 463 
controllability and, 454, 455f, 461-463, 462f 
definition of, 458, 459f 
input-output function and, 460 
invariant theorems on, 462—464 
of LEGO MINDSTORMS NXT motor, 493, 495—496 
of magnetic-ball-suspension system, 467 
outputs and, 458, 459f 
problems for, 502—503, 511, 
similarity transformations Ag og 
State-Space Analysis Tool for, 483, 488f 
testing methods for, 459—460 
transfer functions relationship to, 461-463, 4627 

Observability canonical form (OCF): 
direct decomposition to, 448, 449f—451f 
































of LEGO MINDSTORMS NXT motor, 493-494, 496 
of similarity transformations, 441—442, 459 
transformation to, 501 
Observability matrix, 459 
Observer, 665 
Obstacle avoidance, intelligent vehicle, LEGO MINDSTORMS NXT motor, 
15f-22f, 19¢t 
OCF. See Observability canonical form 
Ohm’s law, 42 
Oil well system, 79f 
One degree of freedom (1-DOF) system: 
mechanical arm, 64, 65f 
quarter-car model, 36, 37f—38f, 72, 73f, 287f, 580, 581f 
One-sided Laplace transform, 86—87 
One-tank liquid-level system: 
fluid capacitance and, 51f, 52 
fluid resistance and, 54—57, 55f—56f 
Laplace transform of, 101, 102/—104f 
op-amps. See Operational amplifiers 
Open-loop base excitation, in quarter-car model, 287 
Open-loop control systems, 6f, 7, 8/, 169 
Open-loop idle-speed control system, 7/f—8f 
Open-loop motor control system, 302f 
Open-loop response, disturbance and inductance, 278, 279f, 280 
Open-loop stability, 604 
Open-loop transfer function: 
angles of arrival of root loci for, 571 
angles of departure of root loci for, 571 
stability of, 654-655 
Open-top cylindrical container, fluid flow into, 517 
Operational amplifiers (op-amps): 
configuration, inverting, 257, 258f 
first-order, 256—257, 258t 















































ideal, 254-255, 256f 
input-output relationship for, 256 
issues with, 254 

PD controller and, 670f 
phase-lead controller and, 721 

PI controller and, 691, 692f 








CO 


realization, of transfer function, 257, 25 
schematic diagram of, 256f 
sums and differences of signals and, 256, 257f 
transfer functions, inverting, 257, 258t 
uses for, 254 
Optical encoder, LEGO MINDSTORMS NXT motor and, 64, 65f 
Oscillations, backlash and, 41 
Output equations, 124—125, 417-418 
for accelerometer, 126-127, 128f 
for second-order differential equations, 125-126 
state diagrams from, 195, 196/—197f 
of train controller, 155f 
in vector-matrix form, 126—128 
Output nodes, 183, 184f 
gain formula between noninput nodes and, 189-190 
Output sensor, 167 
Output vector, 419, 424 
Outputs, 2 
of accelerometer, 126—127 
backlash and, 41f 
in block diagram, 163-164 
of electrical networks, 43 
of impulse response, 118-119 
of linear time-invariant system, 116f, 117 
in multivariable system, 130 
observability and, 458, 459f 
of rotational system, 33 
of single-input, single-output system, 119 
State variables compared with, 417 
transfer function of, 87, 89 
of translational system, 28 
Overall gain, feedback and, 8f, 9 
Overdamped, second-order prototype systems, 106-109, 107 






























































inverse Laplace transform of, 129-130 
Overshoot, 406, 794. See also Maximum overshoot 


P 


Pade approximation, 661, 662f 
Parabolic-function input, 320f 

steady-state error with, 356, 357f, 358t, 395, 396f 
Parallel decomposition, 134, 452, 453/—454f, 507 
Parameter variations, sensitivity to, 663 
Partial differential equations, conversion of, 85 
Partial-fraction expansion: 

of first-order prototype systems, 103 

inverse Laplace transform by, 94—100 

MATLAB, 95—96, 98, 100, 152 

of multiple-order poles, 96—99 

problems for, 152 

of second-order prototype systems: 

critically damped, 105/, 106 

overdamped, 107—108 

underdamped, 111 

of simple complex-conjugate poles, 99-100 

of simple poles, 94—96 
Particle dynamics, mechanical systems and, 26 
Particular solution, of modified second-order prototype systems, 109 
Passive electrical elements, modeling of, 42f 
Path gain, 184 
Paths, 184f 
Payload, of space-shuttle-pointing control system, 25 
PD (proportional-derivative) controllers: 

as anticipatory control, 672 

block diagram of, 369f 

Bode plot and, 673f 

design principle of, 673 

design with, 668, 669/—670/, 795f 















































, 251f 





disadvantage of, 673 
feedback control system with, 669f 
frequency-domain interpretation of, 672, 673/, 68 
high-pass filter characteristics of, 672, 673f 
for LEGO MINDSTORMS NXT motor, 818 
for LEGO MINDSTORMS robotic arm, 494—496 
for liquid-level system, 407f, 408, 796f 
Op-amp circuit realization of, 670f 
phase margin and, 796 
problems for, 802, 803-804 
ramp-error constant in, 407f 
second-order aircraft attitude control system and, 674-683, 676/— 
678f, 678t, 795 
with SISO tool, 785, 786/—787f 
for spring-mass system, 409f 
summary effects of, 674 
third-order aircraft attitude control system and, 685-690, 685t, 687/— 
6897, 688t, 690t 
time-domain interpretation of, 670, 671/, 672, 674-683, 676/—678/, 
678t 
root contours for, 679/—683/, 681t 
for vehicle suspension system, 409 
zero addition with, 369f, 370t, 371f 
Pendulum: 
differential equations for, 85 
double-inverted, 514, 515f 
inverted, on cart, 69f, 410, 519, 520f, 8077 
simple. See Simple pendulum 
with spring, 68f 
State space representation of, 145-146 
Performance, 318—319, 330 
Performance criteria, 319 
transient responses, 339f, 340 
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Permanent-magnet dc-motor-control system, with viscous-inertia damper, 
o10f, 511 
Permanent-magnet (PM) dc motors: 
brushless, 272, 273f 
classifications of, 270 
iron-core, 270, 271f 
modeling of, 273/—276f 
moving-coil, 271, 272f 
surface-wound, 271f 
Permanent-magnet technology, 269 
Phase crossover, 626 
Phase-crossover frequency, 626, 662 
Phase-lag controller, 712 
Bode diagram of, 742f 
compensated system, 741f, 748f 
design strategies for, 739, 740f 
frequency-domain design of, 742-743, 742f, 746-749, 748f, 749t 
for liquid-level system, 808 
pole-zero configuration of, 738f 
problems for, 809, 816 
speed-control system and, 760—761 
sun-seeker system and, 744—749 
third-order sun-seeker system and, 749, 750f—751f 
time-domain design of, 738/—741f, 744/—745f, 746t, 747f 
uncompensated system, 741f, 748f 
Phase-lead controller, 711—738 
Bode plot of, 7147 
effects of, 732 
frequency-domain design of, 714f, 715 
729-731, 730f, 731t 
limitations of, 732 
multistage, 733 
Op-amp-circuit realization of, 721 
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pole-zero configuration of, 713f 
problems for, 804-806, 808-810, 815-816 
single-stage, 732 
with SISO tool, 792/—793f 
sun-seeker control system and, 716—724 
third-order sun-seeker control system and, 726—731 
time-domain design of, 713f, 716-721, 717f—719f, 721t, 726-728, 
727f—728f, 728t 
two-stage, 733-736, 733f, 735f, 736t, 737f 
Phase-locked loops, 312f 
Phase margin (PM), 629/-631f, 663-664 
on Bode plot, 632/, 633 
definition of, 629 
PD controller and, 796 
problems for, 658, 661-662 
Phase-variable canonical form (PVCF), 429 
Physically realizable system, 86 
PI (proportional-integral) controllers: 
advantages and disadvantages of, 695 
bandwidth and, 798 
block diagram of, 372f 
Bode diagram of, 6947 
design with, 691/—692f 
for electric furnace, 518, 519f 
frequency-domain design of, 693-695, 694f, 699-702, 700f, 702t 
for LEGO MINDSTORMS NXT motor, 818 
Op-amp circuit realization of, 691, 692f 
pole addition with, 372/—-374f 
pole-zero configuration of, 693f 
problems for, 799-800, 804, 811f, 817f 
prototype second-order system with, 691/—692/ 
ramp-error constant in, 408f, 797 
for robotic arm, 798 





































































































second-order attitude control system and, 696-698, 697/, 698t, 699f 


speed-control system and, 761—762 
for spring-mass system, 409f 


third-order attitude-control system and, 702—707, 703/—704f, 705t— 


706t 


time-domain design of, 693f, 696-698, 








703f, ZO5t 
for vehicle suspension system, 409 
zero addition with, 372/—374f 





O7f, 





98t, 
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99 





PID (proportional, integral, derivative) controllers, 257, 669 
attitude-control system of aircraft and, 800f 


for dc motor, 8037 

design with, 707—708 
function of, 361 
implementation of, 259, 260f 














for LEGO MINDSTORMS NXT motor, 818 








f, 


02-703, 





problems for, 798, 799f, 800, 801f-802f, 803-804, 806, 807f, 809f 


for spring-mass system, 409f 
state feedback of, 468/—469f 








third-order attitude-control system and, 708, 709t, 710f—711f, 711t 


unit-step response of, 408f 
for vehicle suspension system, 409 
Pinion, rack and, 36f 
Pipe: 
fluid resistor and, 54f 
frictionless, fluid forced through, 53f 
Piston system, spring-loaded, 52, 53f 
Pitch controller system, for aircraft, 6627 
Plant, 166 
PM. See Phase margin 
Pneumatic systems. See also Fluid systems 
differential equation modeling of, 25 
Polar form, of poles, 92 














Polar representation: 
of frequency response function, 582/—583f 
properties of, 585, 586/—587f 
pole, 91, 210 
Pole placement, 469 
Pole-placement design, 455 
through state feedback, 469-471, 472/—474f 
Pole-zero cancellation, 460 
Pole-zero-cancellation design: 
exact cancellation, 753 
frequency-domain design and, 757f, 758 
inexact cancellations, 754f—755f 
with notch controller, 759—760 
second-order active filter, 756f, 757 
Speed-control system and, 759-760 
Pole-zero configuration: 
breakaway points, 572 
of G.(s)H,(s), 562, 564f, 567f 
of G(s)H(s), 529-531, 533, 534f, 577f 
of phase-lag controller, 738f 
of phase-lead controller, 713f 
of PI controller, 693f 
root loci for, 571f 
































Poles: 
added to L(s) plot, 621, 622/—624f 
angles of arrival of, 534-538, 536/—537f 
at breakaway point, 541/—542f 
angles of departure of, 534-538, 536/—537f 
at breakaway point, 541/—542f 
of closed-loop control system, 362f, 362t, 363f, 365t, 396f 
closed-loop transfer function and addition of, 364, 365f, 365t, 405f 
complex conjugate, 91, 92f/, 99-100, 110, 394 
dominant, of transfer functions, 374, 375f—376f 
































final-value theorem and, 93 

of first-order prototype systems, 103/, 323f 

forward path transfer function and addition of, 362/—363f, 362t, 364, 

601/—602f 

of function, 90f 

G(s)H(s) addition of, 553-555, 554f, 557, 558/-561f 

insignificant, steady-state response, 377 

K = 0 points on root loci at, 528-529 

MATLAB and, 91, 150 

multiple-order, 96—99 

PI controllers and addition of, 372/—374f 

of polynomial, 234 

problems for, 150 

of second-order prototype systems, 104, 113, 114/-115f 

critically damped, 105, 106 

overdamped, 107f 

underdamped, 110f 

simple, 90, 94-96 

simple complex-conjugate, 91-92, 99-100 

of simple pendulum, 229-230 
Position control: 

of armature-controlled dc motor, 282/, 283 

closed-loop, 287, 288f 

of dc motors, 340/—341f, 342t 

of LEGO MINDSTORMS robotic arm, 489-496, 492t, 494f 
Position-control system, of aircraft. See also Attitude-control system 

Bode diagrams of, 643, 644f 

closed-loop frequency response of, 644, 646f 

gain-phase plots of, 644, 645f 

Nichols chart of, 644, 645f 

steady-state response and, 383 

time domain analysis of, 377-380 

unit-step response and, 380, 381f—382f, 383t 







































































Position-control systems: 
block diagram of, 17f, 214f, 815f 
dc-motor, 262, 263f, 308, 309f 
of electronic word processor, 2147 
robust controllers for, 775, 776f, 777t 
with tachometer feedback, 265f, 266 
Position indicator, potentiometer as, 261/, 262 
Position response: 
of dc motor, 341f, 342t 
of LEGO MINDSTORMS NXT motor: 
no-load, 387, 388f, 388t 
robotic arm, 387, 389f—391/, 389t, 392t 
MATLAB, 342-343 
Positive damping, 331 
Positive feedback, 168 
Potentiometers, 254. See also Sensors 
ac control system with, 262, 264f 
block diagram representation of, 262f 
dc-motor position-control system with, 262, 263f 
electric circuit representation of, 261f 
linear motion, 259, 261f 
as position indicator, 261f, 262 
rotary, 259, 260f 
Power, units for: 
in electrical systems, 46t 
in mechanical systems, 35t 
Power supply, within enclosure, 78f 
Power transfer, gear trains for, 38 
Powertrains, hybrid, 3—4 
Preload tension, on spring, 27 
Pressure: 
fluid density and, 52 
fluid resistance and, 54f 















































of incompressible fluid, 50-51 
turbulent resistance and, 54 
units and symbols for, 58t 
Pressure drop, 55t 
Principles of argument: 
determination of, 607, 608f 
equation form of, 607 
Nyquist criterion and, 605-610, 6067, 609f 
Statement of, 607 
summary of outcomes of, 610t 
Printers, laser, 277 
Printwheels: 
belt and pulley system, 72f, 156, 3047 
control system, 72f, 304f 
dc-motor control system for, 307f, 401-402 
incremental encoder and, 268, 269f 
robust controllers for, 775, 776f, 777t 
Proportional control, 361, 668 
of LEGO MINDSTORMS robotic arm, 489-494, 492t, 494f 
with SISO tool, 781, 782/—783f 
Proportional-derivative controllers. See PD controllers 
Proportional-derivative-integral controllers. See PID controllers 
Proportional gain, 259 
Proportional-integral controllers. See PI controllers 
Prototype first-order systems. See First-order prototype systems 
Prototype second-order systems. See Second-order prototype systems 
Pulley: 
belt and, 36f. See also Belt and pulley 
timing belt and, 38 
Pure time delays, Bode plots and, 634, 635f 
PVCF. See Phase-variable canonical form 
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Quadrature, dual-channel encoder signals in, 267, 268f 










































































Quantization error, 360f 

Quantizer, 360f 

Quarter-car model, 286 
active feedback control in, 288, 
closed-loop position control, ~ 
controller design for, 409 
frequency response of, 580—585, 581/—584f, 582t 
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open-loop base excitation, 287 
two degrees of freedom model, 36, 37f, 72, 73f, 287f, 
Quenching vat, hot oil forging in, 77f 








R 

Rack, in active control of suspension system, 37, 38f 

Rack and pinion, 36f 

Radiation, 48, 49f 

Ramp error, 406, 407f—408f, 794, 797, 814f 

Ramp function, 320 

Ramp-function input: 
steady-state error with, 355, 356f, 358t, 395, 396f 
in time-domain analysis, 320f 

Rate feedback, 777, 778f 

Ratio: 



































damping. See Damping ratio 
gear, 39 
inertia-to-friction, 41 

RC. See Root contours 

RC (resistance-capacitance) network: 
dynamic equations of, 77f 
equation for, 44—45 
Laplace transform of, 1 
modeling of, 44f—45f 

Real axis, root loci on, 533-534, 536f, 545t, 546, 547f 





1, 102f-104f 





























Real convolution, 88t 
Rectangular cross section, 55t 
Rectangular form, of poles, 92 
Rectangular output waveform, of single-channel encoder device, 267, 268f 
Reference input signal, 318 
Reference signal: 
in speed control of dc motor, 349 
in steady-state error, 343-345 
Regulator system, 8 
Regulators, 469 
Relative damping ratio, 376 
Relative displacement, in quarter-car model, 37 
Relative stability, 228, 625, 663 
Sain margin and, 626, 628/-631f 
phase margin and, 629f—631f 
slope of the magnitude curve of Bode plot and, 635-636, 637/—638f 
Relocation: 
of branch point, 172/, 173 
of comparator, 172, 173f 
Resistance: 
of incompressible fluid, 547, 55t 
laminar, 54, 55t 
of LEGO MINDSTORMS NXT motor, 17, 19t, 290, 291t, 492t 
in RC network, 44/—45f 
in RLC network, 43/f—44f 
Spring constant analogy to, 62 
in strain gauge circuit, 76f, 77 
thermal, 47, 487 
turbulent, 54 
units and notation for, 46t, 49t, 58t 
Resistance-capacitance network. See RC network 
Resistance-inductance-capacitance network. See RLC network 
Resistance-inductance network. See RL network 



































Resistors, 42f 
in RC networks, 44/—45f 
in RLC networks, 43/-44f 
in voltage divider, 46f 
Resonances, torsional, 33f, 34 
Resonant frequency @.: 
prototype second-order system, 590—592, 593f—594f 
specifications of, 590 
Resonant peak M , 663-664 
damping ratio versus, 593f 
prototype second-order system, 590—592, 593f—594f 
specifications of, 589-590 
Respiration, 816, 817f 
Results. See Outputs 
Right-hand rule, rotation direction and, 33 
Rigid body dynamics models, 26 
Rigid object, incompressible fluid in, 52 
Rise time, 321, 3227, 334, 335f—336f, 341, 663-664 
RL. See Root loci 


RL (resistance-inductance) network, state-transition method for, 427f, 428— 
429 


RLC (resistance-inductance-capacitance) network: 
block diagram of, 204f, 205 
differential equations of, 847 
dynamic equations of, 77f 
equation for, 43—44 
gain formula for, 205 
modeling of, 43f—44f 
SFG of, 204f, 205 
Spring-mass-damper system analogies to, 61, 62f 
State equations for, 138-139, 205-206 
State space equations for, 137-140, 138f, 140f 
unit-step responses for, 139, 140f, 205-206, 207f 
































Robotic arm: 
linearized model of, 312, 313f 
one degree of freedom model, 64, 65f 
PI controller for, 798 

Robotics, 2 

Robots, 277 

Robust controllers, 767f 
position-control system and, 775, 
second-order sun-seeker system ‘ - oc. 770f—773f, 772t 
third-order sun-seeker system and, 773, 774f, 774t 

Robust system, 549 

Robustness, 663, 767 

Rod: 
































under torsional load, 32f 
viscous damping of, 32/, 33 
Root-contour method, 679/—683/, 681t, 785, 786f 
Root contours (RC), 524, 561-562, 563f 
of loop transfer function, 564/—565f 
MATLAB, 720 
of sun-seeker control system, 718f—719f, 720, 747f 
variation of zero of G(s)H(s), 566, 567/—568f 
Root loci (RL), 523-524 
angles of arrival of, 534-538, 536f—537f, 540/—543f 
angles of asymptotes of, 531, 545t, 546, 570 


angles of departure of, 534-538, 536f—537f, 540f-543/, 545t, 546, 
548f 


basic properties of, 524-528, 527f 

breakaway points (saddle points) on, 538, 539/—543/, 545t, 549 
calculation of values of K on, 544 

of compensated phase-lag system, 741f 

for dc-motor control systems, 574—576 

design aspects of, 553-561 

for feedforward transfer function, 575 






























































for forward-path transfer function, 573-576 
graphical construction of, 526-528, 527f 
of G(s), 638f 
intersect of asymptotes and, 532f, 533, 534f, 535f, 54 
intersection of, with imaginary axis, 537f, 538, 545t, 
K = 0 points on, 528-529, 545t, 546 
K = +o points on, 528-529, 545t, 546 
for linear control systems, 572 
for liquid-level system, 575 
number of branches on, 529, 546 
Nyquist plot and, 613-616, 614/-615f 
for pole-zero configuration, 571f 
primary calculation of, 547f 
properties of, 528 
on real axis, 533-534, 536f, 545t, 546, 547f 
with SISO tool, 791f 
Summarization of properties, 544—549, 545t, 547/-548f 
of sun-seeker system, 744f 
symmetry of, 529, 530f—531f, 545t, 546 
of third-order attitude-control system, 385f 
for transfer functions, 575 
of uncompensated phase-lag system, 741f 
Root-locus design tool, 782 
Root-locus diagrams: 
addition of poles to G(s)H(s), 553-555, 
addition of zeros to G(s)H(s), 555, 556f 
Root-locus technique, 523-524 
Nyquist stability criterion compared with, 603, 613-616, 614/-615f 
Routh-Hurwitz criterion and, 603 
Root sensitivity, 549-553, 551f, 553t 
Roots: 











ot, 3 
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04f, 





57, 558f-561f 




















of characteristic equation, 133, 228, 230, 234 
of closed-loop control systems, 365, 366t, 370t, 371f 


























of second-order prototype system damping ratio of, 113, 114f-115f 
ROOTS command, 247 
Rotary disk, 267f 
Rotary incremental encoders: 
optomechanics of, 267f 
parts of, 267 
typical, 266f 
Rotary potentiometer, 259, 260f 
Rotary-to-linear motion control systems, 34, 36 
belt and pulley, 367 
lead screw, 36f 
rack and pinion, 36f 
Rotating imbalance, 74, 75f 
Rotational motion, 31—34 
backlash in, 41 
electrical system analogies to, 63t 
inertia for, 31, 32f 
Newton’s second law of motion for, 31 
right-hand rule and, 33 
symbols for, 35t 
torque and, 70f 
torque equations for, 302f 
torsional spring for, 32f 
translational motion, conversion between, 34, 36—38 
units for, 35t 
viscous damping for, 32/, 33 
Routh-Hurwitz criterion, 231—238 
for imaginary axis intersection of root loci, 538, 548-549 
problems for, 247-251 
root-locus technique and, 603 
Routh-Hurwitz stability test, of PI controllers, 373 
Routh’s tabulation, 233-234 
premature termination of, 235-238 
































S 
s-plane: 
analytic function at, 89 
complex conjugate poles and zeros of, 91, 927 
final-value theorem and, 93 
poles of, 90f, 150 
stable and unstable regions in, 230, 231f 
zeros of, 90f, 150 
Saddle points, on root loci, 538-540, 539f, 545t, 549 
angles of arrival and departure at, 540/—543f 
for forward-path transfer function, 573 
pole-zero configuration, 572 
root sensitivity at, 549 
Sampled-data control systems, 147 
Sampler, 14 
Saturation, 12, 359f 
Schematic diagrams. See Diagrams 
Screw, lead, 36f 
Second-order active filter, 756f, 757 
Second-order attitude control system of aircraft, 379-380, 407 
forward-path transfer function of, 674 
frequency-domain design, 699-702, 700f, 702t 
PD controller, 683, 684f, 685t 
PD controller and, 795 
time-domain design: 
PD controller, 674-683, 676/—678/, 678t 
PI controller, 696-698, 697/, 698t, 699f 
root contours for, 679/—683/, 681t 
Second-order differential equations, output equation for, 125-126, 417-418 
Second-order linear ordinary differential equation, 85 
Laplace transform of, 104, 105/—115/, 116t 
Second-order prototype systems: 
BW and, 592, 594f—595f 






























































characteristic equation of, 104 

damping ratio of, 104, 327/f—331f, 328t 
critically damped, 105/, 106 

negative, 113, 114/—115/, 116t 
overdamped, 106-109, 107f 

roots of, 113, 114f-115f 

underdamped, 109, 110f, 111, 1127 

delay time and, 334, 335f-336f 

differential equations for, 84 

of electrical networks, 43 

with forward-path transfer function, unit-step responses of, 600f 
impulse response of, 117, 118f 

inverse Laplace transform of: 

critically damped, 106 

modified, 109 

overdamped, 108, 129-130 

underdamped, 111-112 

Laplace transform of, 104 

critically damped, 105/, 106 

overdamped, 106-109, 107f 

underdamped, 109-112, 110f, 112f 
magnification versus normalized frequency of, 593f 
maximum overshoot and, 332, 333/—334f 
modified, 108-109 

natural frequency of, 327/—331f, 328t 

with PI controller, 691/—692f 

resonant frequency of, 590-592, 593f—594f 
resonant peak of, 590-592, 593f—594f 

rise time and, 334, 335/—336f 

of rotational motion, 33 

settling time and, 336-339, 337f, 338t 

of simple complex-conjugate poles, 99-100 
time constant of, 328 
















































































time response of, 112 
transfer function of, 104-109, 398f 
transient response of, 326—340 
of translational motion, 28 
unit-step response of, 113, 114f-115/, 116t 
unit-step responses of, 328t, 329/f—330f 
unity feedback system, 400 
Sensitivity: 
control systems and, 10 
to parameter variations, 663 
speed-control system and, 762 
studies, in frequency domain, 646, 647/-648f 
third-order sun-seeker system and, 737, 738f 
Sensitivity function, 10, 647-649, 737 
of phase-lag controller, 749, 751f 
Sensor gain, of LEGO MINDSTORMS NXT motor, 492t 
Sensors, 166 
encoders and, 259 
in feedback control systems, 253, 254f 
output, 163-164, 167 
potentiometers, 259, 260f—264/, 265 
in rotary incremental encoder, 267f 
tachometers, 264f, 265 
Series compensation, 665, 666f 
Series-feedback compensation, 665, 666f 
Servo-amplifier, 283-285, 284f 
Servomechanisms, 277 
Servomotors, 269, 400f 
block diagram of, 654f 
with tachometer feedback, 404f 
Settling time, 321, 322f, 336-339, 337f, 338t, 341, 663-664 
SFGs. See Signal-flow graphs 
Shift in time, 88t 






















































































Short, virtual, 254 
SI units, 277. See also Units and symbols 
Signal-flow graphs (SFGs): 
algebra and manipulation rules for, 180/—182/f 
block diagrams and, 178, 179f, 185 
construction of, 179-180, 183f 
of control system, 191/, 192 
of dc-motor system with nonzero initial conditions, 276f 
for electrical network, 207/, 219f 
elements of, 178-179 
of feedback control system, 179f, 180 
gain formula for, 185-189, 188f 
of mass-spring-damper system, 201, 202f 
mass-spring-friction system, 199f 
motor-load system, 203f 
problems for, 217/—223f 
representation of, 179f 
of RLC network, 204/, 205 
State diagrams and, 411 
sums and differences of signals in, 256, 257f 
terminology for, 182, 183/—185f 
Signals: 
ac, 262, 264f 
dc, 262, 2637 
dual-channel encoder, in quadrature, 267, 268f 
sums and differences, op-amps and, 256, 257f 
Suppressed-carrier-modulated, 263, 264f 
test, for time-response performance, 319-321, 320f 
Similarity transformations, 438—439 
CCF and, 439-441 
characteristic equations in, 439 
controllability and, 463 
DCF and, 443-444 

























































































eigenvalues in, 439 
eigenvectors in, 439 
invariance properties of, 439 
invariant theorem on, 462—463 
JCF and, 444—445 
observability and, 463 
OCF and, 441-442, 459 
transfer-function matrix for, 439 
SIMLab, 318 
Simple complex-conjugate poles, 91—92 
partial-fraction expansion of, 99-100 
Simple pendulum, 59f—61f 
FBD of, 228f 
stability of, 229-231 
Simple poles, 90 
partial-fraction expansion of, 94—96 
Simplified gain formula, 190-192, 191f 
Simply stable, 228 
Simulink: 
intelligent vehicle obstacle avoidance, 15f—22/, 19t 
LEGO MINDSTORMS NXT motor and, 64, 65f 
Single-channel incremental encoder: 
rectangular output waveform of, 267, 268f 
sinusoidal output waveform of, 267, 268f 
Single-input, single-output (SISO) system: 
controllability of, 457 
integral control in, 475f 
observability of, 459 
similarity transformation of, 438—439 
stability of, 227, 230 
transfer function of, 119 
Single-stage phase-lead controller, 732 
Single-tank liquid-level system. See One-tank liquid-level system 



































Sink. See Output node 
Sinusoidal output waveform, of single-channel encoder device, 267, 268f 
SISO system. See Single-input, single-output system 
SISO tool: 
Bode plots with, 791f 
design criteria incorporation with, 782, 783f—784f 
frequency-domain design with, 788, 790f 
PD controller with, 785, 786/—787f 
phase-lead controller with, 792f—793f 
proportional controller with, 781, 782/—783f 
root loci with, 791f 
time-domain design with, 781-788, 782/—783/, 786f—787/, 789f 
Slope of the magnitude curve, of Bode plots, 635-636, 637/—638f 
Solar collector field, 5f-6f 
antenna control system of, 215f 
Solar power, water extraction and, 5, 6f 
Space-shuttle pointing control system, 250, 251f 
Space state form. See State space form 
Spacecraft control systems, block diagram of, 509f 
Speed, desired, 349 
Speed control: 
of armature-controlled dc motor: 
closed-loop response, 280—282 
open-loop response, 278—280 
of dc motor, 3497, 350, 3517, 351t 
with disturbance, 352, 353f 
Speed-control system: 
block diagram of, 758f 
notch controller and, 758—764 
phase-lag controller for, 760—761 
PI controller for, 761—762 
pole-zero-cancellation design with notch controller, 759—760 
sensitivity and, 762 




































































time-domain performance attributes, 760, 761t 

unit-step responses of, 761f 
Speed response: 

of dc motor, 324/—325f, 325t 

of LEGO MINDSTORMS NXT motor, 299f, 299t, 300 

MATLAB, 326, 345 
Spring. See also Three-spring system 

displacement of, 27 

force-spring system and, 27f 

linear, 27f 

pendulums with, 68f 

torsional. See Torsional spring 
Spring constant, 27/, 34, 35t, 40 

resistance analogy to, 62 
Spring-damper system: 

Laplace transform of, 101, 102/—104f 

State equations for, 303f 
Spring-loaded piston system, 52, 53f 
Spring-mass-damper system, 169 

block diagram of, 201, 202f 

cantilever beam and, 27f 

differential equations for, 84f 

FBD of, 201f 

RLC network analogies to, 61, 62f 

SFG of, 201, 2027 

two-degree of freedom with, 29f 
Spring-mass-friction system. See Mass-spring-friction system 
Spring-mass system: 

natural frequency of, 66f 

three-degree of freedom, 30, 31f 

transfer function for, 409f 

two-degree of freedom, 30f 

two mass, 29f 



































Square cross section, Sot 
Stability: 
absolute, 228 
asymptotic, 230ft, 231, 248 
BIBO, 228, 231 
Bode plots and, 631-635, 632/-633/, 635f 
closed-loop, 604 
closed-loop transfer functions and, 231 
feedback and, 9f, 10 
of linear control systems, 227, 23 
of linear time-invariant system, 230 
magnitude-phase plot and, 638, 639f 
marginal, 230t, 231 
MATLAB tools for, 239—246 
methods for determining, 231—232 
Nyquist criterion and, 603-604. See also Nyquist stability criterion 
open-loop, 604 
of open-loop transfer function, 654-655 
positive damping and, 331 
relative. See Relative stability 
roots of characteristic equation and, 228, 230 
in s-plane, 230, 231f 
of simple pendulum, 229-231 
zero-input, 230 
Stable system, conditionally, 636, 637/—638/, 732 
Stall current, of LEGO MINDSTORMS NXT motor, 290, 291t 
Stall torque, of LEGO MINDSTORMS NXT motor, 292 
State controllability, 455-456, 511/, 516 
State controllable, completely, 456 
State diagrams, 192/—193/, 506 
cascade decomposition and, 507 
differential equations to, 193, 194f 
direct decomposition and, 507 
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of feedback control system, 507 
integration operation and, 192 
of large space telescope, 515, 516f 
of linear system, 508f 
output equations from, 195, 196/—197f 
parallel decomposition and, 507 
problems for, 223, 224f 
SFGs and, 411 
State equations from, 195, 196/—197f 
State-transition equation from, 426f—427/f, 428-429 
transfer functions to, 194f, 195 
State equations, 52, 120-121, 415-416 
of accelerometer, 126-127, 142, 143f 
for broom-balancing system, 161 
characteristic equations from, 133-134, 434 
controllability and, 512 
definition of, 123 
for electrical network, 140f, 141, 142f, 206, 207f—208f, 521f 
first-order differential equations and, 155 
high-order differential equations relationship with, 429-430 
inverse Laplace transform of, 129-130 
for linear time-invariant system, 160, 498-499 
for magnetic-ball suspension system, 148 
for RL network, 427—428 
for RLC network, 138-139, 205-206 
for spring-damper system, 303f 
State diagrams from, 195, 196/—197f 
for three-reactor tank, 153 
transfer functions and, 134—137, 430-433 
for translational motion, 301f 


for two degree of freedom mechanical system with three springs, 121, 
122f 
in vector-matrix form, 126-128 

































































vector-matrix representation of, 418-420 
for vehicle with trailer, 155, 156f 
State feedback, 665 
for broom-balancing system, 518 
control system, 454, 455f, 468/—469f, 517/f, 520, 817/-818f 
with integral controller, 475-481, 475f 
magnetic-ball suspension system and, 471, 472/—473f 
pole-placement design through, 469-471, 472f—474f 
sun-seeker system and, 473, 474f 
State feedback compensation, 665, 666f 
State-flow diagrams, 217 
State-Space Analysis Tool: 
command window, 485f 
for controllability, 483, 487f 
description and use of, 482f, 483, 484/—485f 
for observability, 483, 488f 
value input for, 484f 
window, 482f 
State space equations: 
for aircraft, 156 
of ball and beam system, 156f 
for damping in vibration absorber, 158f 
for linear time-invariant system, 146-147 
for linearization of nonlinear control systems, 144-145 
for magnetic-ball suspension system, 147/, 148 
for pendulum, 145-146 
for RLC network, 137-140, 138f, 140f 
State variables in, 123, 127 
of train controller, 155f 
transfer function and, 130-131, 134-137 
for vibration absorber, 157f, 158 
State space form, 198, 416 
tfrouth stability tool for, 243-246 




































































of transfer function, 519 
State space systems, 481 
State-transition equation, 424—425 
definition, 423 
for RL network, 428 
from state diagram, 426f—427/f, 428—429 
State-transition matrix, 420—421, 499, 503 
of magnetic-ball-suspension system, 466 
properties of, 422, 423f 
significance of, 422 
State variable analysis, 411 
transfer functions and, 412-413 
State variables, 121, 415-416 
of accelerometer, 127, 142 
for broom-balancing system, 157 
conditions for, 416 
of dc motor, 276 
definition of, 123-124 
in electric network, 140f, 141, 1587 
for linearization of nonlinear control systems, 144-145 
for magnetic-ball suspension control system, 148, 161, 162f 
for multivariable systems, 131—132 
output equation for, 124-125 
outputs compared with, 417 
for RLC network, 138—139 
selection of, 122 
of train controller, 155f 
for vehicle with trailer, 155, 156f 
State vector, 129, 419 
Static equilibrium, of simple pendulum, 229 
Static friction, 28 
Stationary mask, in rotary incremental encoder, 267f 
Steady-state accuracy, 663 



























































Steady-state errors, 318, 321, 663 
closed-loop transfer function and, 346—349 
constants for, 354—359 
Coulomb friction and, 360, 361f 
defined, 343-344 
of feedback control system, 397f 
intelligent vehicle obstacle avoidance and, 18 
nonlinear system elements and, 359f—-361f 
nonunity feedback and, 344f, 346-349 
parabolic-function input and, 356, 357f, 358t, 3 
PD controller and, 796 
problems for, 517f 
ramp-function input and, 355, 356f, 358t, 395, 396f 
step-function input and, 354, 
in systems with disturbance, 
unity feedback systems and, 
Steady-state responses: 
in continuous-data system, 317—318 
insignificant poles and, 377 
Laplace transform method and, 109 
of motor-load system, 157f 
position-control system and, 3 
of simple pendulum, 229 
stable control systems and, 227 
of third-order attitude-control system, 386-387 
Steady-state solution, of modified second-order prototype systems, 109 
Steel-rolling process: 
block diagram for, 
time delay for, 654 
Steering control, of automobile, 4 
Step-function input, 319, 320f 
steady-state error with, 354, 355f, 358t, 3 
Step response. See Unit-step response 
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16f, 816f 











5, 396f 











Stephan-Boltzmann law, 48 

Stiffmess. See Spring constant 

Strain gauge circuit, 76f, 77 

Sums and differences: 
of Laplace transforms, 88t 
of signals, 256, 257f 

Sun-seeker control system: 
block diagram of, 285/f, 716f 
Bode plots of, 730f 
compensated, 735f, 736, 745f 
coordinate system of, 283, 284f 
dc motor in, 283, 284f, 286 
error discriminator of, 284, 285f 
feedforward compensators and, 765, 766f 
forward compensators and, 765, 766f 
frequency-domain design, 729-731, 730f, 731t 
integral controller and, 476-478, 477f 
lead-lag controller and, 752f, 752t, 753 
minor-loop feedback controller and, 779f—780f, 781 
phase-lag controller and, 744—749 
phase-lead controller and, 716—724 
robust controllers and: 
second-order, 768f, 769t, 770f—773f, 772t 
third-order, 773, 774f, 774t 
root contours of, 718f—719f, 720, 747f 
root loci of, 744f 
schematic diagram of, 284f 
sensitivity considerations, 737, 738f 
servo-amplifier of, 283-285, 284f 
State feedback and, 473, 474f 
tachometer of, 284f, 286 
third-order, 726—731 
time-domain design, 726—728, 727f—728f, 728t 


































































































two-stage phase-lead controller and, 733-736, 733f, 735f, 736t, 737f 
uncompensated, 735f, 736, 745f 
unit-step responses of, 717f, 721t, 728f, 737f, 745f 

Sun-tracking control systems, 5f—6f 














Suppressed-carrier-modulated signal, 263, 264f 

Surface-wound PM dc motors, 271f 

Suspension system, 36, 37f—38f, 4097, 410. See also Quarter-car model 
frequency response of, 580-585, 581/—584f, 582t 

Sustained oscillation response, 331 

sym, 103 

Symbolic tool: 
MATLAB, 87, 95-96, 98-100, 103, 108, 481, 485 
Transfer Function, 485, 489f, 490f, 4917, 497 

Symbols. See Units and symbols 

Symmetry of root loci, 529, 530f—-531f, 545t, 546 

System error, 351 

System with disturbance input, 351, 352/—353f 
























































T 
Tachometer constant, 266 
Tachometer feedback, 468, 8147 
Tachometer-feedback control, 777, 778f 
Tachometers, 254. See also Sensors 
control system and motor coupled to, 305f 
modeling of, 266 
position-control system with, 265f, 266 
servomotor with, 404f 
state feedback of, 468/—469f 
sun-seeker control system and, 284/, 286 
transfer function of, 266 
velocity-control system with, 265f 
Taylor series: 
of complex conjugate poles, 92 


























fluid density and, 52 
for linearization of nonlinear control systems, 58—59 
for pendulum, 145-146 
Teeth numbers, of gear trains, 39 
Telescope, 800, 801f 
‘Temperature: 
fluid density and, 51-52 
heat transfer and, 47, 49t 
Temperature control, of air-flow system, 309, 310f 
Ten-turn rotary potentiometer, 260f 
Testing methods: 
for controllability, 457—458 
for observability, 459-460 
tical, 481 
tfrouth stability tool: 
for characteristic equations, 241—242 
for polynomial, 239-240 
setup of, 239 
for state space form, 243-246 
tfsym (Transfer Function Symbolic Tool), 485, 489f, 490f, 4 
Theorems: 
on controllability/observability, 462-464 
invariant, 462-464 
Thermal conductivity, 47, 48f 
Thermal convection, 48f 
Thermal expansion coefficient, 52 
Thermal resistance, 47, 48f 
Thermal storage, 47 
Thermal systems: 
Capacitance, 47 
conduction, 47, 48f 
convection, 48f 
differential equation modeling of, 25 
































electrical system analogies to, 63t 
elementary heat transfer properties of, 47—50 
Laplace transform of, 101, 102/—104f 
radiation, 48, 49f 
units and symbols for, 49t 
Third-order attitude-control system, 379 
frequency-domain design: 
PD controller, 686, 688-690, 689/, 690t 
PI controller, 699-702, 700f, 702t, 704/, 705-707, 705t, 707f 
PID controller, 710, 711f, 711t 
root loci of, 385f 
steady-state response of, 386—387 
time-domain design: 
PD controller, 685-686, 686t, 687/—688f 
PI controller, 702—703, 703f, 705t 
PID controller, 708, 709t, 710f 
time response of, 383-384 
transient response of, 384—385 
unit-step responses of, 386f 
Third-order system, with forward-path transfer function: 
magnification of, 601f 
unit-step responses of, 602f 
Three degrees of freedom (3-DOF) system, with three springs, 30, 31f 
Three-reactor tank, differential equations for, 153/ 
Three-spring system: 
State equations for, 121, 1227 
with three-degree freedom, 30, 31f 
with two-degree freedom, 30f 
Three-story building, earthquake and, 30, 31f 
Throttle angle, 5f 
Time constant: 
electrical, amplifier-motor system and, 379 
of first-order prototype systems, 101, 322—323 

































































fluid resistance and, 56 
low-time-constant properties and, 269 
mechanical, 298, 492t 
motor-load system and, 379 
motor electric, 279 
motor mechanical, 279, 324 
of prototype second-order system, 328 
of RC network, 45 
units and symbols for, 58t 
Time delays. See also Delay time 
Bode plots and, 634, 635f 
for steel-rolling process, 654 
Time-domain analysis, 317—318 
of aircraft position-control system, 377-387. See also Attitude-control 
system, of aircraft 
continuous-data systems, 318—319 
frequency-domain analysis compared with, 579 
parabolic-function input and, 320f 
ramp-function input and, 320f 
step-function input and, 319, 320f 
test signals and, 319-321, 320f 
unit-step response and, 321, 322f 
Time-domain design: 
frequency-domain design compared with, 664, 668 
PD controllers and, 670, 671f, 672 
performance specifications, 663-664 
phase-lag controller and, 738/—741f, 744/-745f, 746t, 747f 
phase-lead controller and, 713f, 716-721, 717f—719f, 721t, 726-728, 
727f—728f, 728t 
PI controllers and, 6937 
second-order aircraft attitude control system: 
PD controller, 674-683, 676/—678/, 678t 
PI controllers, 696-698, 6977, 698t, 699f 


















































root contours for, 679/—683/, 681t 
with SISO tool, 781—788, 782f—783f, 786/—787f, 789f 
speed-control system and, 760, 761t 
third-order aircraft attitude control system: 
PD controllers, 685-686, 686t, 687/—688f 
PI controller, 702—703, 703f, 705t 
PID controllers, 708, 709t, 710f 
third-order sun-seeker control system, 726—728, 727/f—728f, 728t 
time-domain characteristics in, 668 
Time-invariant feedback control systems, 12 
Time responses, 317, 499 
of accelerometer, 142, 143f 
continuous data systems, 318—319 
control of, 368 
of electric network, 140f, 141, 142f 
of first-order prototype systems, 103 
with impulse response, 118—119 
of mass-spring-friction system, 200 






































problems for, 159 
of prototype first-order system, 322, 323f 
of RLC network, 137, 138f, 139, 140f 
of second-order prototype systems, 11 
impulse response, 117, 118f 
test signals for, 319, 320f, 321 
of third-order attitude-control system, 383-384 
Time-varying feedback control systems, 12 
Timing belt, over pulley, 38 
Torque: 
for broom-balancing system, 160/, 161 
conversion factors for, 35t 
dc motor production of, 270f 
gear trains and, 38-40, 71f 
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load, 4, 5f 
motor, 34, 38 
of motor-load system, 73f, 157f 
rotational motion and, 31, 70f 
symbol for, 39-40 
Torque-angle curve of motor/closed-loop system, 360, 3617 
Torque constants, 273-274 
back emf constant relationship to, 276-277 
of LEGO MINDSTORMS NXT motor, 18, 19t, 291-292, 293f—294f, 
293t, 492t 
motor, 18, 19t, 291-292, 293/—294f, 293t, 492t 
Torque equations, 32 
for gear trains, 302, 303 
for motor-load system, 73f 
for rotational motion, 302f 
Torque-inertia system, 32f 
Torque-spring system, 32f 
Torsional resonances, 33f, 34 
Torsional spring, 32f 
in gear trains, 40 
in motor-load system, 33/, 34 
Torsional spring constant, 32, 302 
Traction system, electric train in, 313-314 
Trailer, vehicle and, 68f, 155, 156f, 303f 
Train, in traction system, 313-314 
Train controller: 
block diagram of, 216f 
problems for, 68/, 155f, 410 
Trains, gear. See Gear trains 
Transfer-function matrix, 130-131 
for characteristic equation, 133 
for multivariable systems, 131-132 
for similarity transformations, 439 









































Transfer Function Symbolic Tool (tfsym), 485, 489f, 4907, 491f, 497 
Transfer functions. See also G(s) function 
for accelerometer, 142 
for aircraft, 156 
analytic function of, 89 
of ball and beam system, 156f 
block diagram and, 166, 179f 
from block diagrams, MATLAB and, 209-211 
characteristic equations and, 89, 434 
closed-loop. See Closed-loop transfer functions 
complex conjugate poles and zeros of, 91, 927 
controllability relationship to, 461-463, 462f 
for damping in vibration absorber, 158f 
decompositions of, 134, 193 
cascade, 451f—452f 
direct, 446, 447f—451f 
parallel, 452, 453/-454f 
dominant poles and zeros of, 374, 375f—376f 
in electric network, 158f 
error, 212 
feedback, 168, 212 
feedforward, 404 
forward-path. See Forward-path transfer function 
frequency-domain analysis and, 580—587, 581/—584/, 582t, 586/—587f 
of guided missile, 157 
impulse response and, 116f, 117, 118f 
input-output, 136 
inverting op-amp, 257, 258t 
of Laplace transform, 87, 89 
of linear control systems, 512 
for linear time-invariant system, 151 
loop. See Loop transfer function 
of magnetic-ball-suspension system, 467 
















































































minimum-phase, 612-613 
of motor-load system, 157f 
of multivariable systems, 130-131, 176-178, 177f, 412-413 
observability relationship to, 461-463, 462f 
op-amp realization of, 257, 259 
open-loop. See Open-loop transfer function 
in parallel, block diagram of, 167f, 168 
poles of, 90f 
of printwheels, 156 
problems for, 159 
root loci for, 575 
of second-order prototype system, 104, 398f 
critically damped, 105 
overdamped, 106—107 
underdamped, 109 
in series, block diagram of, 166, 167f 
SFGs and, 179f 
of simple pendulum, 230 
of single-input, single-output system, 119 
for spring-mass system, 409f 
State diagrams from, 194/, 195 
State equations and, 134-137, 430-433 
State space form of, 519 
State variable analysis and, 412-413 
of tachometers, 266 
of train controller, 155f 
in vector-matrix form, 159 
of vehicle suspension system, 154/f 
for vibration absorber, 157f, 158 
zeros of, 90f, 91 
Transient responses, 663 
in continuous-data system, 317—318 
feedback and, 11 

































































Laplace transform method and, 109 
PD controllers and, 369 
performance criteria, 339f, 340 
of second-order prototype system, 326—340 
of simple pendulum, 229 
in stable control systems, 227, 318 
of third-order attitude-control system, 384—385 
Transient solution, of modified second-order prototype systems, 109 
Translational motion, 26—31 
acceleration and, 26 
backlash in, 41 
displacement and, 26 
electrical system analogies to, 63t 
force equations for, 67f, 300, 301f 
force-mass system, 26f 
friction for, 28f 
linear spring for, 27f 
rotational motion, conversion between, 34, 36—38 
symbols for, 35t 
units for, 35t 
velocity and, 26 
Turboprop engine: 
closed-loop transfer function of, 213, 214f 
signals of, coupling between, 222f 
Turbulent resistance, 54 
Two degrees of freedom (2-DOF) system: 
quarter-car model, 36, 37f, 72, 73f, 287f, 805f 
with spring and damper elements, 29f 
system responses of, 154f 
with three springs, 30f 
State equations for, 121, 1227 
Two mass spring system, 29f 
Two-stage phase-lead controller, 733-736, 733f, 735f, 736t, 737f 












































Two-tank liquid-level system: 
fluid resistance and, 57/, 58 
state-space model of, 80f 


U 
U-tube manometer, 78f, 79 
Ultrasonic sensor, 15, 16f 
Uncompensated phase-lag system: 
Bode plot of, 748f 
root loci of, 741f 
Uncompensated sun-seeker system: 
Bode plots of, 735f, 736 
unit-step responses of, 745f 
Uncontrollable, 511f 
Undamped, second-order prototype systems, 114/—115/, 116t 
Underdamped, second-order prototype systems, 109-112, 110f, 1127 
Unit impulse, 117 
Unit-step responses: 
of attitude-control system, 382f, 676/f, 678f, 678t 
of ball and beam system, 156f 
of dc motor, 341f, 342t 
delay time and, 321, 322f 
in electric network, 141, 142f, 1587 
for electrical network, 206, 208f 
of electrochemical system, 154 
of first-order prototype systems, 103, 104f 
frequency responses and Nyquist plots, correlation among, 625-626, 
627f 
of LEGO MINDSTORMS NXT motor, 494f 
of liquid-level system, 402, 403f 
of mass-spring-friction system, 200f 
MATLAB, 154, 156, 158, 205-206, 208, 363-364, 368, 371, 374, 
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maximum overshoot and, 321, 322f, 332, 333/-334f 



















































































of PID controllers, 408f 
position-control system and, 380, 381/—382/, 383t 
of prototype first-order system, 323f 
rise time and, 321, 322f 
of RLC network, 139, 140f, 205-206, 207f 
of second-order prototype systems, 113, 114/—115f/, 116¢, 328t, 329f— 
330f 
critically damped, 105f 
overdamped, 107f 
underdamped, 1127 
of second-order system with forward-path transfer function, 600f 
settling time and, 321, 322f 
of speed-control system, 761f 
of sun-seeker system, 717f, 721t, 745f 
of third-order attitude-control system, 386f 
of third-order sun-seeker control system, 728f, 737f 
of third-order system, with forward-path transfer function, 602f 
time-domain specifications and, 321, 322f 
of vehicle suspension system, 154/f 
Units and symbols: 
for acceleration, 26, 35t 
for angular acceleration, 31 
for angular displacement, 31 
for angular velocity, 31 
British, 277 
for capacitance (electrical systems), 46t 
for capacitance (thermal systems), 49t 
for current, 46t 
for density, 50-51 
for displacement, 26, 35t 
for electrical systems, 46t 
for force, 26, 35t 
for heat stored, 47, 49t 





















































for inductance, 46t 
for inertia, 31, 35t 
for mass, 26, 35t 
for pressure, 58t 
for resistance (electrical systems), 46t 
for resistance (thermal systems), 49t 
for rotational motion, 35t 
SI, 277 
for spring constant, 35t 
for temperature, 47, 49t 
for thermal systems, 49t 
for time constant, 58t 
for torque, 39—40 
for translational motion, 35t 
for velocity, 26, 35t 
for viscous friction, 39—40 
for viscous friction coefficient, 35t 
for voltage, 46t 
Unity feedback loop, 169 
Unity feedback systems, 353, 354f 
forward-path transfer functions and, 394—395, 398, 403, 650-651, 
653, 656, 658 
nonunity feedback system equivalent of, 345f 
poles added to, 362/—363f, 362t, 364, 405f 
second-order, 400 
steady-state error and, 343/, 346, 3497, 350, 395 
zeros added to, 367, 368f 
Unmodulated signal, 262 
Unstable, 228 
marginal, 230t, 231 
negative damping and, 331 
in s-plane, 230, 231f 
simple pendulum and, 229 

































































tfrouth stability tool and, 243, 244f 


V 
VCM. See Voice-coil motor 
Vector-matrix form: 
differential equations in, 159, 497 
first-order differential equations in, 155 
for Laplace transform, 132 
for linear time-invariant system, 159, 497 
for multivariable systems, 131-132 
for nonlinear system, 144—145 
of output equation, 126-128 
for pendulum, 146 
Vector-matrix representation, of state equations, 418—420 
Vehicle, with trailer, 68f, 155, 156f, 3037 
Vehicle bounce, 38 
Vehicle suspension system, 36, 37/—38f, 67f, 1547, 4097, 410 
frequency response of, 580—585, 581/—584/, 582t. See also Quarter- 
car model 
Velocity: 
angular. See Angular velocity 
equation for, 28 
Sear trains and, 38, 40 
load, 34 
motor, 34 
symbol for, 26 
translational motion and, 26 
in viscous damping, 28 
Velocity-control system, 230 
with tachometer feedback, 265f 
Vibration absorber, 75f, 157/, 158 
damping in, 158f 
Virtual ground, 254 
Virtual short, 254 
































Viscosity, fluid, 55t 
Viscous damping: 
coefficient of, 28 
modeling of, 29f 
in motor-load system, 33/, 34 
in permanent-magnet dc-motor-control system, 510f, 511 
of rod, 32f, 33 
for rotational motion, 32f/, 33 
Stability and, 229 
Viscous friction, 28 
dashpot for, 27f—28f 
in gear trains, 39f, 40 
symbol for, 39-40 
Viscous friction coefficient: 
in gear trains, 40 
of LEGO MINDSTORMS NXT motor, 18, 19t, 295-296, 297f, 492t 
in translational and rotational motion, 35t 
Voice-coil motor (VCM), in disk memory-storage system, 307, 308f 
Voltage: 
capacitor and, 42 
force analogy to, 62 
inductors and, 42 
resistors and, 42 
as State variable, 138-139 
units for, 46t 
Voltage divider, 46/, 76f, 77 
Voltage equation, of dc motor, 305 
Voltage law, 42-43, 137-138 
Volume, conservation of, 51 
Volumetric fluid flow rate, 51, 54, 58t 


























W 
Washing machine, 6—7 
Water extraction, solar power and, 5, 6f 


Word processor: 
position-control system of, 214f 
printwheel of, 268, 269f 


Z, 
Zero, 91, 210 
Zero damping, 331 
Zero initial conditions, 89, 198 
Zero-input stability, 230 
Zero-pole-gain models, 91 












































Zeros: 
added to L(s) plot, 624, 625f 
angles of arrival of, 534-538, 536/—537f 
at breakaway point, 5417 
angles of departure of, 534—538, 536/—-537f 
at breakaway point, 541f 
of closed-loop control system, 396f 
closed-loop transfer function and addition of, 365, 366/—367f, 366t 
complex conjugate, 91, 92f 
dominant, of transfer functions, 374, 375f—376f 
forward path transfer function and addition of, 367, 368/, 596-601, 
597f—600f 
of function, 90f, 91 
G(s)H(s) and: 


addition of, 555, 556f 
variation of, 566, 567f—568f 
K = +00 points at, 528-529 
MATLAB and, 91, 150 
PD controllers and addition of, 369f, 370t, 371f 
PI controllers and addition of, 372f—374f 
problems for, 150 
zpk, 91, 210, 634 























Table of Contents 


Title Page 


Copyright Page 
Dedication 


Contents 
Preface 


CHAPTER 1 Introduction to Control Systems 
1-1 Basic Components of a Control System 
1-2 Examples of Control-System Applications 
1-2-1 Intelligent Transportation Systems 
1-2-2 Steering Control of an Automobile 
1-2-3 Idle-Speed Control of an Automobile 
1-2-4 Sun-Tracking Control of Solar Collectors 
1-3 Open-Loop Control Systems (Nonfeedback Systems) 


1-4 Closed-Loop Control Systems (Feedback Control Systems) 
1-5 What Is Feedback, and What Are Its Effects? 


1-5-1 Effect of Feedback on Overall Gain 
1-5-2 Effect of Feedback on Stability 
1-5-3 Effect of Feedback on External Disturbance or Noise 
1-6 Types of Feedback Control Systems 
1-7 Linear versus Nonlinear Control Systems 
1-8 Time-Invariant versus Time-Varying Systems 
1-9 Continuous-Data Control Systems 
1-10 Discrete-Data Control Systems 
1-11 Case Study: Intelligent Vehicle Obstacle Avoidance—LEGO 
MINDSTORMS 
1-12 Summary 
CHAPTER 2 Modeling of Dynamic Systems 


2-1 Modeling of Simple Mechanical Systems 
2-1-1 Translational Motion 


2-1-2 Rotational Motion 

2-1-3 Conversion between Translational and _ Rotational 
Motions 

2-1-4 Gear Trains 



































4-2-2 Definitions of SFG Terms 
4-¢-3 Gain Formula for SFG 








































































































Fun an ons 









































2 is of Enc d and Enclosed 
10-4-3 is of Encitclements and Enclosures 
































ied to Nonunity-Feedback Systems 








Problems 


















11-6-2 Frec uency: siarieata 1 In nterp on ation and Design 
7 Forward and _ Feedfor ) ward Controllers 















1-10 M/é/ TL \ B oe Loy 0 Feedback cc Cos BO 
11-11 The Control Lab 
References 














